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Abstract. The Ahlfors-Beurling transform is one of the important operators in complex
analysis. This transform plays a crucial role in applications to the theory of quasiconfor-
mal mappings and to the Beltrami equation with discontinuous coefficients. The Ahlfors-
Beurling transform has been studied on classical Lebesgue, Morrey, Sobolev, Besov, etc.
spaces. However, its discrete version has not been well studied. In this paper, we prove
that the discrete Ahlfors-Beurling transform is the bounded operator in discrete weighted
Lebesgue spaces.
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1. Introduction

The Ahlfors-Beurling transform of a function f € L,(C),1 < p < oo is defined as the
following singular integral:

(BF)(z) =~ lim Ao

dm(w).
T e—=0 {weC:|z—w|>e} (Z - ’LU)2

The Ahlfors-Beurling transform is one of the important operators in complex analysis.
It has been shown in [1], [8], [11], [23], [29] that this transform plays a crucial role in
applications to the theory of quasiconformal mappings and to the Beltrami equation with
discontinuous coefficients.

From the theory of singular integrals [10], [26] it is known that the Ahlfors-Beurling
transform is a bounded operator in the space L,,1 < p < oo, that is, if f € L,(C), then
Bf € L,(C) and

1BSllz, < Cp- £,
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In the case f € L1(C) only the weak inequality holds:

miz € C: BN > A} < Ll

where m stands for the Lebesgue measure. C),, C; are constants independent of f.

In [7], [9], [12]-[15], [17], [19], [20], [25], [27], [28], the boundedness of the Ahlfors-
Beurling transform in other function spaces (in the spaces of Sobolev, Besov, Campanato,
Morrey, weighted Lebesgue, weighted Morrey etc.) was studied. When approximating
singular integral transforms, it is necessary to study the properties of discrete analogs of
these transforms (see [4]-[6], [21]). Therefore, it is necessary to study the discrete analog
of the Ahlfors-Beurling transform in various spaces. In [2], [3] the boundedness of the
discrete Ahlfors-Beurling transform was investigated in discrete Lebesgue spaces. In this
paper, we prove that the discrete Ahlfors-Beurling transform is a bounded operator in
discrete weighted Lebesgue space.

2. Definitions and Auxiliary Lemmas

Definition 1. Let w be a weight function, that is, w is a locally integrable function
that takes values in (0,00) almost everywhere. The weighted Lebesque spaces Ly, =
L, ,(C),1 <p < oo, consist of functions for which the following norm is finite

11z, = ( /@ P w(z)dm<z>>3’ |
)

If w(z) =1, then L, ,,(C) = L,(C).
For any A > 0 and for any cube B C C, denote by AB the cube with the same center
as B whose side length is A times that of B.

Definition 2. [20] If there exists a constant D > 0 such that for any cube B C C we
have
w(2B) < Dw(B),

then we say that w satisfies the doubling condition and we denote w € Ag, where w(E) =

S5 w(z)dm(z).

Definition 3. [18] A weight function w is in the Muckenhoupt class A, with 1 < p < 0o
if there exists C' > 0 such that for any cube B C C

(;/Bw(z)dm(z)) (|;/Bw(z)_pildm(z)>pl <c, (1)

and the infimum of C satisfying the inequality (1) is denoted by [w]a,. We define Ae =
Ui<p<oodp-

We will need the following lemmas:
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Lemma 1. [15] If w € A, for some 1 <p < oo , then w € A,.

Lemma 2. [20] If w € Ag, then there exists a constant D1 > 1 such that for any cube
B
w(2B) > Dyw(B).

Definition 4. [16], [22] A discrete weight w on Zc is a sequence w = {wy }kez. of pos-
itive real numbers. We define the discrete weighted Lebesgue spaces lp 4 = lp,(Zc), 1 <
p < oo the class of sequences h = {h, }nez. satisfying the condition

1

”h”lp,w = <Z lhn‘p . wn) < 00,

n€Zlc
where Z¢ :={m+i-n € C: m,n € Z} and Z is the set of integers.

If w=1, then [, =1,.

For m € Z¢ and n € NU {0} define S,,,, = {k € Z¢c : ||k — m|| < n}, where
[|E]| := max{|R(k)|, |S(k)|}. Following standard conventions, we denote the cardinality
of a set S by |S|. Then we have |S,, | = (2n + 1)? for all m € Z¢ and each n € NU {0}.

Definition 5. [18] A discrete weight w = {wg }rez. belongs to flp forl<p<oo, ifit
satisfies the following condition:

< 00.

__1
[w]; = sup sup (Cres,, W) Pres,,, wi I
Ap meEZc neNU{0} (27’1 + 1)2]9

For any n € Z¢ and § > 0 define
Pn,d)={weC: - <R(w—-—n)<d—06<J(w—n)<d}.

Definition 6. If there exists D > 0, such that for any m € Z¢ and for any 6 > 0

Z wy < D Z W,

kEP(m,20) kEP(m,0)

then we say that the discrete weight w = {wy}rez. satisfies the doubling condition, and
we denote w € As.

Lemma 3. If {wy}rez. € Ay | then there exists D1 > 1 , such that the following
condition satisfies :
Z Wi Z D1 Z Wi -
kE€ESm,2n+1 k€ESm,n

Proof. To prove the lemma, we define the function w(z) = wy for z € P(k, %), k € Z¢.
Then for any k € Z¢ we have wy, = fP(k 1) w(z)dm(z). Let {wy} € Ay. Let us prove
2
w € Aq. For this we take any P(b,d). Denote accordingly by k1 and ko the integer parts
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of the numbers R(b) + 3 and S(b) + 5. Let k = k1 + iks. Then by definition w(b) = wy.

If 6 < 1, then it follows from {wy} € A, that

w(2P) = / w(z)dm(z) < 1652 Z wy, < 166% - D? - wy, < 16D? - w(P).
P(b,26)

meSy 2

Iféefr,r+1)forreN

w(2P) :/ w(z)dm(z) < Z wy, < D? Z wy, < D? Z W
P(b,25)

meP(k,2r+2) meP(k, 1) meP(k,5)

3 = D*w(P).
<D /P(b’é) w(z)dm(z) = D w(P)

Therefore, w € As. Then it follows from Lemma 2 that there exists a constant D7 > 1
such that for any cube P
w(2P) > Diw(P).

If we take P = P(m,n + 3) , then we have

D1 Z wk:D1/

kESm.n P(m,n+3)

w(z)dm(z) S/ w(z)dm(z) < Z W

P(m,2n+1) KESm 2mi1

Lemma 4. If {wy}rez. € Ap , for some 1 < p < oo, then {wy}rez. € A,.

Proof. Let m € Z¢ and n € NU {0}. For any numbers {bj}rcs
Holder’s inequality and condition {wy} € A, we obtain

and 6 > 0 applying

m,n

P P p—1
R 1
ool = X Bewie ) < X e [ DD w7
keP(m,s) keP(m,5) keP(m,5) keP(m,5)
< (Zkep(m,(s) |bk|pwk) : [w]Ap - (2[6] + 1)2P
(ZkEP(m,J) Wk

where [0] is the integer part of the number ¢. Hence,
P

s ) uermn Puten) vl -2 -
k >~

keP(m,d) (ZkeP(m,é) wk)

(2)

Putting 2P for P and b, = 1, for k € P(m,J), by =0, for k ¢ P(m,d) in (2), we get

(Zkem wk) wl g, .
(Shertmas )

1<
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Therefore,
Z wkg[w]Ap~ Z Wi
keP(m,20) keP(m,3)
<

Corollary. If {w;} € Ap for some 1 < p < o0, then there exists D1 > 1 such that for

anyn € Z¢ and i € N
S went Y

kES,, 5i_q k€Sn 1

3. Boundedness of the Discrete Ahlfors-Beurling
Transform on Discrete Weighted Lebesgue Spaces

Let h = {hn}tnezo € lp, 1 < p < 0o. Namely, the sequence B(h) = {(Bh)n }nez is called
the Ahlfors-Beurling transform of the sequence h , where

hm
Bh),, = M e Ze.
(Bh) > —mz " € %
meZc,m#n

Note that if h € [,,1 < p < oo, then from the Holder inequality it follows that the series
> (nﬁizln)z absolutely converges and therefore the Ahlfors-Beurling transform of
meZc,m#n
the sequence h exists. In [10] A. P. Calderon and A. Zygmund noted that the discrete
Ahlfors-Beurling transform is of special interest among discrete analogs of singular in-
tegrals, also it was noted that the discrete analogs of singular integrals, including the
discrete Ahlfors - Beurling transform, are bounded in [, (discrete Lebesgue space). In
[2] the summability properties of the discrete Ahlfors-Beurling transform are studied
on discrete Lebesgue spaces. In this section, we study the boundedness of the discrete
Ahlfors-Beurling transform on discrete weighted Lebesgue spaces.

Theorem 1. If {wg}rez. € /Nlp with 1 < p < oo, then for all {hm}tmeze € lpw, the
sequence {(Bh)n }neze s well defined.

Proof. Let h = {hy}neze € lpw , 1 <p < oo . Then for any n € Z¢

Bm, hm
|(Bh)n| < Z |n|— nng Z Z |n|— Tr|L|2 = 4¢ Z ||

m#n,meZc i=1 2i-1<||n—m]|<2? Hn7m||<2'i

p p

Z |hm |pwm . Z w;ij

[|[n—m||<2? [[n—m||<2?

IA
i
S
g

& 21 1_12

< IAllay . - [ ZT' > wm

i=1 lIn—m||<2?
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Denoting
0 =log, D1 >0,

and using Corollary, we have

Z wszi_l Z wm:2(i_1)‘s Z Wy,

meS, 5i_y meSy 1 meSy,1

Then
|(Bh)n| <16 - [[A]l4, ., - [w]

p,w

<

Theorem 2. Let 1 <p < oo . If {wi} € flp, then for any h = {hm tmeze € lpw we
have B(h) € l,, ., and there exists Cp ., > 0, such that

1Bty < Cp,wl[Pllty,

p,w —

for any h €y, .

Proof. We define f(z) as 4hy, for z € P(k, 1), k € Zc, and 0 elsewhere, and w(z) as wy,

for z € P(k, %). Firstly, let us show that if {w} € A, then w(z) € A,. We take any cube
B = B(zp,79) C C. Denote accordingly by my, ma and n the integer parts of the numbers
R(z0) + 3. S(20) + 3 and 7o + 1. Let m = my + img. Then we have B C P (m,n + 3).
Denote

1
5k=m<BﬂP(k, 2)> k€ Smn,m € Z,n e NU{0},

and
6 = max 0.

1S m,n

It follows from {wy} € A, that

g ([ oeama) ([ wtorstsam))

p—1
1 1
- D’ Z O - wy | - Z 51§~ka7
(Z\kamugn 5k) lk—m]l<n lk—m||<n
p—1

or -

S D . Z W . Z wk: p—1
(Z\lk*ml\én 5k) lE—mll<n [k—m]||<n

_ 1 \pr!
(Zl\k—mllﬁn wk) ' (Zlk—mlén w, )
. §25p~[w]A < 0.

< 25P
=2 (2n + 1)z »
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Therefore, w(z) € A,. It follows from h = {hy, }mez. € by that f € L, ,, and

1/p
£l = (Z / |4hk|pwkdm<z))
k€Zc
1/p
_1 _1
:41 p - (Z hk|pwk> —41 ||h||lp wW*

kEZc
We denote
(Sf)(z) = sup

e>0

fw) o
/|zw|>e (Z_w)2d (w)).

(M[)(2) = sup —— |/ (w)dm(w).

r>0 ‘B(Z T)| B(z,r)

For any z € P(j,1).J € Z¢

) hi
/|zw>; e DY

f(w)
Z/ " dm(w) — Z/(kub = k)de(w)

k£ kti” P
1 1 )
Z/ < - — dm(w)
—w)2 AT
2 Gow? GB)
<[ A | — s dmlw).
P D) (z—w)*  (j—Fk)
If L <|z—w| <1 then 1 < |j — k| < 2. Therefore,
1 1 Clr—w+j -k |z—w—j+k
(z—w)?  (j—k?| |z —wl|*- |7 — k[?
(|2 —w| +2) - L2 3v2 3v2
< < < .
|z — wl|? 2-]z—wl?2 T 2 jz—w|?

If |z —w| > 1, then |z — w| — ‘[<\j—k|<|z—w|+ . Therefore,

11 | _emwtj—klJe—w—jtk
(z—w)?  (G—k?| [z —w]?-|j — k|2
2]z —w| + ¥2) - %2 NCER 1 35

= < . < .
2= w2 (2 —w| - 2)2  1,5-v2 [z-wP [z -wf
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Hence,

Fw) i) — hy,
/.z_w|>; w2

k#j

<35 / PO ). (3)
|

z—w|>1 |Z - w‘S

Notice the right-hand side of the inequality (3)

@) gy 3 w)|- L am(ty ) dm(uw
~/|z—'w>; |wa|3dm( )_ 14w ~/|z—'w>% ‘f( )l </z—w|§|t§2~z—w| |t|5d (t)> a ( )

3 1
T ldm /;<|t<oo [t </;<zw|<|t| |f(w)|dm(w)> N

3 Bl (1
<i o < If(w)ldm(w)>dm(t)

L4m J1<jtj<oo |B(2, [tD] J)z—w| <)

<2 ( / 1dm<t>> A(MA)E) = T (M) )

<Jtl<oo It?

From (3), we have

[(Bh);| < (Sf)(2) + 307 - (M f)(2). (4)

Multiplying w(z) and integrating in P(j, ) in (4) we have

CINETES SN

Jj€Zc JE€EZc

() 307 (UAEP - wie)dm(?)
=1 [ [(87)() + 307 QLN - wlz)dm(w)
C

Since (Sf)(2) € Ly (see [15]) and (M f)(z) € Ly, (see [24]), we get

1/p
(Z (Bh)j|p'wj) <47 ||Sf+30m M|z, ., <47 (|1Sf]|, ., +307 [|Mfl|z, )

Jj€Zc

3=
®

<40 - (I8fllLy sy +30m - [MFllL, r,.) - IF I,

=4m - (ISfllzy Ly + 307 - (IMfllz,, ) - IR, .-
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