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Abstract. This paper investigates the skewness and excess kurtosis of renewal-reward
process with dependent components, expanding upon classical renewal theory by incorpo-
rating dependency structures among the components. We goal to derive expressions for
the skewness coefficient and excess kurtosis and explore how dependencies influence the
behavior of the renewal-reward process.

Keywords: renewal-reward process, high-order central moments, standard deviation,
skewness coefficients, excess kurtosis

Mathematics Subject Classification (2020): 60H30, 60G50, 60K05

1. Introduction

Let us random vectors (&,,7,), n > 1 be independent and identically distributed. In
the general case, the random variable 7, is assumed to depend on the random variable
&n. Let us random variables &, takes only positive values and denote the distribution
function of &, by F: F(x) = P{&, < z}.

Let us introduce the following sum:

v(t)
Sy = Z M (1)
n=1
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n
where v(t) = max {n : T, <t},t > 01is the renewal process and T, = > &,n=1,2,....
i=1
The process S, (1), t > 0 is called as renewal-reward process and represents the sum of the
rewards obtained up to time t ([3]-[5]). It is easy to see that, the renewal-reward process
is a generalization of the renewal process. So, in the special case if n, = 1, n > 1 we

obtain that S, ) = v(t).

Define
H(t) = E(v(t)),
1 H2
R(t) = H(t) — —t — L2 41,
KT T
v(t) "
=1
v(t)
M,(t)=F Z?ﬁj , n>1,
=1
)\’n )\TL n
La(t) = My(t) — 20— 2202 T0n oy >,
1 2p9 M1
where
o= Bef, =B = [ E (e =0 dp), k=1,
0
ma =B (&) = [ PEGiG =0)dF@), k21, sz 1,
0
Let

L :/ thR(t)dt, k >0,
0

where [ t* |R(t)| dt < oo and
lk75 :/ tst(t)dta k > ]-a s> 07
0

where [ t° | Ly (t)| dt < oc.

Definition. ([1]) A distribution function F is said to belong to the class U if some
convolution of F' has an absolutely continuous component.

In [4] there were obtained expressions for 7 and I; o:
-if F € 9 and p3 < oo, then
15 M3

o= T3~ 35
4 6pd
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-if F €9, us, A1 and ng; exist, then

_ Mpd o Aps o nan _ p2nia

dpf  6u 2 2

li,0
In [2] there were obtained expressions for ri, ro, {11 and [; .
Lemma 1. ([2]) If F €9, ps exist and finite, then

_L% Haps M4
8t 6pi 24p7’

r =

T2:L§*_u3u§ B3 | pada  fis
8y Apt  18u  12pd 607

Lemma 2. ([2]) If FF €9, us, A2 and nyz are exist, then

n3,1  H2N21
6111 4pi

lLii=Mr1+nyar0 +

4.1 Ham3 1

120 63
N4z H2N3,2

12 63

lip=Mra+ 201171 +n2 170 +

lo2 = Xorg + 2nq 271 + N 210 +

2. Main Results

Our main purpose is to obtain an asymptotic expansions for the skewness and excess
kurtosis of the process (1):

where
Otn(t) =F (Su(t) - E(Su(t))) , = 3,4,
9 n
(1) = (B (Suny — ESun))?) s n=3,4.

Theorem 1. Let us random vectors ({n,Mn), n > 1 be independent and identically
distributed. Assume that, also F' € ¥ and ps, A3, na g are exist and finite. Then as
t—00:

az(t) = Agot® + Asat + o(t), (2)

ag(t) = Agst® + Agat® + o (1), (3)
where coefficients A; j are expressed by the moments of As, pg, ni,s as follows:

Az = 6a1by + 6agby + 6a1b7 — 6a1by + 6a3ly o + as,
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As o = 3aias — 3a§,
Ayp = 124303 + T2a1by — 24a3by — 36ayazby + 3a3 — 24a3ly o + 24a1ly g ,
Ay 3 = 1243 — 12aas,

_ M _ Akpiz Nk

) k — .
I} 293 m

a

Proof. Using by definitions of third central moment, we have:
as(t) = E (S,u) — E (Suw))’ = Ds(t) — 3Da(t) My (£) + 2 (M (1)) (4)
By the similar way:
0s(t) = B (Sury — E (Su)) " = Dalt) — 4D3(t) Mi () + 6Do(0)ME() — 3M{ (1) (5)

Our goal is to obtain asymptotic expansions for as(t) and ay(t) as t — oo.
For this, we will use following asymptotic expansions as t — oo [3]:

My (t) = art +bx + o (tig) (6)
and
Ds(t) = aft® + (a1 +4aiby) t + 265 + by +4ailio +o (t72), (7)
where
Y _ Agp2 nag
ap = — —

) k — .
o} 293 m
We will also use asymptotic expansion as ¢t — oo for the 3" moment of renewal-reward
process [1]:
Ds(t) = D3 3t® + D3 ot* + D31t + D3 + o(1), (8)

where
D373 = 6ai(3) 5

D372 = 6[);(3) + 6&1*2,

D371 = 60){(3) + 6b1*2 + as, Dg,o = 6d>{(3) + 601*2 + b3,

1
= 505, biej = ajbi + aibj, cinj = bibj + ajlio + ailjo,

Qs
* 1 * *
ak(z) = Qai, bk(z) = 2aiby, ck(Q) = bz + 2axly 0,
a;¥ = 561%(2)’ by = §a1b1(2) +a;@b1, P = a1 + 0167 + 2a; P11,

% = a5 1017?4570 — 2070

Additionally we will use asymptotic expansion as t — oo for the 4" moment of
renewal-reward process [2]:

Dy(t) = Dygt* + Dyst> + Dyot® + Dyt + Dy + o(1), (9)
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where
D4,4 = 24&;(4) ;

Dyy = 2407 4 3647,
Dy =24¢i™ + 3607 4 603 + 8ay.s,
Day = 24d;™ +36¢;% + 605 + 8b1.s + aa,
Dao = 24e;™ 13647 + 665 + 8crus + ba,

a;W = 1a1a1(3)7 by = §a1b1(3) +a;P0,, W = §a1c1(3) + 0107 + 30701,

dI(4) = aldi(g) + b1CT(3) + QbT(S)ll’o - 6ai(3)l1,1,

*(4) *(3)

e =aily +3)

+ dl b1 + CT(?))ZLO — 2[);(3)[1,1 + 3a*{(3)1172.

In order to derive the asymptotic expansion «as(t), we substitute relations (6)-(8) into
expression (4). After some calculations, asymptotic expansion (2) can be obtained.

Similarly, substituting relations (6)-(9) into expression (5), we obtain the asymptotic
expansion of ay(t), leading to expansion (3).

Theorem 1 is proved. <

Proposition. ([3]) Let the conditions of Theorem 1 be satisfied. Then ast — oo
o3(t) =Var (S,u)) = Bit+ By +o(t™?), (10)
where By = ag + 2a1by, By = by +4ayly o+ b3 and a = ’\’“ ,b,p, = ’\2’2"2 — %

Next main result of present paper can be formulated in following theorem.

Theorem 2. Let us the conditions of Theorem 1 be satisfied. Then the following asymp-
totic equivalences as t — oo are true for the skewness coefficient and excess kurtosis of
the process S, ;-

Ass oy (Asy  3A3.B ;
73(t) = 3;2t2+< 31 _ S8 2>t+o( 4,

B? B 2B}
A3 As o —2B2Ch
t) = =t : 1).
74( ) B% =+ B% JFO( )

Proof. By using asymptotic expansions (2) and (10) for v3(t) as t — oo we have:

Y3(t) = =

)
ag(t) A3 Qt +A3 1t+0(t)
o3 (But+ Bato(t-2)F

A372t2 —|—A371t—|—0(1) ) 1

3 5 3
Btz (1 + %t*l + 0(t*3)) ’
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1 _1 _
—5t2 +—%1"2+o0 (t

3
B -3
) : (1 + 22t 4o (t—3)> =
B} B} By
Az 1 A 1 1 B
3247 4 3;1t_§+0(t_5) . <1—32t_1 +0(t_1)> _
B1§ 231

Bf
Az | <A3’1 - 3A3’2,BQ> 73 4o (t—%) .

3 3 5
B B 2B?

By using asymptotic expansions (3) and (10) for v4(t) as t — co we have:

<A3,2 1 Asg

a(t) = as(t) _ Aast® + Agat® + o(t?)
s (Bit+ By +o(t72))°

Ay st3 + Agot? + o(t2 B -2
4,3t% + Ag ot + of )<1+2t_1+0(t_3)) _

B2t2 By
Ay, | Asp 2By ,_4 1
=t . 1 1— —=t t =
<B% +B% +0(1) B, +o(t™)

A43 A42 - 2BZA43
9 t 9 ) 1 .

BT B? +o(l)

Theorem 2 is proved. <

3. Conclusions

In this study, we explored the asymptotic behaviour of the skewness coefficient and excess
kurtosis of the renewal-reward process with dependent components. The obtained show
that higher-order characteristics of the process, such as skewness and kurtosis, play an
important role in describing the deviation of the distribution from normality. Therefore,
the analysis of skewness and excess kurtosis not only contributes to the theoretical devel-
opment of renewal theory, but also provides useful tools for practical applications, such
as insurance mathematics, reliability theory and risk analysis in complex systems.
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