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Abstract. The problem studied in this paper is related to the f-harmonicity with poten-
tial H = f¥ of a vector field from a Riemannian manifold (M, g) to its tangent bundle
TM equipped with the Sasaki metric G°. We show that an f-harmonic vector field with
potential ¥ is parallel if and only if f is constant function. We also characterize the
f-harmonic vector fields with potential f¥ on some three Riemannian Lie groups.
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1. Introduction

f-harmonic maps between two Riemannian manifolds, which generalize harmonic maps,
were first introduced by A. Lichnerowicz [6] in 1969. Moreover, F-harmonic maps be-
tween Riemannian manifolds were first introduced by M. Ara [1] in 1999, which could be
considered as the special cases of f-harmonic maps.

The concept of harmonic maps with potential, was initially suggested by A. Ratto in
[7] and recently developed by several authors: V. Branding [2], R. Jiang [4] and others.

The notion of f- harmonic map with potential was recently studied by Z. Kaddour
[5]. A vector field X on a Riemannian manifold M is a section of the tangent bundle, and
in particular it is a map of M into T'M. In this paper,we studied the f-harmonicity with
potential f¥ of a vector field from a Riemannian manifold (M, g) to its tangent bundle
T M equipped with the Sasaki metric G°. We show that an f-harmonic vector field with
potential f¥ is parallel if and only if f is constant function. We also characterize the
f-harmonic vector fields with potential f on some Three Riemannian Lie groups.
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2. Preliminaries

2.1. f-harmonic map with potential H

Consider a smooth map ¢ : (M™,g) — (N™, h) between Riemannian mani-
folds, let H be a smooth function on IV and let f be a smooth positive function
on M. For any compact domain D of M the H — f-energy functional of ¢ is
defined by

Epnr(e) Z/D(fe(sa)—H(w))vg,

DO | =

where e(y) is the energy density of ¢ defined by e(¢) = = Z (do(e;),do(e;)),

vg is the volume element and {e;}!"; an orthonormal frame on (M™, g).

Definition 1. Let ¢ : (M™,g) — (N",h) be a map between Riemannian mani-
folds of dimensions m and n. A map ¢ is called f-harmonic map with potential

H if it is a critical point of the H — f-energy functional over any compact subset
D of M, i/e

=0,
t=0

d

—F

dt va((pt)
where {1 }1e(—ee) be a smooth variation of ¢ supported in D.

Theorem 1. [5] Let ¢ : (M™,g9) — (N™,h) be a map between Riemannian
manifolds, H be a smooth function on N and let f be a smooth positive function
on M, then

GEse)) == [ hruso) o),

t=0
such that:

Ti,1 () = 77() + (grad™ H) o ¢,

where 7;(p) = () + dp(grad™ f) is the f-tension field of .
7(p) = try Vdy is the tension field of p. {¢t}ie(—ee) be a smooth variation of
Aot

p supported in D, v = ot denotes the variation vector field of .
t=0

Corollary. A smooth map ¢ : (M™,g) — (N"™, h) between Riemannian mani-
folds is f-harmonic with potential H if and only if T () = 0.
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2.2. Some result on the lift

Definition 2. Let f: M — R be a smooth function. The vertical lift of f is
the unique map f° defined by:
fv: TM — R,
(x,u) — fP(z,u) = fom(z,u) = f(x),
where m : TM — M which denotes the natural projection.

Let (M,g) be an n-dimensional Riemannian manifold and (7'M, 7, M) be
its tangenﬁ bundle. A local chart (U,z")j=1...., on M induces a local chart
(7=Y(U),2%,9’) i = 1.--- .n on TM. Denote by Filj- the Christoffel symbols of
g and by V the Levi-Civita connection of g. We have two complementary dis-

tributions on T'M, the vertical distribution V and the horizontal distribution H,
defined by

S0 .0 - o
=<a'—,d e Ry; == —buIrk— b eR}.
% {a Oyz’a € }, H {b BrT Yu Uﬁyk’b € }

Definition 3. Let X € I'(T'M). The vertical lift of X on M to TM is the unique
vector field XV satisfy

XUf? =0 forall f € C(M).

Definition 4. Let X € I'(T'M). The vertical horizontal of X on M to TM is
the unique vector field X" satisfy

dro X" = X on.

Proposition 1. [3] For all X, Y € I'(TM), f : M — R a smooth function
1. XVfv =0,

2. (X+Y) = X" +Y",

(fX)" = frX",

(X +Y)r = X"+ Yh,

(fX) = frx’,

(xR = (X

3. f-Harmonicity with Potential " of
X:(M,g) — (TM,G?)
Lemma 1. Let (M,g) be a Riemannian manifold of dimension n, (T M,G?) the

tangent bundle endowed with the Sasaki metric G° and f : M — R a smooth
function, then

h
grad™ fv = (gradM(f)) .
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Proof. We have
5 (5fv s n ) afv
TM (pv) 5 - s
grad™ ™ (f*) ZG 5 " S > St Sad +ZG <8yi’ 3yj> oyt (93/3

6ii)h(f”)

<

Lemma 2. Let (M",g) be a Riemannian manifold, X,Y two vectors fields on
M, then for all x € M

d: X (Yy) = Y+ (Vy X)2.
Theorem 2. Let (M, g) be a Riemannian manifold of dimension n, (T M,G?®) the

tangent bundle endowed with the Sasaki metric G° and X :M — TM a vector
field on M. Then X define a f-harmonic map with potential f* if and only if

fra(X) +2grad™ f =0,
fTrU (X) + vgradﬂl fX - 0

Proof. We have

7o 0 (X) = fr(X) + dX (grad™ f) + grad™ f°

— f(mx) "y 7(m00) + (e f)h - (Vapar )
(s f>h _ <m<x>)h + ()
+ (gradM f)h + (vgradM fX)v + <gradM f)h

h
— <fTh(X) + 2 gradM f) + (fTv(X) + VgraaM fX>

v
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with
Th(X):trg(R(X,VX)> and  7,(X) = try(V2X). <

Remark 1. A parallel vector define an f-harmonic map with potential f¥ on a
Riemannian manifold M if and only if f is constant function on M.

0 0 0
Lemma 3. A wvector fields X = h'(z,v, z)% + h2(z,y, z)@ + h3(z,y, z)a

on R3 is f-harmonic with potential f° if and only if f is constant function and
h', k% h3 are harmonic finctions on R3.

Proof. Let X = h'(z,y, z)ag + h2(x,y, z)a2 + h3(z,y, z)g be a vector field on
x Yy z

R? we have

0 0 0
gradf = fx(xvyvz)i + fy(:tayaz)i + fz('xayaz)i

Ox oy 0z’
0 0
Viraa f X = (faho & fyhy + fch2) g+ (ol + fyly + f:12) 5
0
+(fah + fyhiy + £2h2) 5
0 0 0
o(X) = Ah! — + AR? — + AR® —
7(X) h8x+ h8y+ h[“)z7
™(X) =0.
fﬂc = fy = fz =0,
1_
Hence using , X is a harmonic if and only if ;322 ; 8:
fAR =0,
fa: = fy = fz = 0’
. . Ahl =0,
that is equivalently to Ah? =0,
Ah3 = 0.

<

Proposition 2. A vector fields X = h'(z,y, z)e1 + h%(z,y, 2)ez + h3(x,y, 2)es
on Nilg define an f-harmonic map with potential f¥ if and only if f is constant
function and

Ah' + b — $h' + B2 4 zhl =0,
8h? 4 h3 — 3h? — hl — zh) =0,
Sh® —h2 —ih3 —hl =0,

where A is a Laplacian on R3.
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Proof. Let G = Nils be the Heisenberg group of real 3 x 3 upper-triangular
matrices of the form
laxy
A= <O 1 z) )
001

endowed with the metric given by dz?+ (dy —xdz)2 +(dz)?. We may thus identify
H3 with R3 endowed with this metric. The vector fields

e —2 e —g e _ﬁ+$2
1_81‘72_8:1/’3_62 82/,

constitute an orthonormal frame field of (H?, g). The corresponding Levi-Civita
connection is determined by

v6263 = v6362 = 5617
where the remaining covariant derivatives vanish. We also have
R(ez,e1)es = R(ez,e3)er = R(es, er)ez =0,

grad f = fre1 + fy62 + (fz - xfy)e?n
Ve, X = el(hl)el + (el(hZ) + ;h:}) ey + <61(h3) — ;h2> €3,

1 1
Ve, X = <62(h1) + 2h3> e1 + ea(h?)eg + <62(h3) - 2h1>63,

1 1
V63X = (eg(hl) + 2h2> e1 + (63(h2) — 2h1>62 + €3(h3)€3,
vgradf‘X = el(f)va =+ eZ(f)ver + 63(f)V€3X

1 1
— fx<h;+h;+hi+a:h;+2h3+2h2>el
h2 4+ h2 + h2 + zh? 1h1 1h3
+fy| s + i + 2t ahy —Shi4ShY e

1 1
+(f: +2fy) (hi + R+ b3+ xh) — §h1 - 2h2> es,

7o(X) = Ve, Ve, X + Ve, Ve, X + Ve, Ve, X
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1 1
=V, (el(hl)el + (e1(h?) + §h3)eg + (e1(h?) — 2h2)63>
1 1 3 2 3 1 1
+Ve2 (eg(h ) + ih )61 + 62(h )62 -+ (62(h ) — ih )63
1 1 2 2 1 1 3
+Ve, (63(h ) + §h el + (63(h ) — §h )62 + 63(h )63
1 1
= elel(hl)el + (61 (hQ) + ihg)veleg + <6161(h2) + 261(h3)>
3 1 2 3 1 2
+ 6161(h ) — iel(h ) e3 + 61(h ) — ih veleg
1 1 3 1 1 3
+ ez(h )—I— ih V€2€1 + 6262(h )—I— 562(}1 ) el
1
+62(h2)V6262 + 6262(h2)€2 + (62(h3) — 2h1)> V6263
3 1 1 1 1 2
+| eaea(h”) — ieg(h ) )es+ | es(h) + ih Vese1
1 1 2 2 1 1
+ 6363(h ) + 563(h ) ey + (eg(h ) — ih ve362
1
+ <6363(h2) — 263(h2)> es + 63(h3)ve383 + 6363(h3),
1 1
To(X) = (Ahl + eg(h®) — 5h1 - 63(h2)>61 + (5h2 +e1(h?) — 5h2 — eg(hl)) es
1

1
+<5h3 — ey (h?) — 2h3 — 62(h1)>63 = (Ah1 +h— §h1 + % + xh§>el

1 1
+<6h2 + h3 — 5h2 —hl - xh;> es + <6h3 —h2 - 5h?’ — h;>e3,

T(X) = 0.
Hence a vector field X define an f-harmonic map potential f? if and only if
f T = f y = f z = 0:

f(AI;l + B —1§f;1 + If +ah?) =0,
f(6h3 + h% — ?hg — hi —xh}) =0,
f(6r3 — 2 — $n® —nl) =0,
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that is equivalently to

fx:fy:fz:oa

Ah' + b — $h' 4+ B2 4+ zh? =0,
Sh? + h3 — 1h? — hl —ahl =0,
§h3 — b2 — $h® — hl = 0.

<

Proposition 3. A wvector fields X = u(z,y, z)% + v(z,y, Z)aay + w(x,y, z)%

on H? define an f-harmonic map potential f° if and only if

(22 f, + 2c%(uv, — vu, + wuy — vwy) + Auv =0,
22 fy + 22 (uw, — vw, + vw, — wug) + Fuv = 0,
22f, + 2c2(vyz — uvy + wuy — uvy) + (V2 + w? + 2u?) =0,
22 (Au+ foug + fyuy + fauz) + 262 (205 + 2wy — u,) — 2uc® =0,
22 (Av + fovg + fyvy + f205) — 2 (ufy + v, +ug) — v =0,
\CQzQ(Aw + fawe + fywy + frw,) — zcz(wz +uy +ufy) — cw=0,

where A is a Laplacian on R3.

Proof. The hyperbolic space (H?, g) of constant sectional curvature —c?

H3 = {(:L‘,y,z) eR”, 2> O},

1 2 2 2
g=—| (dx)” + (dy)” + (dz >
oz (@0 + @ + (@)
0 0 .
The vector fields V = cz—,e; = cz—,es = cz— constitute an orthonormal
0z oz oy
frame field of (H?3,g) and
[‘/767,] = C€;, [61',6]'] :07 1 SZ,]S?’L—].
Let V be the Levi-Civita connection of (H?, g) we have
Ve,V =—ce;, VyV =0=Vye;, Vgej=coj;V foranyl <i,j<2.
We also have
R(el, 62)V = R(el, V)eg = R(eg, V)61 = 0,
R(e1,V)er = Rlez, Ve = ¢V,
R(es, V)V = —R(ey, ez)e; = —ces,
R(e1,V)V = R(e1, e3)ea = —cZey.
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Let X = u(x,y,2)V +v(z,y, 2)e1 +w(x,y, 2)e2 be a vector field on H3.
We have
VX =V(u)V +V(v)er + V(w)ea,

R(X,VyX)V = (uV(v) — UV(u)>0261 + <uV( ) —wV (u ))c es,
Ve X = (e1(u) + cv)V + (e1(v) — cu)er + er(w)ea,
R(X,V¢ X)er =c (vel(u
Ve, X = (e2 cu)
R(X,Ve,X)es = 2 (weg(u)—l-w ct+ulc—ues (v )V+c <w62 —veg(w +cvu> el.
We obtain

Y+ v?etuie—uer (v )V—i—c <vel —weq (v —|—cvu> e,

(u) + cw)V + ea(v)er + (ea(w) —

h(X) = (vel(u) +v%c + u*c — uey (v) + wea(u) + we + uc — ueg(v)> Vv
+ <uV(v) — oV (u) + wea(v) — vea(w) + cvu) ey

+c? ( —wey(v) +ver(w) + cvu + uV (w) — wV(u)) €.

Also
(VelvelX + Ve, Ve, X + V€3V63X>
<V elX —I-Vv 62X+Vv 4€3 >
= <€1€1 + egea(u) + VV(u) — 2¢V (u) + 2cer (v) + 2cea(w) — 202u) \%
<€1€1( ) + ezea(v) + VV(v) — 2¢V(v) — ceq(u) — 0211) el
+ <6161(w) + ezez(w) + VV(w) — 2cV(w) — cer(u) — 02w> es
and

Vgrade = el(f)VelX + 62(f)V62X + 63(f
_ (e1<f> () + ea(f) )v

+(el<f> L) + ea()ea(v) + VIV () — cer(f >)
n <el(f)el(w) T ea(feaw) + V(HV(w) - ce2(f>u>
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Hence a vector field X define an f-harmonic map potential fv if and only if

2e1(f) + (uV(v) — vV (u) + wez(v) — ves(w) + cvu) fc2 =0,

2eq(f) + fc2< — weq (v) + ver (w) + cou + uV (w) — wV(u)> =0,

2V (f) + fc? <vel(u) +v2c + 2ule — uey (v) + wea(u) + wle — ueg(v)> =0,
e1(f)er(u) + ea(flea(uw) + V)V (u) + f(elel(u) +esea(u) + VV (1) — 26V (u)
+2ceq (v) + 2cea(w) — 202u> =0,

e1(f)e1(v) + ea(fex(v) + V(F)V(v) — cer(Fu+ f <6161(U) + esea(v) + VV(v)
—2cV (v) — ceq(u) — c%) =0,

e1(fei(w) + ea(f)ez(w) + V(f)V(w) — cea(flu + f<6’16’1(w) + ezea(w) + VV(w)

—2cV(w) — cey(u) — 02w> = 0.

\

That is equivalently to

(22, + 2fc(wv, — vu, + woy — vwy) + fctuv =0,
22fy + 2f (uw, + vwy — wu, — wzuy) + fctuv =0,
22f, + zf?(vuy — uvg + wuy — uvy) + fA(0? + w? + 2u?) =0,
A2 (fAu+ frug + fyuy + fauz) + 2fc2(20p + 2wy — u,) — 2fuc? =0,
A2 (fAV + fovge + fyvy + f2v2) — 2fE (v + ug) — 2cufy — v =0,
(P22 (fAW + fows + fywy + fow.) — 2fE(w, + ug) — zc?ufy — Fw =0.

|

Remark 2. A left-invariant unit vector fields on H? define an f-harmonic map
potential f¥ if and only if f verify 2zf, + c>f = 0.

4. Conclusion

This work studied the f-harmonicity with potential f of a vector field from a
Riemannian manifold (M, g) to its tangent bundle TM equipped with the Sasaki
metric G°. We show that an f-harmonic vector field with potential fv is parallel
if and only if f is constant function. We also characterize the f-harmonic vector
fields with potential f¥ on some Three Riemannian Lie groups.



F.H. Koudjo 13

References

. Ara M. Geometry of F-harmonic maps. Kodai Math. J., 1999, 22 (2), pp.
243-263.

. Branding V. The heat flow for the full bosonic string. Ann. Global Anal.
Geom., 2016, 50 (4), pp. 347-365.

. Dombrowski P. On the geometry of the tangent bundle. J. Reine Angew.
Math., 1962, 210, pp. 73-88.

. Jiang R. Harmonic maps with potential from R? into S?. Asian J. Math.,
2016, 20 (4), pp. 597-627.

. Kaddour Z. Some results of f-harmonic and bi- f-harmonic maps with po-
tential. Int. Electron. J. Geom., 2021, 14 (1), pp. 157-166.

. Lichnerowicz A. Applications harmoniques et variétés Kéahleriennes. Rend.
Sem. Mat. Fis. Milano, 1969, 39, pp. 186-195 (in French).

. Ratto A. Harmonic maps with potential. Proceedings of the Workshop on
Differential Geometry and Topology (Palermo, 1996). Rend. Circ. Mat.
Palermo (2), 1997, Suppl. No. 49, pp. 229-242.



