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Abstract. Let G be a finite group. A subgroup H of G is called a TI-subgroup if HNH?” €
{1,H} for all x € G, and a group is called a PCTI-group if all of its cyclic subgroups
of prime power order are TI-subgroups. In this paper, we prove that a finite non-abelian
stmple S is a PCTI-group if and only if S is PSL(2,q) or the Janko simple group Ji.
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1. Introduction

Throughout this paper, all groups are finite. Our notation and terminology are standard.
Let G be a group and H be a subgroup of G. If for each x € G we always have HNH* €
{1, H}, then we say that H is a TI-subgroup of G. The group whose cyclic subgroups are
TI-subgroups is called a CTI-group. The classification of finite groups in which certain
subgroups are TI-subgroups is a subject that has drawn significant attention. In [19],
Walls characterized the structure of the groups in which all subgroups are TI-subgroups.
In [11] Guo, Li and Flavell classified groups all of whose abelian subgroups are TI-
subgroups. In [17], Mousavi described the structure of the non-nilpotent CTI-group. In
[1], Abdollahi gave a classification of the nilpotent CTI-groups. The goal of this paper is
to investigate finite groups in which every cyclic subgroup of the prime power order is a
TI-subgroup.

Definition. Let G be a finite group. G is called a PCTI-group if all of its cyclic subgroups
of prime power order are TI-subgroups.
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Obviously, every CTI-group is a PCTI-group. Since the PCTI condition is hereditary
for subgroups and quotient groups (see Lemma 1), it is important to consider the case of
simple PCTI-groups. In this paper, we classify the 7nite simple PCTI-groups and obtain
the following result.

Theorem. Let G be a finite non-abelian simple group. Then G is a PCTI-group if and
only if it is one of the following types:

(1) PSL(2,q), where ¢ > 3 is a power of a prime p;

(2) the Janko simple group Ji.

2. Some Lemmas

Since every cyclic subgroups of a p-group is of order of a prime power, a p-group G is a
PCTI-group if and only if G is a CTI-group. We first give some lemmas.

Corollary. [1, Theorem 1.2] Let G be a p-group. Then G is a PCTI-group if and only
if one of the following occurs:

(i) G is a Dedekindian group, i.e., all subgroups of G are normal in G;

(ii) G is an exponent p;

(i) G' = 1(GP) is of order p and &(G) = GP is a central cyclic subgroup of G;

(iv) G is a 2-group such that G = A{x), where A is an abelian subgroup of G and x
is an involution in G \ A such that a® = a™!.

Note that the groups in case (iv) have more than one half of involutions.

Lemma 1. Let G be a PCTI-group. H is a subgroup of G and N is a normal subgroup
of G. Then:

(i) H is a PCTI-group;

(i) G/N s also a PCTI-group.

Proof. (i) is trivial. Next, we prove (ii). Let 2N € G/N with o(zN) = p*. Now, it
suffices to prove that (zN) N (zN)9¥ = (zN) or N for all gN € G/N. We note that
since o(zN) = p* we have " € N. Suppose that o(z) = m, and m = p'n, where
p 1 n. Obviously, (n,p*) = 1, there exist integers p and v such that ny — p*v = 1, thus
™ = 1PV ¢ xN. We can easily see that the element z™* has order (mfniw), which
is a prime power. By (i), (™) is a PCTI-group, it follows that for Vg € G we have
(x™) N (x99 = (™) or 1. Thus, we conclude that (zN) N (zN)9N = (zN) or N.
Hence G/N is also a PCTI-group. |

Remark. If G is a PCTI, it follows that any subquotient of G is also PCTL.

Lemma 2. [17, Theorem 4.2] Let G be a finite non-abelian simple CTI-group. Then
G =2 PSL(2,q), where ¢ > 3 is a prime power.

Lemma 3. Let G be an alternating simple group. Then G is a PCTI-group if and only
Zf G = A5 or AG-
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Proof. With the help of GAP ([18]), A5 and Ag are PCTI-groups. Next, we prove that
A7 is not a PCTI-group. Since A7 are exactly all even permutations of 7 letters, there
does not exist an element of order 8 or 9. Let H = (), € A7 and o(x) = 4. Because all
elements of order 4 in A; are conjugate, we let

H = (z) = ((1234)(56)) = {(1), (1234)(56), (1432)(56), (13)(24) }.
Choose g = (567). Then
H9 = {(1), (1234)(67), (1432)(67), (13)(24)}.

So HNHY = {(1),(13)(24) }, and then H = (x) = ((1234)(56)) is not a TI-subgroup. Thus
Az is a not PCTI-group. Moreover, since A7 is a subgroup of A4,, forn > 7, 4, (n > 7)
is not a PCTI-group. <

Lemma 4. Let G be a p-group. Then G1Zy, is a PCTI-group if and only if G1Zy, = 71 Zs.

Proof. Assume that G Z, = Zy 1 Zy. Since Zg ! Zg is isomorphic to Dsg, it is PCTI
obviously.

Conversely, let Z, = (o) and o = (123---p). The wreath product G1Z, is a semi
direct product of G = G x G x - -+ x G with p times by (o), in which the action of (¢} is
a permutation of the coordinates of GP. Next, we use Lemma 1 to check in case by case.

Case (i). Assume that G ! Z, is Dedekindian. Note that p is a prime, so p > 2.
We choose the subgroup (G, 1,---,1). Obviously, (G,1,---,1)? = (1,G,---,1), and so
(G,1,---,1) is not normal in G Z,. Thus G1Z, is not a PCTT group.

Case (ii). Assume that exp(G1Z,) = p. Let = (¢9,1,1,--- ,1;0) € G Z,, where
g # 1, then we have 2P = (g, g,--- ,g;1). Since g # 1, it follows that o(z) > p?. It follows
that exp(G1Z,) # p, and so this case is impossible.

Case (iil). we will prove that if |(G1Z,)'| = p, then p = 2. By the definition of the
wreath product, we know that (G1Z,)" < GP. For any g = (91,92, - ,gp) € GP, we have

[gvo] = g_lgg = (9;119517' o 191;_1)(g10—17920—17' o 7gpa—1)
= (979995 91, 19y " gp—1)-
Ifgi#1,92=---=gp=1, then
[970] = (9;1’917 1a o al)
Similarly, If go # 1,91 = g3 =--- = gp = 1, then
[970] = (17951792717"' 71)

It follows that |(GZ,)'| > 2|G|. Since |(GUZ,)'| = p, we have p = 2. So G1Z,, is Za 1 Zs.
Case (iv). Suppose that G1Zy = A x Zy for some abelian group A and involution
x € GU1Zy — A such that a® = a7 for all a € A. Next, we also prove G Zy =2 7yl Zs.
We denote by iz(X) and ¢;(X) the number of involutions and the set {z € X|z? = 1},
respectively. Note that io(A X Zy) = ia(A) + |A|. Let (g1, g2; (12)) € G 1 Zs. Then

(91,925 (12))% = (919102, 92920120 1) = (9192, 9291; 1).
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Therefore, if (g1, g2; (12)) is an involution if and only if g1go = 1, that is, g1 = g5 *. Thus
the number of elements of order 2 in the coset (G x G)(12) is |G|, and therefore

i2(G1Zy) = (i2(G) +1)* + |G| — 1.
Since Gl Zo = A X Zs, we have
ia(A) + |A| = (i2(G) + 1) + |G| - 1
and |A| = |G|?. For the group A x Zg, it is obvious that
ia(A) + |A] >1
2[A] 2

that is
(i2(G)+1)2+|G| -1 _ 1

2|G)2 2’
It follows that i2(G) > |G| — 2, namely, G is an elementary abelian 2-group. Meanwhile,
in this case, i2(A) = i2(G) and the maximum element order in group G1Zs is 4. Since A
is an abelian group, we can set A = ZJ' x Z}"* with mg > 0. Note that c¢;(A) = 2m1+m=2
and |A| = |G|?, thus

1 my
c1(A) =iy(A)+1=|G| =|A]2 =272 T2,

So we conclude that mq = 0, that is A = Z}" and G = Z5"*. Observe that if Z}"? x Zg =
Z5* 1 Zs, then Z3? 1 Zo contains a normal subgroup to Zj'2. Obviously, the centralizer of
any element of order 4 in Z}"? x Zg is Z4. Next, we discuss the case of elements of order
4 in Z3? 1 Zs. Let (g, 1;(12)) be an element of order 4 , where g is an involution of Z3".
If 1,92 € Zgw, then

(9,1;(12))(91, 92; (12)) = (992, 915 1),

(91, 92; (12))(g,1; (12)) = (g1, 929; 1)-

If (g1, g9; (12)) centralizes (g,1;(12)), then g1 = gg2 and gog = g1. By the arbitrariness
of g1,92, we have g = g192, which shows that in this case, the number of elements
centralizing (g,1; (12)) is 2™2. Similarly,

(9,1;(12))(g1,92; 1) = (992,915 (12))

and
(91,92;1)(9,1;(12)) = (919, 92; (12)).

If (g1,92;1) centralizes (g, 1;(12)), then g1 = go. That is, in this case, the number of
elements centralizing (g, 1; (12)) is 2™2. Combining the two cases, we can conclude that

1G22, (91, 92;1))] = 22 + 22 = 2m2F,

According to Z)"?* x Zy = 75?1 L, it follows that 2m2T1 = 4™2 50 my = 1. Thus G1Zy =
75! Zs. This completes the proof. <
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Lemma 5. Let G = {a,bla =1l,a
group. Then G is not a PCTI-group.

=b%a® = a7) with n > 4, a semi-dihedral

Proof. Obviously, G is not a Dedekindian group and exp(G) # 2. Since [a,b] = a~'a® =

a=2 and o(a=2) = 272, we have |G’| # 2. Then G does not satisfy Corollary 1(iii). By
[4, Theorem 124.4], we obtain

1
Q«D:2“2+1<§WL

According to Corollary, it follows that in case (iv) has more than one half involution, so
G does not satisfy Corollary (iv). Therefore, G is not a PCTI-group. <

Next, we will consider the group PSL(3, q).

Lemma 6. Let G = PSL(3,q), where ¢ > 3 is a power of prime p. Then G is not a
PCTI-group.

Proof. Let P be a Sylow 2-subgroup of G. Since all subgroups of a PCTI-group are
PCTI-groups, it suffices to prove that P is not a PCTI-group.
Case 1. ¢ =2",n> 2.
The Sylow 2-subgroup P of PSL(3,q) can be taken as the following group (see [6,
Section 4]):
lay
P = 01/8 \a,ﬂ,’yeGF(q)
001

Let A and B be the subgroups for which § = 0 and « = 0, respectively. That is,

lay
A= 010 |a,v€ GF(q)
001

and
10y

B=4q(013][8,7v€GF(q)
001

Then direct computation yields the following properties of P (see [6, p.494]):
(1) P has order ¢®, and Z(P) = P’ = ®(P) = AN B is elementary abelian of order g;
(2) A and B are elementary abelian normal subgroups of P of order ¢. If z ¢ AU B,
then x has order 4.
Next, we verify that P does not satisfy any type in groups of Corollary:
(i) Let H = (t) < P and z € P with

100 110
t=(o011],2={010
001 001

Then H? # H, so it implies that H € P. Therefore P is not a Dedekindian group.
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(ii) Tt is clear that Vo ¢ AU B, x has order 4. So exp(P) # p.

(iii) Because Z(P) is elementary abelian of order ¢, we have |P’| = ¢ # 2. This is
impossible.

(iv) Assume that the number of elements of order 4 in P is m. By the property (2)
above, we can obtain that m = |P| — |A U B|. Since

1
m=|P| = [AUB| > |P| - |A] - |B| = ¢’ = 2¢* > S|P,

it follows that 1
2(P) < 1P,

contradicts i2(P) > 3|P| in this case. Therefore, P is not a PCTI-group.

Case 2. ¢ > 3 and ¢ is odd.

By [10, p.486], the Sylow 2-subgroup P of PSL(3,¢) with ¢ odd are semi-dihedral if
g = —1(mod 4) and are wreathed if ¢ = 1(mod 4). For the former case, it cannot occur
because a semi-dihedral group is not PCTI-group by Lemma 5. For the latter case, by
using Lemma 4, it is clear that P is not a PCTI-group. Therefore, we conclude that
PSL(3, ¢) is not a PCTI-group, where ¢ > 3 is a power of prime p. |

By Lemma 1 (ii) and the preceding results, it follows that SL(3,¢) with ¢ > 3 is also
not a PCTI-group. Next, we consider the case of SL(2,q) with ¢ > 3 is odd.

Lemma 7. If ¢ > 3 is odd, then SL(2,q) is not a PCTI-group.

Proof. Since ¢ is odd, SL(2,¢q) has a unique element of order 2, say Z. Obviously, the
number of elements of order 4 is more than one (otherwise, the subgroup of order 4 is
normal in SL(2,q)). We let H and H; of order 4 be conjugate. So H N Hy = {1, z}, and
then H is not a TI-subgroup of SL(2, ¢). Therefore, SL(2, ¢) is not a PCTI-group. <

Lemma 8. Let G = Sz(q), ¢ =221 n > 1, then G is not a PCTI-group.

Proof. Let P be a Sylow 2-subgroup of G. Since |G| = ¢*(¢>+1)(¢—1), |P| = ¢* = 247 +2,
By [14, Theorem 2.4], P is a Suzuki 2-group, and has an exponent 4. Moreover, its center
Z(P) = P’ = &(P) and the involutions in P together with the identity element constitute
Z(P), thus |Z(P)| = q. Next, we verify that P is not a PCTI-group by using Lemma 1.
In fact, we prove that a Suzuki 2-group is not a PCTI-group.

(i) Since P’ # 1, P is not abelian. By [9], we have P = Qg x Z&.Then |Z(P)| = 21
The Suzuki 2-group satisfies the following property: |P| = |Z(P)|* or |P| = |Z(P)]3.
Thus, if P is the Dedekindian group, then n = 1 and |P| = |Z(P)|?, and so |P| = 2%.
This contradicts |P| = g% = 242, Therefore, P is not a Dedekindian group.

(ii) is not impossible because its exponent is 4.

(iii) As Z(P) = P’ and |Z(P)| = q, we have |P’| # 2. This case is also not possible.

(iv) In this case it is also impossible because ix(P) = |Z(P)| —1=q— 1 < |P|.

Consequently, G = Sz(q), ¢ = 22"*1, n > 1, is not a PCTI-group. <

Next, we will continue to present the case of PSU (3, q).

Proposition. Let G = PSU(3,q), ¢ > 3. Then G is not a PCTI-group.
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Proof. First, let ¢ = 2",n > 2 and P € Syl2(G). Now, P is isomorphic to the following
group:

100

P= al0f|b+b?=0a", abeGF(¢)

ball
Therefore, P can be regarded as the group of pairs {(a,b)|b+b? = a'*4, a,b € GF(¢?)}
with multiplication (a,b)(c,d) = (a + ¢,a? + b+ d). Then by [5, p.1] and [13], it follows
that P is a Suzuki 2-group. According to the proof of Lemma 8, a Suzuki 2-group is not
a PCTI-group. Next, we consider the case ¢ > 3 with ¢ odd. By [10, p.487], the Sylow
2-subgroup P of PSU(3, ¢) with ¢ odd is semi-dihedral if ¢ = 1(mod 4) and is wreathed
if g = —1(mod 4). We can conclude that in this case P is not a PCTI-group by Theorem
6. Therefore, PSU(3,¢q), ¢ > 3, is not a PCTI-group. <

3. The Proof of Theorem

Suppose that G is a non-abelian simple PCTI-group. By the classification of finite simple
groups [7], G is an alternating group, a group of Lie type, or a sporadic group.

Table 1. Non-PCTI Sporadic Simple Group

Groups non-PCTI-subquotient | Groups non-PCTI-subquotient
M2 My Ma2 A7
Ma3 Asg Moy Moo

Ja PSU(3,3) Ja PSU(3,11)
HS Moz McL Maa
Suz Az Ly Aqq
He A7 Ru Asg
O'N A7 Cos HS
Cosy McL Coy Cog
Figo A1o Fiag A2
Fil, Figg Th PSU(3,8)
HN A1z B Figg

M Th

First, we consider the sporadic simple groups. If G = M1, then it has a semi-dihedral
Sylow 2-subgroup by [2, Proposition 4]. However, a semi-dihedral group is not a PCTI-
group. Hence My; is not a PCTI-group. Assume that G = J;. As |J;| =23-3-5-7-11-19
and J; have an elementary abelian Sylow 2-subgroup (see [10, p.483, Theorem] or [7,
p.36]). Clearly, all prime-order cyclic subgroups are TI-subgroups. Thus, J; is a PCTI-
group. Next, assume that G = Js. Let @ be the Syolw 3-subgroup of Js. By [16, Lemma



10 Finite simple groups in which all cyclic subgroups of prime power order are TI-subgroups

2.1] the center Z(Q) is an elementary abelian of order 9. There is an element = of @
of order 3 such that V = (z, Z(Q)) is an elementary abelian of order 27. In particular,
the elements of Q — V are all of the order 9 and Q' = V. Therefore, V is the Frattini
subgroup. Now, we can verify whether @ is a PCTI-group by Corollary 1.

(i) If @ is a Dedekindian group, then @ is abelian by [9], a contradiction.

(ii) Tt is clear that exp(Q) # 3.

(iii) |Q’| # 3 because Q' =V and |V| = 27.

(iv) This case cannot occur because @ is not a 2-group.

Therefore, Js is not a PCTI-group.

The table 1 given below shows that the remaining sporadic simple group has a proper
non-PCTI-subquotient, and that, therefore, there is no sporadic simple PCTI-group ex-
cept for Ji.

Suppose that G is an alternating group. Since an alternating group of degree n con-
tains a maximal subgroup which is isomorphic to an alternating group of degree n — 1,
it follows that G = A; or Ag by Lemma 3.

Now suppose that G is a group of Lie type over Galois field GF(q). If G is a Chevalley
group except for PSL(2,¢) and PSp(4, q), then by [3, Theorem 1], it has a subgroup
isomorphic to SL(3,¢) or PSL(3, ¢). According to Lemma 6, it shows that SL(3,¢) and
PSL(3, q) are PCTI-group if and only if ¢ = 2. So, the group G cannot be a PCTI-group
except for ¢ = 2. For ¢ = 2, we check in case by case as follows.

(1) G = PSL(n,2), where n > 3. As G has a subgroup which is isomorphic to
PSL(n — 1,2), we have that PSL(4,2) is a subgroup of G. But PSL(4,2) = Ag is not a
PCTI-group. Hence, G is a PCTI-group if and only if n = 3.

(2) G = PSp(2n,2), where n > 3. Since Ag < PSp(6,2) < G, we can get that
PSp(2n,2)(n > 3) can not be a PCTI-group.

(3) G = P27 (2n,2), where n > 3. As PSL(4,2) & Ag = PQ27(6,2) < G, we have
that P21 (2n,2)(n > 3) cannot be a PCTI-group.

(4) G = E4(2). Note that G contains a subgroup that is isomorphic to PSL(5,2). By
the above case (1), PSL(5,2) is not a PCTI-group and hence G is not a PCTI-group as
well.

(5) Assume that G = E7(2) or Eg(2). Since E7(2) and Fg(2) contain a subgroup
which is isomorphic to Eg(2), we conclude that G is not a PCTI-group.

(6) F4(2)" is not a PCTI-group since PSL(6,2) < Fy(2)'.

Assume that G = PSL(2, q), where ¢ > 3 is a prime power. Lemma 2 implies that G
is a PCTI-group.

If G = PSp(4,q) and q is even, then G has a maximal subgroup that is isomorphic
to the Suzuki group Sz(q) by [15]. Applying Lemma 8, we know that G is not a PCTI-
group. Since PSp(4,3) = PSU(4, 2), using the GAP Small Group library ([18]), we see
that the Sylow 2-subgroup of PSU(4,2) is SmallGroup(64,138), which is not a PCTI-
group. Therefore, PSp(4, 3) is not a PCTI-group. When ¢ > 5 and ¢ is odd, Sp(4, ¢) have
a subgroup GL(2, ¢). By Lemma 1(ii) and Lemma 7, PSp(4, ¢), where ¢ > 5 and ¢ is odd,
is not a PCTI-group.

Next, assume that G is a Steinberg group. Suppose that G is one of the types of
2Dn(q), n > 4, 2Es(q) or 3D4(q). By [3, Theorem 1], G has a subgroup isomorphic to
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SL(3,q) or PSL(3,q). Hence they are not PCTI-groups when ¢ > 2. Next, we deal with
the case of ¢ = 2.

(1) G =2 3Dy(2). As 3D4(2) has a subgroup SL(2,3) by [20, Theorem 4.3], which is
not a PCTI-group by Lemma 7. Hence, 3D,(2) is not a PCTI-group.

(2) G = 2E¢(2). Since 2Eg(2) contains a subgroup Fiso ([8, p. 7, table 3]), we get
that 3Es(2) is not a PCTI-group by the preceding Table 3.

(3) G = 2D, (2), where n > 3. We regard 2D, (2) as P27 (2n,2). As P2~ (6,2) =
PSU(4,2) (see [7, p.26]). In the previous discussion, we have already proven that
PSU(4,2) is not a PCTI-group. Hence 2D,,(2)(n > 3) are not PCTI-groups.

In the following, we consider the remaining Steinberg groups. Assume that G =
2A,.(q) where n > 2. Since 2A,,(¢) has a proper subgroup isomorphic to either SL(3, ¢?)
or PSL(3, ¢?) when n > 5 (see [3, Theorem 1]). Then Lemma 6 implies that 2A,,(q) (n > 5)
is not a PCTI-group. Next, we consider A, (q), where n € {2,3,4}. We regard 24,,(q)
as PSU(n+ 1, q). Since PSU(4, ¢) and PSU(5, ¢) contain a subgroup which is isomorphic
to PSU(3,¢), by Lemma 2, they are not PCTI-groups except ¢ = 2. Let ¢ = 2. Since
PSU(4,2) has a Sylow 2-subgroup P = C5C3, which is not a PCTI-group by Lemma 4.
Thus PSU(4, 2) is not a PCTI-group. Moreover, [7, p.73] implies that PSU(4, 2) contains
a subgroup PSU(4, 2). So PSU(5,2) is not a PCTI-group.

Furthermore, the simple group of type 2F;(22"*!) is not a PCTI-group, because it
contains a subgroup Sz(227*1). Assume that G = 2G5(q), where ¢ = 32"*1. Let Q be
a Sylow 3-subgroup of 2Gs(q). By [12, Theorem 2.1], its center Z(Q) is an elementary
abelian subgroup of order ¢ = 32" Q' = &(Q) is an elementary abelian subgroup of
order ¢ and the elements of Q' have order 9. It follows that Q clearly does not satisfy
Lemma 1(ii),(iii) and (iv). Moreover, if @ is a Dedekindian group, then @) must be an
abelian group by [9], which is a contradiction. So 2G5 (32" 1) is not a PCTI-group. Finally,
Lemma 8 shows that the Suzuki groups Sz(q), ¢ = 22"+, n > 1, are not PCTI-groups.
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