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Abstract. In this study, we explore the connection between unperturbed matrix differen-
tial systems that exhibit variations in both their initial conditions and the starting time.
Through the application of variation of parameters methods, we construct integral repre-
sentations that reveal this relationship. To formulate Holder-type stability criteria under
the presence of an initial time shift in nonlinear matriz differential systems, it is essential
to employ the variational framework derived from the unperturbed matrix model.
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1. Introduction

The variation of parameters formula (VPF) has long been recognized as a valuable ana-
lytical approach within the qualitative study of nonlinear matrix differential equations,
particularly due to its effectiveness in examining the characteristics of their solutions.
Recent studies, as referenced in [1]-[3], have initiated a line of research focusing on
nonlinear matrix systems and initial value problems in the absence of an Initial Time
Difference (ITD), along with the development of related theories involving differential in-
equalities. In the forthcoming sections, we derive VPF-based formulations that establish
links between unperturbed matrix systems with differing initial data, as well as between
unperturbed matrix models under non-identical initial conditions.
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4 Holder-type stability in unperturbed matrix differential systems with ITD

The dynamic properties of differential equations have been the subject of substantial
qualitative analysis. In particular, initial value problems influenced by spatial unper-
turbed matrix systems—while maintaining a fixed initial time—have been widely studied,
as discussed in [1]-[3], [8], [10]. More recently, researchers have turned their attention to
systems characterized by both spatial deviations and discrepancies in the initial time.
This line of inquiry is commonly referred to as Initial Time Difference (ITD) stability
analysis. In [6], [7], variation of parameters techniques were applied to investigate the re-
lationships between (1) unperturbed matrix systems with varying initial states exhibiting
an initial time shift. To establish the conditions for Initial Time Difference Holder Sta-
bility (ITD HS), we employ the variational system derived from the original unperturbed
matrix differential equations.

One fundamental distinction between ITD HS and classical Holder Stability (HS) lies
in their respective reference frameworks. Classical HS is typically defined with respect to
the zero (null) solution, whereas ITD HS is formulated relative to an unperturbed matrix
system, taking into account both initial time shifts and variations in the initial condi-
tions. As shown in Section 4, the transformation techniques commonly used in classical
HS theory produce results that differ from those obtained under the ITD framework,
demonstrating that ITD HS cannot be regarded as equivalent to classical HS.

To formulate criteria for I'TD HS including its variation-based and exponential asymp-
totic forms we use the variational system derived from the unperturbed matrix frame-
work. Definitions for various forms of ITD HS and time-shift-based Holder stability are
introduced in detail. Our analysis shows that classical stability with respect to the null
solution and ITD HS are fundamentally different, so limiting the stability analysis to the
null solution is insufficient. Furthermore, while ITD HS implies ITD stability, the con-
verse does not necessarily hold. Theoretical results are also provided for variation-based
ITD HS, exponential asymptotic ITD HS, and both uniform ITD stability and uniform
ITD HS of the unperturbed matrix system relative to the unperturbed system.

2. Preliminaries

We consider the following nonlinear matrix differential models characterized by different
initial conditions:

X'=F(t,X), X(to)=Xo, t>to, toeR,, (1)
X'=F(t,X), X(po)=Yo, t=>po, po€Ry. (2)

The operator Vec(-) is defined in [5], which maps an m X n matrix A = (a;;), for
1=1,2,...,mand j =1,2,...,n, onto the vector composed of the columns of A:

_ T
Vec(:) = (a11, 21, s Gm1, @12, 022, <oy G2y oy Alns Q2ns -+, G
Then the corresponding vector differential systems can be written as

¥ =F(t,z), X(to)=z0 for t>tg, to€R,, (3)

¥ =F(tx), x(ro)=yo for t>1, to€R,.
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For a fixed initial point (pg, Yp), in the rest of the paper, we shall use
X = X(t,po,Yo) denotes the solution of (2) passing through (po, Yo),
and X = X(t — ¢, to, Xo) denotes the solution of (1) for = po—to >0 and t > pg.

Definition 1.
We say that X exhibits ITD stability relative to the solution X, provided thatV € > 0,
there exists positive constants 61 = 61(po, €) and da = d2(po, €) s.t.

H.)E—X||<€

when ||Yo — Xo|| < 61 and |po — to] < d2, ¥ t > po.
Furthermore, if the constants d1 and o2 can be chosen independently of po, then the
solution X is uniformly ITD stable w.r.t. X fort > po.

Definition 2. We say that X exhibits ITD Lipschitz stability relative to the solution X
if and only if there exists a constant L* = L*(pg) > 0 s.t.:

| = X < L*(po) (I[Yo — Xoll + lpo —tol), for all t> po.

Moreover, when the Lipschitz constant L* does not depend on the initial time po, the
solution X is uniformly Lipschitz stable with respect to ITD, As compared with the cor-
responding solution X of system (1).

Definition 3. We say that X possess ITD HS of order \, where 0 < A < 1, w.r.t. the
solution X s.t. a constant L* = L*(po) > 0 exists and satisfies:

12 = XI| < £(po) (1Yo — Xoll* + loo — to*) , for all &> py. (4)

If the constant L* does not depend on pg, then the solution X is said to be uniformly
HS w.r.t. ITD, in relation to the solution X of (1).

In particular, when A\ = 1 and L* is also independent of po, this notion reduces to
uniform ITD Lipschitz stability.

Definition 4. We say that X exhibits ITD asymptotically HS of order \, where 0 < \ <
1, relative to the solution X there exists L* = L*(pg) > 0 s.t.

1X = X[ < L£*(po) (IIYo — XolI* + |po — tol*) v(t — po), = po,

where v(t — pg) = 0 as t — oo. 5
If the constant L* does not depend on py, then the solution X is said to be uniformly
asymptotically HS w.r.t. ITD.

Definition 5. We say that X ezhibits ITD asymptotically HS in variation of order A
(with 0 < A < 1) compared to X if the following two conditions are fulfilled:
(i) there exists a constant L* = L*(pg) > 0 s.t.:

1 = X|| < £*(po) (Yo = XolI* + [po — to|*) vt = po), > po,
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where v(t — pg) = 0 as t — oo.
(ii) For every B > 0, there exists a constant N* > 0 s.t. the fundamental matriz solution
~v(t, po, Yo) of the associated variational system (as defined in the following Theorem 1)
satisfies:

I (t, oo, Yo)ll N, ¥t > po, whenever [[Yo]| < 5.

If the constant L* does not depend on pgy, then the system is said to exhibit uniform
ITD asymptotic HS in variation.

Additionally, when X\ =1 and N* remains independent of pg, the system satisfies the
condition of uniform ITD asymptotic Lipschitz stability in variation.

Definition 6. We say that X exhibits generalized exponential asymptotic HS under ITD,
for X € (0,1), w.r.t. the solution X if there exists a constant L* = L*(pg) > 0 s.t.:

1X = X < £%(po) (Yo = Xoll* + lpo — to]*) exp [S*(po) — S*(1)], t > po,
where the function 8* belongs to the class
K*={8" € C[R4+,R4] : 8" is strictly increasing and S*(0) = 0}

and §*(t) — oo as t — oo. If the constant L* is independent of po, then the solution is
called uniformly generalized exponentially asymptotically HS.

Moreover, if A =1, then the system satisfies uniform generalized exponential asymp-
totic Lipschitz stability.

In the special case where p(t) = Bt for some B > 0, the system exhibits ITD exponen-
tial asymptotic Holder stability.

We consider the variation of parameters formulae for differential equations relative to
the initial time difference in the next section, to do these we will give well-known lemmas
[8], necessary for the main results.

3. Variation of Parameters in Nonlinear
Matrix Differential Systems under Initial Time
Difference

In this section, we examine the stability behavior of the solutions associated with systems
(1) and (2), as detailed in the subsequent results.
Throughout the remainder of this paper, we shall use the following notations:

X = X(t,t9,Xo) denotes the solution of (1) passing through (¢, Xo),
X* = X(t,po,Xo) denotes the solution of (2) passing through (pg, Xo).

Theorem 1. Consider that F' and its partial deriwatives are continuous w.r.t.x, denoted
by OF/0X, in the domain Ry x R"*™. Consider X denoting the unique solution of
(4). Define the matriz-valued function H(t, po,Yy) := g—;(t,X(t,po,YO)), Under these
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conditions, the following result holds:

(i) The derivative ¥(t, po, Yo) := g—{}; exists and satisfies the matriz differential equation

Z/ :H(t,po,YO)Z (5)

for v(po, po, Y0) = Znxn, Inxn means the identity matriz.
(ii) The partial derivative 8% also exists and solves the same differential equation (5),
9po

with the initial condition

90X (po, po, Yo)
dpo

= _F(pOa YO)7

and satisfies the identity

0X
TPO JF’Y(t,PO,YO)F(PO,YO) = 07 vt Z Lo-

(iii) Let X be any solution of the unperturbed matriz system (1). Then it satisfies the
integral identity known as Alekseev’s formula:

t
X = ‘)2 +/ ’Y(tasaX(Svp()vYO)) R*(&X(&PO,YE))) dS,
PO

where y(t, po, Yo) = 5, and t > po.

A detailed justification of this theorem is available in the literature; see, for instance,
[9], [10] for a comprehensive exposition.

This section focuses on establishing a formal link between unperturbed matrix differ-
ential models.

Theorem 2. Assume that W (t,to, Xo) and Z(t,to, Xo) are the solutions of matriz dif-
ferential systems of (6), (7), respectively, for t > 7q. Consider the matriz differential

systems
W' = A(t, 79, Xo)W, Y (7o) =1 for t >, (6)

7' = ZB(t,10,X0), Z(r0) =1 fort>p. (7)
Then the solution of the matriz differential system of (7) satisfies the relation
X(t, 70, Xo) = W(t, 10, X0)CZ(t, 70, X0), t > To.
For a detailed proof of this theorem, please refer to [9], [10].

Theorem 3. Assume that F(t,z) in (3) has continuous partial derivatives on Ry x R™*™
and let

oF
G(t,Tg, YQ) = aiX(t,X(t, To,Yo)).

If there exist n x n matrices A(t,T0,Yo) and B(t,79,Yo) as in Theorem 2 such that
G=(A®I)+ (I®B"),
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Z‘)e” p(t,10,Y0) = 0X (t,70,Y0)/0Yy exists, exists the fundamental matriz solution of
o = G(t,70,Y0)p
such that (t, 70, Yo) = I, and therefore
o(t, 10, Yo) = W(t, 70, Yo) ® Z% (¢, 70, Yo),

where W and Z are the solutions of (6) and (7), respectively.
(#i) any solution of (2) satisfies the integral equation for t > g

t
X = A?Jr/ W(t,s,Y(s,70,Y0))R(s,Y (5,70, Y0))Z(s,Y (s, 70, Yo))ds.
o0

The detailed proof of the theorem is in [4].

Theorem 4. Suppose that the nonlinear matriz differential systems described by (1) and
(2) possess unique solutions denoted by X and X. Under these assumptions, the following
integral identity holds:

~ 1 =~
Foxy / Y(t, po, (s)) ds - (Yo — Xo)—

LTox . ~ _ y

—/po [% (5 X(s =)+ (b5 X(s = O) F (s - <,X<s—<))} ds  (8)

for allt > pg > 0, where the interpolating function is defined by f)(s) =sYo+ (1—9)Xp
for s €10,1].

Proof. Assume that both systems (1) and (2) admit unique solutions: &', associated with
the initial pair (t9, Xo), and X, corresponding to (pg, Yy), with ¢t > pg > 0 and py € Ry.
Define the auxiliary function

E(s) = X(t,s,X(s—)) for s€ [po,1],

where it is assumed that X (py — C, to, Xo) = Xo. Then, by applying the chain rule, we

obtain J ax ox
£5(5) = 87)0(@5,)((5 —Q)+ TXO(ES,X(S —¢))-X'(s = (). 9)

Integrating both sides of (9) from pg to ¢, we arrive at
trox 5 5 5 5

x=2rt [ S X5 - 0) 2t X = )P~ E X5 - 0)] ds. (10
PO 0

Next, consider the function

S*(s) := X(t, po, 2(s)), where 2(s) := sYy + (1 —5)Xo, s€]0,1].
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Taking the derivative of §*(s) w.r.t. s yields:

8%(6) = T (b0, 2(5) (¥ — X, (1)

Integrating (11) over s € [0, 1], we obtain the relation

X =x" —|—/O Y(t, po, £2(s)) ds - (Yo — Xo). (12)

Substituting the expression in (12) into (10) leads to the desired result given in (8),
completed the proof. <

Remark 1. Suppose that the nonlinear matrix differential system (2) admits unique
solutions X* and X, respectively. In the special case when ¢ = 0, these solutions are
related by the following integral expression:

1
X:X*—I—/ ~¥(t, po, £2(s))ds - (Yo — Xo), t > po, (13)
0

where the function £2(s) is given by the convex combination 2(s) = sYy + (1 — s)Xo,
with s € [0,1].

Equation (13) thus characterizes the dependence between solutions of the same un-
perturbed matrix system (2) that differ only in their initial values.

Theorem 5. Consider the system (1) satisfy the assumptions stated in Theorem 4, and

Consider X denote its solution. Then, for any solution X of (2) and X:

t

)E:X_/pth(t,l,yX(u—f))dy/p g—;((o(t,y,X(y—f))f(u—f,X(l/—f))dV—F

o 9P0

b ox -
+/0 87)(0 (tap07 ‘Q(S)> ds - (YO - XO);

where 2(s) :== sYy + (1 — )Xo for s €[0,1].

Proof. Consider the unique solution X to the unperturbed matrix system (2), defined
for t > pg, and the function X, corresponding to system (1) initiated at (o, Xo), where
to € Ry. Assume further that all systems admit unique solutions in their respective
domains.

Define the auxiliary function

EWw) = X(t,v,X(v—()), forv e [po,t],

with the condition X (po —(, to, Xo) = Xo. By applying the chain rule, the total derivative
of & w.r.t. v yields:
d 0X - 0X - dX(v =)

LEW) = S (tvaly = ) + g (bl —0) - o =
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0X - 0X - - -
= B vaty =) + D2t vl = ) = Erly = 8) =
= f(,z(v =), 0. (14)
By Integrating of (14),
X = X(tpo, Xo) + [ Faly=0),0)dv (15)

Now define another auxiliary function
S*(s) == X(t, po, 2(s)), where §2(s):=sYy+ (1 —5)Xo, s€l0,1].

Then, the derivative w.r.t. s is

d = 0X ~
254(9) = gt o 2As) - (¥ - Xo) (16)
Integrating (16) over the interval s € [0, 1] yields:
- L ox -
X:X(t,P07X0)+/ ﬁ(tvﬂo,ﬂ(s))ds’(YO*Xol (17)
0 0
Combining the expressions in (15) and (17), we deduce the following identity:
- L ox ~ e ~
X=X+ 7(tap079(5))ds(Y0_X0)_ F(Z/,I‘(Z/—C),C)dl/
o 9Xo po
The proof is completed. <

Remark 2. Consider X denote the solution of the unperturbed matrix system (1). Then,
for any solution X of the unperturbed matrix system (2), the corresponding unperturbed
matrix solution & satisfies the following integral representation:

t

1 ~ ~
B= 2t [ Gt 20 ds- (Y = Xo) = [ Flonatv =),

where 2(s) == sYy + (1 —5)X, for s e [0,1].

Remark 3. Suppose that the solution X of the nonlinear unperturbed matrix system

(2) possesses continuous partial derivatives with respect to both pg and Yy. That is, %

and g—))fo exist and are continuous on Ry x Ry x R™.

Assume further that the systems (1) and (2) admit unique solutions X and X*,
respectively, for all £ > po, initialized at the same time.

For ¢ = 0, the solutions X and X" satisfy the following integral relation:

X—Xxr= /ﬂo {gi(t, v, X(v)) + aa—)i(t,y,x(u))f*(u,z(y)) dv+

0X ~

1
+/O ax, (BP0 £2(5)) ds - (Yo — Xo),
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where 2(s) := sYy + (1 — )X, for s € [0,1], and ¢ > po.
This identity characterizes the deviation between (1) and (2) when the two trajectories
begin at the same initial time but from different spatial positions.

Remark 4. Suppose that the unperturbed matrix vector field takes the form
F*(t,x) = F(t — ¢, x) + R*(t — {, x),

where R* denotes the unperturbed system component.
Under these assumptions, the following integral representation holds:
. Lax - ¢ N
Bt [ St o) ds - (o —Xo)+ [ R0 X - O
o 0Xo o
where (s) := sYy + (1 — )X, for s € [0,1].
This representation highlights the contribution of both the initial condition difference
and the unperturbed remainder term to the overall system evolution.

Theorem 6. Consider the system (1) satisfy the assumptions stated in Theorem 2, and
Consider X be its unique solution. Then, for any solution X of the unperturbed matrix
system (2), the difference between X and the shifted unperturbed matriz solution X can
be expressed:

t
X — X =X(t po, Yo — Xo) +/ H (s, d(s), g) ds,

PO

where H(s, cZ(§)7 ¢ ) represents the integrand that depends on the unperturbed matriz dy-
namics, and d(s) is a trajectory determined by the system’s state evolution.

Proof. Assume that all involved systems admit unique solutions in their respective do-
mains. Define

S*(S) = X(tv 57(2(5))7 where J(S) = X(Sa p07X0) - X(S - §7t07X0)a

s € (po,t). Differentiating $*(s) w.r.t. s, we compute:

d .., . 0X . 0X - ds
%S (S) = E(t’ S, d(S)) + E(tﬂ S, d(s)) : % -
- %(t,s,d(s)) + %(t,sﬂ(s)) - H(s,d(s),{) =: H(s,d(s), (), (18)

where the function (s, d(s), () is defined by
H(s,d(s),0) = F(s,d(s) + X(s = Q) = f(s = ¢, X (s = ().

Integrating both sides of (18) over the interval [po, t], and noting that d(t) = X — X,
we obtain the following representation:

t
)E —X = X(t,po,Yo - Xo) +/ ﬁ(S,J(S),é) ds.
Po

This completes the proof. <
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In recent studies, the qualitative dynamics of nonlinear matrix differential systems in-
volving discrepancies in both initial time and position have garnered increasing attention
[7], [11]. Notably, the concept of Lipschitz stability employed in this context is defined
not relative to the trivial solution, but in reference to the corresponding unperturbed
matrix system, which itself incorporates deviations in both the initial state and starting
time. These generalized stability notions concerning ITDs are employed in Section 4 to
derive further analytical results.

4. On HS Analysis of Nonlinear Unperturbed Matrix
Differential Models with Initial Time Difference

In what follows, we demonstrate that, in the nonlinear matrix setting, HS under ITD
provides a stronger notion of stability than ITD stability alone, regardless of whether it
is uniform or non-uniform.

Theorem 7. [Lipschitz Stability] For nonlinear matriz differential systems exhibiting
an ITD, Lipschitz stability w.r.t. the reference solution implies ITD stability—whether
uniform or non-uniform—for the corresponding nonlinear matrix differential system.

Proof. Let us consider the notion of Lipschitz stability under ITD as given in Definition 1.
Suppose that the solution X of the unperturbed matrix system (2), initiated at (po, Yp),
satisfies the Lipschitz stability criterion w.r.t. the reference solution X of the unperturbed
matrix system (1), where = po —to >0 and t > pg.

Then, by definition, there exists a constant £* = L£*(pg) > 0 s.t.:

& — X < £*(po) (1Yo — Xoll + oo — tol), ¥t > po.

Consider € > 0 be arbitrary. If we select

€
:01(e,p0), and |po —to| < oL = d2(€, po),

€

1Yo — Xol| < 5T =

then it follows that }
[X — X[ <e Vt>po,

which confirms that X is stable w.r.t ITD to the unperturbed matrix solution X.
Moreover, if the constant £* is independent of pg, then the associated thresholds d;
and J, are also independent of pg, yielding uniform stability in the sense of ITD. <

Theorem 8. [Holder Stability Implies Stability] In nonlinear matriz differential systems,
ITD Holder stability ensures ITD stability w.r.t. the reference solution of the nonlinear
matriz differential system.

Proof. Consider the notion of I'TD HS as given in Definition 1. Suppose that the solution
X of the unperturbed matrix system (2), initialized at (po, Yp), satisfies this condition
w.r.t. the unperturbed matrix X. Consider the associated Holder exponent satisfy 0 <
A <L
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By assumption, there exists a constant £* = L*(py) > 0 s.t. for all t > pg, the
following inequality holds:

1€ = X1 < £(po) (Yo = Xoll* + lpo — tol*) -

Consider € > 0 be arbitrary. Define

d1(e, po) = (i)l//\, da2(€, po) = (i)l/)\.

Then, for any ||Yy — Xo|| < 41 and |po — to| < d2, we have
| X —X|| <€ V> po.

This confirms that X is stable w.r.t. the unperturbed matrix solution under the ITD
HS criterion.

Moreover, if the constant £* is independent of pg, then so are the thresholds §; and ds,
ensuring uniform HS under ITD. <

Theorem 9. ITD stability in nonlinear matriz differential systems does not necessarily
imply Lipschitz or Hélder stability w.r.t. initial time shifts.

For a rigorous discussion and proof, see [10], [11]. A specific counterexample illustrat-
ing the failure of this implication in the special case Yy = Xy and pg = tg is presented in
[2], Example 1.4.

Theorem 10. Consider the nonlinear matriz differential systems (1) and (2) admit
unique solutions X and X, respectively, defined fort > pg, with ¢ :== pg—ty > 0. Suppose
the following conditions hold:

(i) There exist finite, nonnegative constants K*(po) and M*(po) s.t.

OON*(S) ds < K*(po), and exp (/:O fi(s) ds) < M*(po),

Po

where N*(s), i(s) € C([0,00),Ry).
(ii) The function f is Holder continuous in both time and state variables, with exponent
0< A<, and

IBOIP < [ (85 posbo) + X ) = £ (£ = C.x)|| <
<P
K*(po)

< ) lIp(o)|1 + N(t),

where B(t,pp, 50) =X — X, and by := B(po) =Y, — Xo.
Then, X is HS under ITD w.r.t. the reference solution X .



14 Holder-type stability in unperturbed matrix differential systems with ITD

Proof. Consider X and X be the unique solutions to (2) and (1), respectively. Define

B(t) =X — X, BO = Z)(po) = YO - Xo.

Raising both sides to the power A € (0,1), and applying the assumptions in (i) and
(ii) of Theorem 10, we obtain the inequality:
ISk
K*(po)

BOI < ol + [ |its)o(s) P +

PO

N*(s)] ds. (19)

Let us consider
d(t) = [[b)[I*,  Z(po) = |lbol*.
Then inequality (19) becomes:

t

) < Zpo) + 5P+ [ ls)dls) d.

Po

By applying Gronwall’s inequality, we deduce:

0 < (ow) + 1) exo / i(s)ds).

Thus, taking the A-th root,
1€ — & < M (p0) > (1Yo = Xol* + lpo — to]*)

which confirms HS under ITD.
Furthermore, if M*(pg) is uniformly bounded w.r.t. pg, then the same inequality
holds with a constant independent of pg, implying uniform Hoélder stability. <

Theorem 11. Consider the nonlinear matriz differential systems (1), (2), and (2) admit
unique solutions given by:

— )g, defined for t > tg, corresponding to the unperturbed matriz system (1);
— X, defined for t > po, for the shifted unperturbed matriz system (2),

where ¢ = po—to > 0 and X is well-defined ont > pg. Assume further that the followings
hold:

(i) the solution X is uniformly HS under ITD w.r.t. X;
(i) there exists M*1 > 0 and A\ € C([0,00),R.), s.t. for the fundamental matriz
~(t, 8, X (s)) (as defined in the following Theorem 13), the following bounds hold:

[ (8,8, X () Z (2,5, X(s)) [| < M™1, [Rx(s, X (5))]] < Aa(s)| X (s)]

Jor [ X(s)| < B.

Then, X is uniformly HS in variation w.r.t. the solution X, under ITD.
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Proof. Let us consider the expression obtained from Theorem 1 and the integral repre-
sentation in equation (1), along with the HS result for b(¢) := X — X given in Theorem 10.

X —X =0 —|—/ v(t, 5, X (s))Z (t,s,X(s)) R*(s, X(s)) ds.

PO

Taking norms and applying the triangle inequality:
18 — X < £*(po) (Yo = Xol* + po — tol*) +

+ [ (s, X))IIIZ (2,5, X () [[[[R"(s, X ()| ds.

Under assumption (ii), we have |y(¢t, s, X(s)|IZ (t,s,X(s))|| < M*3 and
IR (s, X ()l < Aa(s)[ X (s)] for [[X(s)[| < B, so

t
1 = X[ < L£*(po) (1Yo = XolI* + po = to|*) + M*l/ A(s)[[ X (s)]| ds.
PO

Let us consider

A(t) = || X — X, A(t) := M 1 \(t).
Then the inequality becomes:
t
A*(t) < C +/ A(8)T(s) ds,
PO

where
t

€ i= £ (pn) (¥ = Xol* + Ipo = tal") + 5273 [ Na(s)ds.

Po

By Gronwall’s inequality,

t
A () < C - exp (/ A(s) ds) i3,
PO

where
* —1
M* > [[|Yo — Xol| + [[po — toll]

H(HYO — XolI* + |po — tol*) £L* (po) + OZM*?Q(PO)” exp [M™ 1N (79)] .
Hence, 3 M* > 0 s.t.
X — x| < M~ (1Yo — Xol* + [po — to]?)

demonstrating that X is uniformly HS in variation w.r.t. the reference solution X’ under
ITD. <
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Theorem 12. Consider the nonlinear matriz differential systems (1) and (2) admit
unique solutions X and X, respectively, defined for t > po, with C := po — to > 0, and
Consider b(t po,bo) X — X. Assume the following conditions hold:

(i) If S*,5 € K, where K := {S* € C([0,00),R)|S* strictly increasing, S*(0) = 0,

thm 3(t) = oo} and P is an antiderivative of S*, then
— 00

g JBCE+ BN — [b(®)]*

lim i <
h—0t h
< lim 1b(t) + [F(t, X (t — {) + bt ))h F(t, X (t = Q)]hl — b)) < 5B
(i) The nonlinear matriz f is Hélder continuous, and satisfies
N T F (e F [T
[E (X (t =)= F(t=¢X(E=Q)l < £*2(p0)£ 1(2),

where L*1 € C([0,00),Ry) and L*3 € C(Ry,R,) are s.t.

/ " exp(S*(u) = S (p0))£*1(u) du = £3(po).

0

Then, X is generalized exponentially asymptotically HS regarding the solution X.

Proof. Define ~ B R
B(t) = & — X, A1) = b

Under assumption (i),
[4&

L0 S FHOA O+ Z

LA1(t),  A*(po) = ||Yo — Xo|*

is satisfied.
This is a linear inhomogeneous inequality. By variation of parameters and by multi-

pliying with exp ( f S*(s ds) to obtain

T(po) + ﬁ*i;o) /p: exp ( p: S*(s)ds) L (u) du] .

Using assumption (ii), we have:

A (t) ( f’ s)ds)

/ " exp(S* () — 8% (po)) L1 (u) duu = L7 (po),

0

A*(t) < exp(S™ (po) = 8™(8) (1Yo = Xoll* + I]*)

Hence,

- S* —S*(t /X
1 - ) < exp (SLZE) (15— ol oo - )
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Finally, setting M* := exp (w), we obtain:

> . /A
[X — X < M*([[Yo — Xoll* +1po — tol*) "7,

where M* = £** > 0 is the resulting stability constant. Which confirms that X means
generalized exponentially asymptotically Holder w.r.t. X. Hence, by invoking Definition 6
with £* = 1, we conclude that the solution X to the unperturbed matrix system (2)
satisfies the criterion for generalized exponentially asymptotic HS relative to the reference
trajectory X. |

Remark 5. Consider the systems (2) and (1) admit unique solutions X and X, respec-
tively, for t > pg and ( = pg — tp > 0 with

b(t) ==X — X.
(i) There exists a constant 6 > 0 s.t. b(t) satisfies the following

. ot + m) 1> — lIb(o) |1

lim sup <
h—0+ h
< 1y POFIPOX0=0) 50 = Pl XC DI IHON ¢ g

(ii) The nonlinear matrix f is HS in time with exponent 0 < A < 1, and satisfies

[

17 X (8 = O) = (e = G X = Il < 7o

‘C’*l(t)v
for some functions £*; € C([0,00),Ry) and L£*3 € C(R4,R;) satisfying

/ " exp (0(s — po)) £1(s) ds = £*(po).

pPo
Under these conditions, the solution X is exponentially asymptotically HS w.r.t X.
Proof. Define the difference function £(t) := X — X, and set
A1) = B
Under the assumptions, A*(¢) satisfies the inequality
[3s
L*3(po)

This leads to a linear differential inequality, whose solution yields

DA (f) < —0A° (1) + £54(8), Tlpo) = Yo — Xol.

A*(t) < e~ 0t=ro)

|<~|/\ ~ 0(s—po) p*
T(p0)+£*2(p0) /pO e’ TP L (s)ds ] .
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By applying assumption (ii), namely

/ eMETRIL (s) ds = L7 (po),

PO

we obtain )
A1) < 0 (1Y) — Xo|* + (G

which implies R
18 = &N < e (1Yo — Xo|* + oo — tol*] -

Taking the A-th root on both sides, we get

o _ _ 1/
1 — X < e0U=P)/A [y — Xol* + |po — to]

Therefore, there exists a constant £* > 1 s.t.
5 /7
1% = X < £7 (1Y — Xol* + oo — o)/,

and the exponential decay is governed by the constant M* := £** > 0. By applying Def-
inition 6 with £* = 1 and choosing p(t) = 0t for some constant § > 0, X is exponentially
asymptotically HS under ITD, w.r.t. the reference trajectory X. |

Theorem 13. Consider the nonlinear matriz differential systems (1), (2), and (2) admit

unique solutions X, X, and X with initial values at (to, Xo) and (po,Yy). Consider X

be well-defined for t > pg, where ¢ = po — to > 0. Suppose, by the assumptions of

Theorem 11:

(i) The solution X to the unperturbed matriz system (2) is exponentially asymptotically
HS under ITD, w.r.t. the trajectory X.

(i1) There exists a constant N* >0 X € C([0,00),R) s.t.

Iy, s, X () Z (2,5, X(s)) [| < N* exp[—B(t — s)]
and
[R* (s, X ()| < A(s)[| X (s)],

where || X (s)|| < B for some 8 > 0.
Then, the solution X of the unperturbed matrixz system (2) is exponentially asymp-
totically HS in variation under ITD, w.r.t. the solution X.

Proof. Under the assumptions of Theorem 11, and using hypotheses (i) and (ii), we
consider the decomposition:

1¥ = X[ < 1Ib(t, po, bo)| +/ vt 5, X ()1 Z (2,5, X () [[[[R(s, X (s))[| ds <

PO

t
< M ([[Yo = Xoll* + lpo — tol*) e 72770 [ N A(s)e =P X ()| ds,

PO

where b(t) = X — X, and ||y(t, s, X (s))||[| Z (t, s, X (s)) || < Ne=P=5) by assumption.
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Now, define
A*(t) == e Pl=ro)| X — x|
Then,
t
A () < M (Yo — Xol* + 100 — to]) +/ N\(s)A*(s) ds.
PO

By Gronwall’s inequality, this yields

A*(t) < [M* (Yo — Xo|* + |po — t0|>‘)} - exp (N*/ A(s) ds) .

Po

then we have
X — X < £*(8, p0) (I[Yo — Xol* + |po — to|*) e P70,

where the constant £*(5, po) is given by

oo

£(8, po) ::M*-exp< /,) A(s)ds).

0

Thus, X is exponentially asymptotically HS in variation w.r.t. the reference trajectory
X, under ITD. <

Theorem 14. If a nonlinear matriz differential system exhibits exponentially asymptotic
(uniform) HS under ITD, then the corresponding nonlinear matriz matriz differential
system is also asymptotically (uniform) HS under ITD.

The result follows directly from Definition 4, which characterizes asymptotic HS in
the presence of an initial time shift. Since exponential decay implies asymptotic behavior,
the claim is immediate. For brevity, the detailed steps are omitted.

Theorem 15. If a nonlinear matriz differential system satisfies exponentially asymptotic
(uniform) HS in variation under ITD, then it also satisfies asymptotic (uniform) HS in
variation under ITD.

This result is a direct consequence of Definition 5, which characterizes HS in variation
w.r.t. initial time shifts. Since exponential decay implies asymptotic decay, the conclusion
follows immediately. Detailed verification is omitted for brevity.
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