Baku Mathematical Journal
2026, Vol. 5, No X, PP. XX-XX
https://doi.org/10.32010/j.bmj.2026.02

THE UNIQUENESS OF RECONSTRUCTION OF
DIFFUSION OPERATORS WITH BOUNDARY
CONDITION DEPENDING QUADRATICALLY ON THE
SPECTRAL PARAMETER

I.M. NABIEV*, L.I. MAMMADOVA, G.S. MAMMEDZADEH
Received: 03.09.2025 / Revised: 29.10.2025 / Accepted: 05.11.2025

Abstract. The article considers diffusion operators with non-separated boundary condi-
tions, one of which contains a quadratic function of the spectral parameter. Some proper-
ties of the spectrum of the operators under consideration are given, uniqueness theorems
for the solution of inverse problems of reconstruction of the corresponding boundary value
problems are proved.
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1. Introduction

Inverse spectral problems for differential operators have been actively studied since the
last century in connection with numerous applications [1], [§], [23], [30], [32], [34]. They
consist of reconstructing operators from their spectral data. A huge number of papers
have been published on the theory of inverse problems. The most complete review of
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4 The uniqueness of reconstruction of diffusion operators

the results obtained in this direction can be found in the works [4], [14], [20], [24]-]26],
[33], and [36], which also contain extensive lists of literature in this area. Since the
seventies of the last century, researchers have been intensively studying boundary value
problems with non-separated boundary conditions. Currently, the range of such tasks
is expanding in various directions. Among them, problems with spectral parameters in
boundary conditions occupy a special place.

The aim of this paper is to prove uniqueness theorems related to the inverse spectral
problem for the diffusion equation with non-separated boundary conditions, one of which
contains a quadratic function of the spectral parameter. Note that some versions of in-
verse problems for the Sturm—Liouville and diffusion equations with boundary conditions
depending on the spectral parameter were studied in [2]-[7], [9]-[12], [15], [16], [19], [21],
[26]-29], [31], [35].

2. Asymptotics of the Spectrum of Boundary Value
Problems

Consider the boundary value problems generated on the interval [0, 7] by the diffusion
differential equation

y"(x) + [N = 22p (2) — ¢ (2)] y(z) =0 (1)
and boundary conditions

a(A)y(0) +y'(0) + wy(w) = 0,

~wy(0) +yy(m) +y'(m) =0

or
y(0) — y(m) =0,

y'(0) — a(MNy(7) —y'(7) =0,

where p(x) € W3[0, 7], q(z) € L[0, 7] are real functions, a(\) = mA* + aX + B, A is the
spectral parameter, w is complex, m,«, 8, v are real numbers. We denote by W3[0, 7
the Sobolev space of complex-valued functions on the interval [0, 7] which have n — 1
absolutely continuous derivatives and square-summable nth derivative on [0, 7]. In the
future, the boundary value problem (1), (2) will be denoted by P, and the problem (1),
(3) - by B.

Let ¢(z, ), s(z, \) be the fundamental system of solutions of equation (1), determined
by the initial conditions

3)

c(0,2) = s (0,A) =1, (0,\) =s(0,\)=0.
The Wronskian of these solutions is identically equal to one:

c(z,\) s(x, )
(x,\) s'(x,N)

‘ =c(x,\)s' (z,\) — s(z,\) ' (z,)\) = 1. (4)
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Using this identity, it is easily established that the characteristic functions whose
zeros are the eigenvalues of boundary value problems P and B respectively, have the
form

A(N) = 2Rew — n(A) + [w]?s(m, A) + a(M)a(N), (5)
SA) = c(m, \) +a(\)s(m, \) + 8" (m,\) — 2, (6)

where
n(A) = (m,\) +ve(m, \), o(X) = s'(m, A) + vs(m, A). (7)

It is known [13] that the following representations are valid for the functions c(m, \),
d(m,A), s(m,\) and §'(m, \):

C(7T, )\) = cos 71—()\ — (l) — Clw 4 g RTMAT G Slnﬂ' //(/)1 z/\tdt
d(m,\) = =Asinm(A — a) — ¢osinm(A — a) + way cos (A /1/) Vet dt,
sinm(\ —a sinm(\ —a cosm(A—a 1 ,
5(71-7 )\) — W()\ ) T o 77()\2 ) o Wal% + ﬁ /wg(t)ezktdt,

(A — int(A—a)1 [ .
S (r, )\):COSW()\_a)_Clcosw(;\ a) +7m151n7r(>/\\ G)X/W(t)e”\tdt,

where a = L [T p(t)dt, a1 = 5= fo 2(t)]dt,

:%[P (0)+p (ﬂ—)]a C1 = 3 Lp (0) -p (71—)]7 wm(t) € LQ[_7T77T]7 m=1,234.

By virtue of these representations and the Paley—Wiener theorem for characteristic
functions (5) and (6), we obtain the following representations:

AN =mAcosm(\ — a) + A[(1 +mmag +my)sinm(A —a)+
+ (mep + a)cosm(A —a) + g1(N)] +
+(amar — ¢p + megy + ay) sinw(A —a)+

+(aey —mag — v+ —mymay) cosT(A — a) + g2(A) + 2Rew, (8)
d(A) =mAsinT(A — a) + (2 — maym) cos (A —a)+
+ (meco + a) + sint(A — a) + g3s(\) — 2, (9)

where g;(\) = [T _g,(t)eMdt, g,(t) € Lo[-m 7], | = 1,2,3. According to the work
[22], the eigenvalues g, vi (K = £0,£1,£2,...) of boundary value problems P and B at
|k| = oo obey the asymptotics

A

1 my
=k— -signk+a+ —+ — 1
H g MM T ATk k-’ (10)
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2[(-D)F=1] 7,
mmk + k’ (11)

a
T=ktat o+

where A =1+ m (mway +7), {mr}, {7} € la.
Along with problems P and B, boundary value problems generated by the same
equation (1) and boundary conditions are also considered

y(0) = ¢/ (m) + 7 y(m) =0, (12)

y(0) = y(m) = 0. (13)

Let {0} and {A\x} (k= =£1,£2,...) be the spectra of problems (1), (12) and (1), (13),
i.e. the sequences of zeros of functions o () (see (7)) and s(m, A), respectively. For these
zeros at |k| — oo, the following asymptotic formulas hold [13]

B 1. am+vy | &k
0 =k 251gnk+a+ - + o {&} € lo. (14)
Ne=ktat S qgyen, (15)

Hereinafter, we will assume that the number w and the terms of the sequences {u},
{V&}, {0k} and {\;} are real (the conditions for the realness of eigenvalues are given in
[18], [22]).

3. Statements of Inverse Problems. Uniqueness
Theorem

Let us denote o = sign [1 — |w s (m, 0))|]. First, let us consider the following inverse
problem.

Inverse problem 1. Given sequences p (k = £0,+1, £2,...), 0k, ok (k = £1,42,...)
and numbers (,w, construct coefficients p(x) and ¢(x) of equation (1) and parameters
m, «,y of boundary conditions (2).

The following uniqueness theorem is valid.

Theorem 1. If p(0) = p(x), then the assignment of values py (k = £0,+1,£2,...), O,
o (k==x1,£2..), B,w uniquely determines functions p(z) and q(x) and parameters
m,a, .

Proof. From the asymptotic formula (14) we find

. 1 . 1
a:kggloo(ek_k_'_Q)’ alw+7—7rkgr_~r_1mk<9k—k+2—a).

By virtue of (10), for £k > 0 we have

a17r—|—’y_mk

L_ k_|_1
mrk  FF 5 ¢ Tk ke
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Knowing the values py, a and a1 + 7, we can recover parameter m using the formula

1
. 1 .
,alﬂ—7+ﬁklirgok(uk7k+§fa)

m =

Given sequence {p} and parameter m, function A(X) can be uniquely reconstructed in
the form of an infinite product as follows:

o0

pe — A
AN = —0— A - A _—
(A) =m(p—0 = A)(p+o )kgm k- Lsisnk

k£0
For A\ = 2k + a from (8) we get
A2k + a) = m(2k + a)? + (2k + a)[mer + a + g1(2k + a)]+

+ac; —way — v+ B — mymay + g2(2k + a) + 2w.

Therefore, parametera is determined by the formula

_ 2
o= lim A2k 4+ a) — m(2k + a)
k—o0 2k

9

since by virtue of the condition of the theorem ¢; = 0 and the Riemann-Lebesgue lemma
lim g;(2k+a) =0, j=1,2,
k—o0
Denote
v (A) = —n(X) + w?s(m,N), (16)

v_(\) = —n(\) — w?s(m, \). (17)
By virtue of (5), functionv (A) is recovered by the formula

v (A) = AN —a(N)o(A) — 2w,

where o(A) = ] %. According to relations (4) and (7) we have
k=—o00
k#£0

e(m, N)o(A) — s(m, A)n(A) = 1.
From here, when A = 0y, we get
s(m,0k)n (0k) = —1. (18)
Taking this equality into account, from relations (16), (17) it is easy to obtain that
v2 (0)) — vi (0k) = — 4w?

and therefore
v_ (0k) = sign v_ (Ok) \/v3 (Ok) — 4w?. (19)
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According to (17) and (18)

L ey o L B m)
s (O, ) (O, ) s(0r,m)

Using the relative positions of the zeros of functions s(A, 7) and o(}), it is easy to prove
that sign s (0, 7) = (—1)k¥*1. Then, by virtue of (19) and (20), we have

v (6k) = (20)

v_ (k) = (=1)Fop /02 (0r) — dw?.

Consider the function

g0 = v (A) —v_(N) — zuﬂw. (21)

It is easy to see that o()) is an entire sine-type function and {g (0;)} € la. Then,
according to Theorem 1 in the book [17, p. 165], the following interpolation formula is
valid for the function g(\)

o0 =0 2 Gty @)
k0

where g (01) = vy (6k) — (—1)" Loy /02 (0)) — 4 w? — 2w? %. Therefore, as can be
seen from (22), in addition to spectra {pr}, {0} and numbers 8, w, it is sufficient to
specify sequence {oy} in order to determine function v_(A) from (21).

Functions s(w,\) and s'(7,\) and parameter 7 are recovered as in the proof of
Theorem 2.1 in [13]. It is known [13], [14] that the functions p(z) and ¢(z) are uniquely
determined by the zeros of these functions.

Thus, from sequences {p }, {0k} and numbers 8, w, both coefficients p(x) and ¢(x) of
equation (1) and parameters m, «, - of boundary conditions (2) are uniquely recovered.
The theorem is proven. <

Let us now consider the inverse problem of reconstructing the boundary value
problem B. Denote p = sign [1 — |s' (7, )], k = £1,£2, ...

Inverse problem 2. Knowing sequences {yx}, {M\¢}, {pr} and number S, recover
boundary value problem B.
The following uniqueness theorem is valid.

Theorem 2. If p(0) = —p(7), then the assignment of values vy (k = £0,+1,+2,...),
A, pre (k= x1,£2,...), B uniquely determines functions p(z) and q(x) and parameters
m,a.

Proof. According to the asymptotic formula (11) we have

T2k
=2k e
Y2k +a+2k+ ok
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ay 2 Mk
=%k +1 - _ = 4 € ly.
V2k+1 +1l4+a+ Gy —— + A {me} € L2
From here, parameter m can be determined by the formula

1

m = — lim .
T k—00 k(’ygk + Yor4+1 + 1)

Knowing the spectrum {7;} and the parameter m, the characteristic function §(\) can
be recovered in the form of an infinite product as follows:

6(A) =mm(v—o — A)(y40 — A) H ’ykk— A
k=—o0

k0

(see [18]).
By virtue of the asymptotic formula (15), a = i hrf (A — k) takes place. From the
)

representation (9) for A = 2k + % + a we obtain
1 1 1
1) 2k+§+a = 2k+§+a m+ mcg + o + g3 2k+§+a - 2. (23)

Since p(0) 4+ p(m) = 0 by the condition of the theorem, then ¢y = 0. Then from (23) by
virtue of the Riemann-Lebesgue lemma it follows that

a= lim {5 <2k+1+a) — <2k+1+a>m+2} .
k—o0 2 2
Consider the function
uy(N) = c(m, ) + §'(m, \), (24)
u_(\) = c(m,\) — §'(m, \). (25)
We find function w4 (\) from relation (6):
ur(A) =0(A) —a(N)s(m, \) + 2,

where s(m, A) is recovered by the formula

o0

s(my ) =m7 H Ak};)\.

k=—o0

k0

Since Ag, k = 1,42, ... are the zeros of the function s(m, A), it follows from identity
(4) that
c(mAg) s (m,\) = 1. (26)

Reasoning as in the proof of Theorem 1 and using relations (24)—(26) and Theorem 1 in

[17, p. 165], we obtain
u (M) = (=1)Fpr yJud (M) — 4,
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c- u—(Ak)
—(Ak
u_(N) =s(mA) Z —— -
k=—o0 ()\ - )\k)%
k#0

The uniqueness of the constructed function u_(A) follows from the fact that the inter-
polation formula (27) establishes a one-to-one correspondence between lo and the space

of entire functions of exponential type not exceeding 7, belonging to La(—00, 00).
Therefore, the characteristic function s'(m, A) of the boundary value problem gen-
erated by equation (1) and boundary conditions y(0) = y'(m) = 0 is recovered by the

formula

(27)

() = 3 [ (0) — u- (V).

It is known [13], [14] that the functions p(x) and ¢(x) are uniquely determined from the
zeros of this function and the sequence {\,}.

Thus, given sequences {7}, {Mx}, {px} and number §, coeflicients p(x) and ¢(z) of
equation (1) and parameters «, m of boundary conditions (3) are uniquely determined,
i.e., boundary value problem B is completely reconstructed. The theorem is proven.

<
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