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Abstract. In this paper the boundedness of the B-maximal operator M., from the B-
Morrey space Ly x w(RE ) to Lp xw~(RE L) for all1 < p < oo whenw € Cp 4 (Ry ) is
proved.
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1. Introduction

The maximal operator, potentials, singular integrals and related topics associated with
the Laplace-Bessel differential operator
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have been investigated by many researchers, see B. Muckenhoupt and E. Stein [21], I.
Kipriyanov [17], K. Triméche [25], L. Lyakhov [19], K. Stempak [24], A. D. Gadjiev and
I. A. Aliev [8], I. A. Aliev and S. Bayrakei [2], V. S. Guliyev [10], [11], V. S. Guliyev
and J. J. Hasanov [12], [13], J. J. Hasanov and Z. V. Safarov [15], A. Serbet¢i and I.
Ekincioglu [22], E. L. Shishkina [23] and others.

B-Riesz potentials I, . generated by the generalized shift operator play important
tool in Fourier-Bessel harmonic analysis and applications. These spaces have been investi-
gated by lots of mathematicians [1], [2]-[5], [10], [11], [14], [16], [22]. In the present article
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we give the necessary and sufficient conditions for the boundedness of the commutators
of the B-Riesz potentials,[b, [5,,] where b is a locally integrable function on R} ,, from

+l 11
the spaces Ly (R} ) to Lg (R} 1), 1 <p < =, & — ¢ = 7 and from the spaces
Llﬁ(Rﬁ&) to WL,M(RQ&), 1- % = nflv\' Also, It is proved that B-maximal commu-

tators M, and commutators of B-singular integral operators [b, A,] are bounded from
the B-Morrey space Ly x (R} ) to Ly ,(RE ;) forall 1 <p < oo, b€ BMO, (R ).

Morrey spaces, Ly »(R™) introduced by C. Morrey in 1938 [20] play an important role
in the theory of partial differential equations. These are defined by the following norm,
f c Li}oc(Rn)

A
Ifllz, , = IfllL, @ = s T 11l (Bzr) < oo,
where 0 < A < n,1 <p < oo If A\ =0and A = n then L, »(R") = L,(R") and
Ly, A(R™) = Loo(R™) respectively. If A < 0 or A > n then L, »\(R") = © where O is the
set of all functions equivalent to 0 on R™.

These spaces appeared to be quite useful in the study of the local behaviour of the
solutions to elliptic partial differential equations, apriori estimates and other topics in
the theory of partial differential equations.

F. Chiarenza and M. Frasca [7] studied the boundedness of the maximal operator in
Morrey spaces.

Also we denote by WL, x(R"), the weak Morrey space, is the space of all functions
fe WL;OC(R") for which

A
fllwe, = 1fllwe, &) = e T 1 fllw L, (B < oo,

where WL, (R") denotes the weak L,-space.

2. Preliminaries

Let Ry, = {z=(z1,...,7,) ER": 1 >0,...,24 >0, 1 <k <n} and let E(z,r) =
ek, s le—yl <r},vy= 015w, >007% >0, Y =m+ ...+,
(2')" = a]'---a]*. For a measurable set £ C R}, suppose |E|, = [p(«')7dz, then
|E0,7)], = w(n, k,v)r?, Q=n+|y|, where

n—k k
w(n,k,v) = / (z')Vdx = WQ; r-t <Q;_2) H r <%;1) .

£(0,1) =1

Let Ly w~ (R} ;) be the space of measurable functions on R , with finite norm
1/p

1w =Wty = | [ W@PP@@)dn | 1<p<oc,

n
k,+
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and for p = oo the space Loow (R} ) is defined by means of the usual modification
[fll Lo = ess sup w(z)|f(x)]-
z€RY |
Even though the C,, , class is well-known, for completeness, we offer the definition of
Cp,y weight functions.

Definition 1. The weight function w belongs to the class Cpﬁ(RZ’Jr) for 1 <p< oo, if
the following statement

w -1
sup —= w ||L ; (E < o0
IERZ,+,T>O | . |Q Lp,fy(R27+\E(m77‘)) P ,’y( (177‘))
and
1
sup el | <o
IGRZ’+,T>O p (E(z,T)) w - ‘ . |Q Lp’,'v(]Rz«Jr\E(l-’T))
are finites.

The generalized shift operator TV is defined by (see, for example [17], [18])

T95(0) = Co [ oo [ (e =) d(B),
0 0

k
where dv () = H sin®” ' B, dBy ... dBg, ¥’ = (x1,...,2%) € RF,

=1
2 = (Thg1, o wn) ERYTE (24, 40)p, = (a7 — 2miyicos B +y2)2, 1 <i <k,
(xlvy,)ﬁ = ((xlv yl)ﬂl? SRR (xk?7yk)ﬁk> and

k
5 1Y _ 2]
- 1 (Il Vi 1 ) )
Cor=m21 (2 J:lll 5 - 5 +1 ) w(2,k,y)

It is well known that TV is closely related to the Laplace-Bessel differential operator

k n
= 22 _ 0 Yi O i
AB_i;Bi+i_Xk:+16xf7WhereBi_@+E%’2_1""7k'

Lemma 1. For all z € R} | the following equality

9)()dy = C, / g (\/Z% +7,.., \/Zi +Zi>z”> dv(z, )
E(z,t) B((x,0),t)

holds, where B((z,0),t) = {(z,2") € R™ x (0,00)* : |(x1 — \/22 + 77, ...,
zp — /22 4+ Zh, 2" — 2| < t}, dv(z,7) = (/)7 dzdz .
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Lemma 2. Forallz € R}, 0<60 <oo,

/ TVg(x)p(y) (Myx,, )’ (v)(y') dy =

]RL?YJr
/ _ / _ — 0 — —
/ g < Z% +Z%a"'7 Z]% +Z%,Z/I) 90(272/) (MUXE((I,O),T)) (Z,Z/)dI/(Z7Z’),

R™ X (0,00)k
holds where E((x,0),t) = {(z,2") € R" x (0,00)" : |(z — z,2’)| < t}.

The proofs of Lemmas 1 and 2 are done straightforwardly via the following substitu-
tions
2=y i =yicosay, Z =yisina;, 0< o<, i=1,...k,
yeRY , 2/ =(Z1,--, %), (2,7/) ER" x (0,00)F, 1<k <n.

Definition 2. [10] Let 1 < p < 00, 0 < XA < Q. Ly (R} ), B-Morrey space and
Lpxw~(RE L), weighted B-Morrey space associated with the Laplace-Bessel differential
operator defined as the space of locally integrable functions f(x), x € Ry |, with the finite
norm

1/p
1y = _swo [ [ @ WPy |
o >0, zERY
: E(0,t)
1/p
iy, = s (£ [ T U@P @) dy

t>0,m€]Rgv+ E(0)

Note that
LP,O,V(RZ,Jr) = LP,W<RZ,+)a
and if A <0 or A > Q, then L, \ (R} ) = O.

. . n
3. Maximal Operator in L., (R} )
Now we define the B-maximal operator by
M, f(x) = Sl;lgIE(Oﬂ“)I;1 / TV f ()| (y') " dy.
E(0,r)

Homogeneous type maximal operator defined by

M, f(z) = supv(E(z, 1))~ [E Wl

r>0

Also, in the work [9] it was proved:
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Proposition. Let 1 < p < oo and ¢ € Cp(Y). Then, M, is bounded from L, 4,(Y) to
L, »(Y), where (Y,d,v) homogeneous type space.

The following theorem is on the boundedness of B-maximal operator M, in B-Morrey
spaces.

Theorem. If f € L, » (RZ,+)r 1<p<o0,0<A<Q,we Cpy(RE ). Then, M, is
bounded from Ly xw~(RE ) t0 Lp xw -
Proof. We need to introduce the maximal operator defined on a space of homogeneous

type (Y, d,v). By this, we mean a topological space Y = R" x (0,00)* equipped with a
continuous pseudometric d and a positive measure v satisfying

v(E((z,2),2r)) < Civ(E((z,2),71))

with a constant C) independent of (z,2’) and r > 0. Here E((x,2"),r) = {(y,y) €

Y :d(((x,27), (y,9)) <7} (dv(y,y’) is given in Lemma 1), d((z,2), (y,y")) = |(z,27) —
(y, )| = (lz — y|2 + [/ — ¥'|2)2. Let (Y,d, ) be a space of homogeneous type. Define

|f(y,y")|dv(y),

@'),r

M) = s Bl ) [

where J(o,7) = § (VAT Fe 5} + s

It can be proved that

M, f <\/z% +z§,...,\/z,§ +z§,z”> =M,f (\/z% +2%,.. /22 +zi,z”,0) (1)

and

M, f(z) = M, f(,0). (2)
Note that if y € E,. = E(0,7), r > 0, then

1 1
M,,Xry:supi/ xrzduz:supi/ dv(z) <
2 =BG o B O TR B Seee, V)

1
C’supi/ dv(z) < C.
o Ew D) o "

The following estimate is known (see [6])

Q@
M’YXEr (y) ~ (

—— yeR} , r>0
DA

It is obvious from this that (M, X p((z,0),m)" € Cp(Y) for any 0 < 6 < 1 is obtained.
By the Proposition and Lemma 2, taking into account ¢P(y) =
wp(y)(MUXE((z,O)’T))e(y), ¢ € Cp(Y) and equalities (1) and (2), we have

P

(/ET TY (M, f(x))? wp(y)(y’)”dy) _
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p
(/y(M”f (\/yf+y%,---7\/yi+y%,y”,0>) x

WP (y, ¥ ) (Mo X E((2.0).0))° (¥, ¥) dV(y,y’)> =

( /Y LTS+ TSP+ Ty, 0)) (0. 7) <y,yf>) <
Cz< Yf<\/y%+y§,-- v 47y > (y,y’)> =
. P
C2< y f(\/y%wi...,\/y,%wi,y”ﬂ) X

7)Mo xi00m) (0. 7) dv(y,w) -

Cz</ ’f (vyl TG\ Yh Ty ”>

WP (y, ) (MyXE((2.0)m)’ (V) dv(y, )) -

S

o ( [ }P(z)wﬁ(y)<M7xEr>9<y>(y'>*dy) <

n -
k,+

e </E TY(| 1 1P () () (Mo xs, )’ (y') Y dy+

S

[ 1p<x>wp<y><M7xET>9<y><y'>wy) <
Ry \E:
Cy ( /E TV | 1P (@) () (o) Yy +

> / adird mx)wp(y)(wam@(yxy')wy) "<

j=17 Eai+1,\Eyj,

Cs ( /E TS P )y

oo

Q0 ®

3 A e e o) <

Jj=1

o 1
A )’ A
Co e (P43 G a @) < Curd Il

J:1
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Then, we get

_2 .
IMyflley sy = sup 72| T (My f(2)i, . ) < Call fllz, s s

zERY ., t>0

<

Corollary. If1 <p < oo, f € Ly, (RZ7+), w € Cp~(Ry ). Then, M, is bounded from
Lp,ww(RZ,-s-) t0 Lp .-

10.

11.

12.

13.

References

. Abasova G.A., Aliyeva L.R., Hasanov J.J., Shirinova E.S. Necessary and sufficient

conditions for the boundedness of comutators of B-Riesz potentials in Lebegues
spaces. J. Contemp. Appl. Math., 2016, 6 (2), pp. 18-32.

. Aliev I.A., Bayrakci S. On inversion of B-elliptic potentials by the method of

Balakrishnan-Rubin. Fract. Cale. Appl. Anal., 1998, 1 (4), pp. 365-384.

Aliyeva L.R., Esen Almali S., Safarov Z.V. Maximal operator in weighted Morrey
spaces, associated with the Laplace-Bessel differential operator. Baku Math. J., 2023,
2 (2), pp. 176-183.

. Ayazoglu R., Hasanov J.J. On the boundedness of a B-Riesz potential in the gener-

alized weighted B-Morrey spaces. Georgian Math. J., 2016, 23 (2), pp. 143-155.
Aykol C., Hasanov J.J. On the boundedness of B-maximal commutators, commuta-
tors of B-Riesz potentials and B-singular integral operators in modified B-Morrey
spaces. Acta Sci. Math., 2020, 86 (3-4), pp. 521-547.

Burenkov V.I., Guliyev H.V. Necessary and sufficient conditions for boundedness of
the maximal operator in the local Morrey-type spaces. Studia Math., 2004, 163 (2),
pp. 157-176.

Chiarenza F., Frasca M. Morrey spaces and Hardy-Littlewood maximal function.
Rend. Math., 1987, 7, pp. 273-279.

Gadjiev A.D., Aliev I.A. On classes of operators of potential types, generated by a
generalized shift. Reports of Enlarged Session of the Seminars of I.N. Vekua Inst.
Appl. Math., 1988, 3 (2), pp. 21-24 (in Russian).

Garcia-Cuerva J., Rubio de Francia J.L. Weighted Norm Inequalities and Related
Topics, 116. North-Holland Publ. Co., Amsterdam, 1985.

Guliev V.S. Sobolev’s theorem for the anisotropic Riesz-Bessel potential in Morrey-
Bessel spaces. Dokl. Akad. Nauk, 1999, 367 (2), pp. 155-156 (in Russian).

Guliev V.S. On maximal function and fractional integral, associated with the Bessel
differential operator. Math. Inequal. Appl., 2003, 6 (2), pp. 317-330.

Guliyev V.S., Hasanov J.J. Sobolev-Morrey type inequality for Riesz potentials, as-
sociated with the Laplace-Bessel differential operator. Fract. Calc. Appl. Anal., 2006,
9 (1), pp. 17-32.

Guliyev V.S., Hasanov J.J. Necessary and sufficient conditions for the boundedness
of B-Riesz potential in the B-Morrey spaces. J. Math. Anal. Appl., 2008, 347, pp.
113-122.



58

The boundedness of maximal operators

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

Hasanov J.J. A note on anisotropic potentials, associated with the Laplace-Bessel
differential operator. Oper. Matrices, 2008, 2 (4), pp. 465-481.

Hasanov J.J., Safarov Z.V. Hardy-Littlewood-Stein-Weiss theorems for Riesz poten-
tials in modified Morrey spaces. Baku Math. J., 2022, 1 (1), pp. 37-46.

Hasanov J.J., Zeren Y. On limiting case of the Sobolev theorem for B-Riesz potential
in B-Morrey spaces. Arab J. Math. Sci., 2007, 13, pp. 27-38.

Kipriyanov I.A. Fourier-Bessel transformations and embedding theorems. Trudy
Math. Inst. Steklov, 1967, 89, pp. 130-213 (in Russian).

Levitan B.M. Bessel function expansions in series and Fourier integrals. Uspekhi Mat.
Nauk, 1951, 6 (2(42)), pp. 102-143 (in Russian).

Lyakhov L.N. Multipliers of the mixed Fourier-Bessel transform. Proc. Steklov Inst.
Math., 1996, 214, pp. 227-242.

Morrey C.B. On the solutions of quasi-linear elliptic partial differential equations.
Trans. Amer. Math. Soc., 1938, 43, pp. 126-166.

Muckenhoupt B., Stein E.M. Classical expansions and their relation to conjugate
harmonic functions. Trans. Amer. Math. Soc., 1965, 118, pp. 17-92.

Serbetci A., Ekincioglu I. Boundedness of Riesz potential generated by generalized
shift operator on Ba spaces. Czechoslovak Math. J., 2004, 54 (3), pp. 579-589.
Shishkina E.L. Hyperbolic Riesz B-potential and solution of an iterated non-
homogeneous B-hyperbolic equation. Lobachevskii J. Math., 2020, 41 (5), pp. 895-
916.

Stempak K. Almost everywhere summability of Laguerre series. Studia Math., 1991,
100 (2), pp. 129-147.

Triméche K. Inversion of the Lions transmutation operators using generalized
wavelets. Appl. Comput. Harmon. Anal., 1997, 4 (1), pp. 97-112.



