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Abstract. This paper provides a justification of the collocation method for a system
of integral equations arising in boundary value problems for Mazwell’s equations. At
specifically chosen collocation points, the system of integral equations is replaced by a
system of algebraic equations, for which the existence and uniqueness of the solution are
established. The convergence of the solutions of the algebraic system to the exact solution
of the system of integral equations is proven, and the convergence rate of the method is
indicated.
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1. Introduction and Problem Statement

It is well known that one of the methods for solving boundary value problems for
Maxwell’s equations is to reduce the problem to a system of second kind integral equa-
tions. Clearly, such systems admit closed-form solutions only in very rare cases. Therefore,
the development of approximate methods with rigorous theoretical justification becomes
a matter of primary importance.

Let D C R3 be a bounded domain with a twice continuously differentiable boundary
2, and let n (z) = (nq () ,n2 (x), ng (z)) denote the outward unit normal at point z € 2.
Consider the following boundary value problems:

Interior Maxwell boundary value problem. Find two vector fields F, H €
CW (D)NC (D) satistying the Maxwell’s equations

rot E —ikH =0, rotH+ikE =0 in D

and the boundary condition
[0, E]= [ on £,
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4 On an approximate solution of one class of systems

where k is the wave number such that Imk > 0, [a,b] denotes the vector cross product
of vectors a and b. Here, f = (f1, f2, f3) is a given tangential field with the additional
property that its surface divergence Div f exists in the sense of the limit integral definition
and is of class H, (£2), where by H, ({2) denote the space of all continuous functions on
{2 satisfying the Holder condition with exponent « € (0, 1].

Exterior Maxwell boundary value problem. Find two vector fields E, H €
CW (R3\D) N C (R*\D) satistying the Maxwell’s equations in R3\D, the Silver-Miiller

radiation condition
1
{H, x] —E:o(), |z| = oo,
|| 2|

1
{E, x} +Ho<), |x] — oo,
] ]

uniformly in all directions 2/ |z|, and the boundary condition

and

[n,E] = f on {2,
where the function f have the same meaning as in the interior Maxwell boundary value
problem.
Let

)= oxP (ik |z —y|)

¢k(xay = ’ SC,yGR37 z#?ﬁ
dr |z —y|

be the fundamental solution of the Helmholtz equation. As shown in [2, p. 126], the
electromagnetic field of a surface distribution of magnetic dipoles

E(z)= rot/Q@k (z, y) p(y) d82,,

H(z) = %E(m) ,x € R3\D

with tangential density p = (p1, 2, t3) € Hq (£2), 0 < o < 1, solves the interior Maxwell
problem in D provided u is a solution of the system of integral equations

(@) -2 /Q [n (@), rot, {By (2, y) p (1)} d2, = ~2f (2) , @€ 2. (1)

It solves the exterior Maxwell problem in R?\ D provided p is a solution of the system of
integral equations

u(x)—i—?/ﬂ[n(x),rotx{@k(x, yypyd,=2f(z), ze 2. (2)

It is worth noting that approximate methods for solving systems of integral equations
arising in conjugation boundary value problems for the Helmholtz equation in both two-
and three-dimensional spaces were studied in [7] and [5], respectively. In [9], solution
methods for systems of integral equations related to conjugation problems for Maxwell’s
equations were examined. The Cauchy problem for systems of nonlinear Volterra-type
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integral equations was considered in [1], while in [10], numerical methods were proposed
for solving systems of hypersingular integral equations associated with a certain class of
boundary value problems for the Helmholtz equation. As can be seen, despite a significant
number of studies on approximate solutions to various boundary value problems using the
method of integral equation systems, approximate solutions to boundary value problems
for Maxwell’s equations using the integral equation systems (1) and (2) have not yet been
investigated. This paper is devoted to addressing this gap.

2. Main Results

It is worth emphasizing that the counterexample constructed by A.M. Lyapunov (see
[3, pp. 84-86]) demonstrates that, in general, the derivative of a single-layer potential
with a continuous density does not exist. However, taking into account the identity
(n(y),p(y)) =0, Vy € 2, we obtain (see [2, p. 60])

agpk (CE, y)

[ (@) rote {Dk (@, y) i (W)} = (0 (2) = (), 1 () gradae (2, y) = 1 (y) =5 205

where (a,b) denotes the scalar product of vectors a and b. Then it is easy to see that the
system of integral equations (1) can be rewritten in operator form as

(I =T)pu" =—2f", (3)
and the system of integral equations (2) as
(I+T)u" =2f", (4)

here the notation "a™ denotes the transpose of the vector a, I is the identity operator
and
Ty Th2 Tis
T=| T T2 Tos |,
T31 T32 Ts3

where

T @) =2 [ (010 = m () 22520 - OB 4y a0, ac

(Tiane) () =2 [ (o (2) =2 ) P55 () a2
(Tians) () =2 [ (o (2) =12 ) 22510 s () a2 w2

(T} (@) =2 [ (o (@) =0 ) 2550 () a2 w2

-~ 0Dy (x,y) 0Py (2, y)
(Toopo) (z) = /Q<(n2(x)—n2(y)) g on(@) )m(y)dﬂy, T €L,
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a@k (xv y)

(Ts2p2) () =2 [ (n2(x) —n2(y)) T om, M2 (y)de2,, z€ L,

(Taapa) () =2 [ (o (0) =2 ) P55 s () a2y
(T (@) =2 [ (o (@) =0 ) 255D () a2
/,

(Trap) (0) =2 [ (12 (2) = ma () 22520 - P ), @

As can be seen, by taking into account the inequality (see [12, p. 400])
In(y) —n (@) < M|y —a|, Vo,ye,

it follows that the expressions (Ty,,¢) (z), € 2, m,p = 1,3, are weakly singular in-
tegrals. Therefore, the operators T,,, m,p = 1,3, are compact in the space C (£2).
Consequently, the solutions of the integral equation systems (3) and (4) can be studied
in the broader function space C® (2) = C (£2) x C (£2) x C (£2), equipped with the norm

llpll; = max ||pm||o, where p = (p1, p2, p3) and ||pm| . = max|pp, (z)|.
m=1,3 zEeS

To justify the collocation method, we first divide the surface {2 into "regular” ele-

N
mentary parts 2 = |J £2;. A "regular” elementary parts is defined as a set of points
1=1
satisfying the following conditions:
(1) For any [ € {1, 2, ..., N}, the elementary parts (2 is closed, and its set of interior

0 0
points relative to (2, denoted (2, is non-empty. Moreover, mes {2, = mes{2; and j €

{1,2, ..N}, j #1, !%lﬂfgj = () hold;

(2) For any [ € {1, 2, ..., N}, the elementary parts {2; is a connected portion of the
surface {2 with a continuous boundary;

(3) For any [ € {1, 2, .., N}, there exists a so-called reference point z(l) =
(1 (1), z2 (1), z3 (1)) € £2; such that:

(3.1) 7u(N) ~ Ri(N) (ri (N) ~ Ry (N) 4 Cy < 455 < G, where Cy and Cj are
positive constants independent of N), where r; (N) = IéléI(ll | —z(l)| and R (N) =

T I

_ l .
nax lz —z (1);

(3.2) Ry (N) < %, where rg is the radius of the standard sphere for 2 (see [12, pp.
400-401]);
(33) rj (N) ~r (N),Vje{l,2,.., N}.
It is clear that r (N) ~ R(N) and A}im r(N) = J\;im R(N) = 0, where R(N) =
—00 —00
max R; (N) and r (N) = min r; (N).
I=1,N I=1, N
Lemma. [6]. When the surface 2 is partitioned into “reqular” elementary parts 2 =

N
lejl £2;, the following relation holds: R (N) ~ \/%

1 From here on we will denote by M positive constants that are different in different inequalities.
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Let us now consider the 3N dimensional matrix T3V = (¢;;) lJJV , with elements:

ty =0 for [ =1,N;

(
O0xy on (z (1))
for 1,j=1,N and j#I;

by =2 <(n1 (@ (1) = 1 (z () 0Py (x (1), x(j)) 0Pk (z (D), x(j))) mes2;

tint1 =0 for [=1,N;

tin+ = 2(n2 (z (1)) — n2 (z (5))) o (lg?l’ : (j))mest for I,j=1,N and j#1;

tl,QNJ,_l:O for l:].,N;

awvss =2 s o ) = s () LI s or 15 = TN and j#1,

tN+l,l =0 for [ = 1,N;

tnyr; =2 (n (z (1) —na (2 (4))) 0P (x(;i); < (j))mesﬂj for 1,j=1,N and j#1;

tnti, Ny =0 for [

=1,
IN4ILN+G =2 <(n2 (@ (1) = n2 (z(4))) Pl a(x)Q = ) adjk;z EQ&;U))> mes{2;

for I,j=1,N and j#1I;

tNtienv+t =0 for I=1,N;

tntion+; = 2(n3 (z (1) —ns (x(4))) 0%y (xﬁ(i;)z’ :c (j))mest for I, =1,N and j #1;

tonti; =0 for 1 =1,

toni; =2 (n1 (z (1)) — n1 (2 (5))) 0% (xa(i)g’ i (j))mesﬂj for I,j=1,N and j#1;

t2N+l N+l = 0 for [ = ].

0Py (z (1), x

tonyi,N+5 = 2 (n2 (2 (1)) — n2 (z (7)) ors

())mesﬁ for I,j =1,N and j #;

tanyi2n41 =0 for [ =

1,
by, (z (1), = (j ) 0Py, (x (1), = (j)) )
B; o (= (1) )mesgﬂ

for I,j=1,N and j#I.

Fonrons =2 (<n3 (z (1)) — n3 (z (7))
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Proceeding in the same manner as in [4] and taking into account Lemma, it is not
difficult to show that the expressions

N

(T;nvpso) (1' (l)) = Zt(m—l)N-i-l,(p—l)N—i-j ® (.’E (])) , Mm,p= 13 33
j=1

evaluated at the reference points x (1), | = 1, N, represent cubature formulas for the
integrals (Thnpp) (x), m,p = 1, 3, respectively, and moreover,

lg%l(Tmm (x () — (Toye) ()| < M ( ol N"2InN +w (%N— )) ,

where w (p,0) is the modulus of continuity of the function ¢ € C (£2), i.e.

w(p,0) = max |p(z)—e(y)| , §>0.
|z—y|<o

z,Yye

Let C3N be the space of vectors

3N _ (3N _3N sN\T 3N _
2N = (3N 8N L 28N) L N e Cl=1,3N,

‘zl?’N , and let I*N denote the identity operator

equipped with the norm H23N H = max

I1=1,3N
in the space C3N. Then, if we denote by 23V, | = 1, N, the approximate values of
pa (z (1)) by 237, 1 = 1, N, the approximate values of s (x (1)); and by 233, 1 =1, N,
the approximate values of us (z (1)), the systems of integral equations (3) and (4) are
reduced to systems of algebraic equations with respect to 23 € O3V, which we write in
the form:

(ISN _ TBN) SN — 93N (5)

and
(I3N + T3N) Z3N _ 2f3N7 (6)

respectively, where f3V = p3N fT and p*V : C3 (£2) — C3V is a bounded linear operator
defined by

PN = (@) s i (@ () fo (@ (1) 5oy fo (@ (N) | f3 (@ (1)) 4o, fo (2 (N)))

Theorem 1. Let Imk > 0 and f € C3(§2). Then the systems of equations (3) and (5)
have unique solutions pu}f = (uf,,uﬁ,u;)T € C3(2) and w*N € C3N, respectively, and
the following estimate holds:

™ = ¥l < M (w (£,N7 )+l N F N
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Proof. To prove the theorem, we use G.M. Vainikko’s theorem on the convergence of
linear operator equations (see [11]). Let us verify the conditions of Theorem 4.2 from
[11], using the notations, definitions, and propositions provided therein. In work [2, p.
124] it is proved that if I'mk > 0, then the interior Maxwell boundary value problem
admit at most one solution, i.e., if Imk > 0, then Ker (I —T) = {0}. It is clear that
the operators I3N — T3V are Fredholm operators of index zero. Taking into account the
method of partitioning the surface {2 into "regular” elementary parts, it follows that for
any vector function p = (py, pa, ps)" € C3(£2), the identity

: 3N _ : _ _
Jim (%] = Jim_ e { ma o, (o ()] = max {21 = ol

holds. Therefore, the operator system P = {p3N} is linking the spaces C® (£2) and O3V,
Then f3V i fT, and by Definition 2.1 in [11], I3 — T3V ey Since, by Definition
3.2 in [11], I?N — T is stable, it remains, by Proposition 3.5 and Definition 3.3 in
[11], to verify the compactness condition. According to Proposition 1.1 from [11], this is
equivalent to the existence of a relatively compact sequence {Tg N 23N } C C3(£2) such
that

HT?’N 23N —p3N (TgNZSN) H —0 at N — oo,

given that V {ng}, 22N € 3N and H Z3N|| < M. As {T,?,N zsN}, we choose the sequence

3N 3N 3N T
(Tyn 2*N) (2) = Zt;l) (x) zj??N, th) (x) z?N, Zt§-3) (x) zj??N , T €S2,
j=1 j=1 j=1
where
1, N _ 0Py, (v, y) 0Py (z, y) —
ti (z) = 2/Qj ((m (z) —n1(y)) . " ona) df, for j =1, N,

" (z) =2 / (ng (x) — na (v)) wagr}y for j=N,2N,
Qi N L1

tg.l) () = 2/ (ng (z) —ns3 (y)) Wdﬁy for j = 2N, 3N,
252N T1

1@ =2 @ - m ) P4, =T
o, 0z

(2) _ 0Py (z,y) 0Py (x, y) —
t;7 (z) = /~QjN ((nz (z) — n2 (y)) o on(a) ) a2, for j = N,2N,

P, _
tf) () = 2/ (n3 () —n3 (y)) Wd()y for j =2N,3N,
252N x2

D=2 [ () -m ) P dg, forj - TN,

J

~+
[N
w
N7
—~
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9 (2) =2 / (ng (z) — na (y)) me for j = N, 2N,
2N L3
(3) o . 0Py, (:177 y) o 0Py, (III, y) - SN an
t7 (z) = 2/ij ((n3 () —ns3 (v)) o on (@) dsf2, for j = 2N,3N.

As can be seen, the expressions t§m) (z), j = 1,3N, m = 1,3, are weakly singular
integrals. Therefore,

Zt(m) (z) z?N SMHz3NH,VazEQ,m:W.
Moreover, following the approach in [8], it is not difficult to show that
3N 3N
Dot ) N =3 @ Y <
j=1 j=1

< M |23 |2’ — 2"||In |2’ — 2"||,Va', 2" € 2,m =T1,3.

Hence,
|(T3N23N) (x)| <M H23NH, VY € {2,

and
|(Tsn 2%N) (2) = (Tsn 2*NY) (") < M || 22| |2" — 2”| [In |2’ — 2", Va',2" € 1.

Therefore, {T3N z3N} C C3(£2), and taking into account condition Hz?’NH < M, we
obtain the uniform boundedness and equicontinuity of the sequence {Tg NN } Then,
by the Arzela—Ascoli theorem, the sequence {T3 NN } is relatively compact. In addition,
by proceeding as in [4], one can show that

HT?’N 23N p3N (T3NZ3N) || —0at N — o0.

As a result, applying Theorem 4.2 from [11], we find that equations (3) and (5) have
unique solutions T = (1%, u3, %) " € C3 () and w3 € C3N | respectively, and

16y < || = p*Nul|| < ex 6w,

where
¢ = 1/;121%0 | 13N = T3 >0, ¢ = S H (N —T?’N)_lH < o0,
o = 0 =7 (GPuT) + 2.
Since

=2fN = —2pPN T = pN (= Tpl) = p*Npl — p*N (Thl),
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then taking into account the error estimates of the cubature formulas for the integrals
(Tonpep) (x), m,p =1, 3, we obtain

o = [T () = (@) < 01 ([, s (48 )
Moreover, following the same approach as in [8], one can show that

w (Tul, 8) < M || ut

5 0 [Indl.
Then, taking into account the inequalities
w (Wl N7H) =w (—2fT+ Tl N7 < <2/ N ) o (Tl N <

<M (w(f5 N )+l ], N i)

and
[l = | =2 =7t =2 fa=n | s
we obtain
on <M (w (f,N*%) +1f15 N*%mN) .
The theorem is proven. <

In a similar way, the following theorem can be proven.

Theorem 2. Let Imk > 0 and f € C3(§2). Then, the systems of equations (4) and (6)
have unique solutions iY = (%, i3, 435)" € C3(R2) and @™ e C3N, respectively, and
the following estimate holds:

|~ pN AT < M (w (£,N7) + | fls N7 mN)
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