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Abstract. In this paper, a seventh order nonlinear partial differential equations with
mixed and additional conditions and positive parameter is considered. The Fourier
spectral method of separation of variables is applied. Countable systems of nonlinear
functional-integral equations are derived. Theorem on the uniqueness and existence of
the solution of inverse problem is proved for some values of parameter. The method of
contraction mapping in Banach space is applied. The solution of the inverse problem is
obtained in the form of Fourier series. Theorem on absolute and uniform convergence of
Fourier series is proved.
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1. Formulation of the Problem Statement

Differential equations of parabolic and hyperbolic types are the base of the equations
of mathematical physics. Along with equations of parabolic and hyperbolic types, pseu-
doparabolic and pseudohyperbolic differential equations are often studied.
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210 Mixed problem for a nonlinear differential equation of the seventh order

Let us consider differential equations of the form[
∂k

∂ tk
+ (−1)m

∂k+2m

∂ tk∂ x2m
+ (−1)mω

∂2m

∂ x2m

]
U(t, x) = f(t, x),

where k = 1, 2, 3, m = 1, 2, 3, ..., n.
This equation is sometimes called a Barenblatt–Zheltov–Kochina equation at k = 1.

And when k = 2, it is often called a Boussinesq type differential equation. These types of
equations have important applications in physics and mechanics. Many works have been
devoted to the study of this equation for k = 1, 2 (see, for example, [1]-[9], [11]-[13], [15],
[16],[18]-[20], [22]-[31], [33], [34], [36]). However, we have not yet encountered a single
work on the study of an equation in the case of k = 3.

When k = 3 and m = 1, the equation is studied in our works [32], [35] for Dirichlet
conditions. In this paper we consider a case k = 3 and m = 2 with Samarskii–Ionkin type
conditions and nonlinear right-hand side. We study the solvability of the inverse mixed
problem for a seventh order nonlinear differential equation with identification source func-
tion and positive parameter. So, in the rectangular domain, Ω = {0 < t < T, 0 < x < 1}
we consider the following partial differential equation:[

∂3

∂ t3
+

∂7

∂ t3∂ x4
+ ω

∂4

∂ x4

]
V (t, x) = F

(
t, x,

∫ T

0

∫ 1

0

G(s, y)V (s, y)dyds

)
, (1)

where F (t, x, ·) ∈ C0,2
t,x (Ω̄ × R), 0 < G(t, x) ∈ C(Ω̄), T is given positive number, ω is a

positive parameter, Ω̄ =
{
0 ≤ t ≤ T, 0 ≤ x ≤ 1

}
.

No great effort is required to compile applications of the equation (1) in the study of
processes related to the oil and gas sector. In solving partial differential equation (1), we
use the following Samarskii–Ionkin type conditions:

V (t, 1) = 0, Vxx(t, 0) = 0, Vx(t, 0) = Vx(t, 1), Vxxx(t, 0) = Vxxx(t, 1), 0 ≤ t ≤ T, (2)

and initial value condition

V (0, x) = φ1(x), Vt(0, x) = φ2(x), Vtt(0, x) = φ3(x), 0 ≤ x ≤ 1, (3)

where φ1(x) is redefinition function, φ2(x) and φ3(x) are given enough smooth functions
on the segment [0, 1].

Direct Problem Statement. To find a function

V (t, x) ∈ C(Ω) ∩ C3,2
t,x (Ω), (4)

which satisfies differential equation (1) and conditions (2) and (3).
Inverse Problem Statement. To find a pair of functions

{
V (t, x), φ1(x)

}
, using

conditions (2), (3) and following additional condition:

V (t1, x) = ψ(x) ∈ C(4)[0, 1], 0 < t1 < T, (5)

where ψ(x) is given function.
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2. Some Auxiliary Materials about Riesz Bases

From the work [10] we use some materials in our present studies. Let
{
bn(x)

}
and

{
cn(x)

}
be two complete systems of functions from L2[a, b]. Let us denote by (b, c)0 the scalar
product of functions b(x) and c(x) in L2[a, b]:

(b, c)0 = (b, c)L2[a,l]
=

∫ l

a

b(x)c(x)dx.

Definition 1. Systems
{
bn(x)

}
and

{
cn(x)

}
form a biorthonormal system on some

interval [a, l], if (
bn, ck

)
0
=

∫ l

a

bnckdx = δnk =

{
0, n ̸= k,
1, n = k,

in this case the system
{
cn(x)

}
is called biorthogonally adjoint to the system

{
bn(x)

}
on

the interval [a, l].

Definition 2. A system of elements
{
bn(x)

}
is called minimal in L2[a, l], if none of its

elements belongs to the closure of the linear span of other elements of this system.

The minimality of the system ensures the existence of a biorthogonally conjugate
system.

Definition 3. The biorthogonal expansion of a function f ∈ L2[a, l] in a system
{
bn(x)

}
is called a series

f(x) ∼
∞∑

n=1

dnbn(x),

where dn =
(
f, cn

)
0
.

Definition 4. A complete and minimal system of functions
{
bn(x)

}
is called Besselian,

if for any f ∈ L2[a, l] the series of squares of the coefficients of its biorthogonal expansion
in
{
bn(x)

}
converges:

∞∑
n=1

∣∣(f, cn)0∣∣2 <∞,

where
{
cn
}
is biorthogonally conjugate system to

{
bn(x)

}
.

Definition 5. A complete and minimal system of functions
{
bn(x)

}
is called a Hilbert

system, if for any sequence of numbers dn, such that
∞∑
k=1

d2n < ∞, there is one and only

one function f ∈ L2[a, l], for which dn are coefficients of its biorthogonal expansion on
{bn(x)}:

dn =
(
f, cn

)
0
, n = 1, 2, ... .

Definition 6. A complete and minimal system is called a Riesz basis, if it is both Bessel
and Hilbert basis.
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From the work [17] we use the following theorem.

Theorem 1. The following statements are equivalent:
1) the sequence of functions

{
cj(x)

}∞
1

forms a basis, equivalent to the orthonormal one,
in the space R;
2) the sequence of functions

{
cj(x)

}∞
1

will be an orthonormal basis of the space R with

the appropriate replacement of the scalar product
(
f, g
)
by some new one

(
f, g
)
1
, topo-

logically equivalent to the original one;
3) the sequence of functions

{
cj(x)

}∞
1

is complete in R and there exist constants,
a1, a2 (> 0), such that for any natural n and any complex numbers γ1, γ2, ... , γn there
holds

a2

n∑
j=1

|γj |2 ≤
n∑

j=1

|γjcj |2 ≤ a1

n∑
j=1

|γj |2;

4) the sequence of functions
{
cj(x)

}∞
1

is complete in R and its Gram matrix

(cj(x), ck(x))
∞
1 generates a bounded invertible operator in the space ℓ2;

5) the sequence of functions
{
cj(x)

}∞
1

is complete in R, corresponds to complete biorthog-

onal sequence of functions
{
χj(x)

}∞
1

and for any f(x) ∈ R is true that

n∑
j=1

|(f, cj)|2 <∞,

n∑
j=1

|(f, χj)|2 <∞.

Lemma 1. ([21]) Let be f(x) ∈ L2[0, 1] and ak =
∫ 1

0
f(x)e−λkxdx, bk =∫ 1

0
f(x)eλk(x−1)dx, where λ is an arbitrary complex number with a positive real part

(λ = α+ iβ, α > 0). Then the series
∞∑
k=1

|ak|2,
∞∑
k=1

|bk|2 are convergence.

3. Eigenvalues and Eigenfunctions

First, we consider homogeneous differential equation

∂3U(t, x)

∂ t3
+
∂7U(t, x)

∂ t3 ∂ x4
+
∂4U(t, x)

∂ x4
= 0. (6)

We will look for a non-trivial particular solution of the equation in the form U(t, x) =
u(t) · ϑ(x). Substituting this product of functions, depending from different variables,
into equation (6), we obtain

− u′′′(t)

u′′′(t) + u(t)
=
ϑ(4)(x)

ϑ(x)
.

Hence, equating second fraction into λ we obtain

ϑ(4)(x)− λϑ(x) = 0, λ ≥ 0. (7)
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Using conditions (3), from product of two functions we obtain conditions for the eigen-
values λ and eigenfunctions ϑ(x):

ϑ(1) = 0, ϑ′′(0) = 0, ϑ′(0) = ϑ′(1), ϑ′′′(0) = ϑ′′′(1). (8)

Solving the spectral problem (7), (8), we derive the eigenvalues

λn = (2πn)4, n = 0, 1, 2, ... . (9)

Eigenfunctions, corresponding to the eigenvalues (9), have the forms

ϑ0(x) = 2(1−x), ϑ1n(x) = −2 sin 2πnx, ϑ2n(x) =
e2πnx − e2πn(1−x)

e2πn − 1
−cos 2πnx. (10)

The spectral problem (7), (8) is not self-adjoint and it is easy to see that the following
problem will be adjoint to it:

ω(4)(x)− λω(x) = 0, 0 < x < 1, (11)

ω(0) = ω(1), ω′(1) = 0, ω′′(0) = ω′′(1), ω′′′(0) = 0. (12)

Along with problem (7), (8), we also consider adjoint to it problem (11), (12). Solving
this problem, it is not difficult to see that the eigenfunctions, corresponding to eigenvalues
(9), have the form

ω0(x) = 1, ω1n(x) =
e2πnx + e2πn(1−x)

e2πn − 1
− sin 2πnx, ω2n(x) = −2 cos 2πnx. (13)

It should be noted that (10) and (13) are a non-orthogonal system of functions.
Indeed, let us consider, for example, the system (10) and calculate it(

ϑ0(x) , ϑ
(1)
n (x)

)
0
= −4

∫ 1

0

(1− x) sin 2πnxdx = − 2

πn
̸= 0.

Let us study the issues of the basis of systems (10) and (13) in L2[0, 1].

Lemma 2. Systems of functions (10) and (13) are biorthogonal systems in L2[0, 1]:(
ϑ0, ω0

)
0
= 1,

(
ϑik, ωjn

)
0
=

{
1, k = n, i = j
0, k ̸= n, i ̸= j

, i, j = 1, 2, n, k = 1, 2, ... .

Proof. We present the proof of Lemma 2 for the functions ϑ1n(x) and ω1n(x). According
to Definition 1, we calculate the integral

(
ϑ1k, ω1n

)
0
= −2

∫ 1

0

sin 2πkx

(
e2πnx + e2πn(1−x)

e2πn − 1
− sin 2πnx

)
dx =

− 2

e2πn − 1

∫ 1

0

(
e2πnx + e2πn(1−x)

)
sin 2πkxdx+ 2

∫ 1

0

sin 2πnx sin 2πkxdx = Ikn + Jkn.
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Simple calculations are showed that

Ikn = − 2

e2πn − 1

∫ 1

0

(e2πnx + e2πn(1−x)) sin 2πkxdx = 0, k, n ∈ N,

Jkn = 2

∫ 1

0

sin 2πkx · sin 2πnxdx =

{
1, k = n
0, k ̸= n

, k, n ∈ N.

Consequently, (ϑ1n, ω1n)0 = 1 for k = n and
(
ϑ1n, ω1n

)
0
= 0 for k ̸= n. The Lemma 2 is

proved. ◀

Lemma 3. The systems of functions (10) and (13) are minimal in L2[0, 1].

The proof of Lemma 3 follows from the existence of a biorthonormal system, which
was established in Lemma 2.

Theorem 2. The system of functions (10) and (13) is complete in the space L2[0, 1].

Proof. First, we prove the completeness of (10). Assume the opposite, let the system of
functions (10) be incomplete in L2[0, 1]. Then there exists a function ψ(x) from L2(0, 1),
that is orthogonal to all functions of the system (10). We will expand the function ψ(x)
into a Fourier series

ψ(x) = a0 +

∞∑
n=1

(an cos 2πnx+ bn sin 2πnx),

which is convergence in L2[0, 1]. Since ψ(x) is orthogonal to the system {−2 sin 2πnx}∞n=1,
the last expansion takes the form

ψ(x) = a0 +

∞∑
n=1

an cos 2πnx. (14)

By assumption, ψ(x) is orthogonal to all functions of the form ϑ0(x), ϑ2k(x). Next,
multiplying the series (14) successively by these functions and integrating over the interval
(0, 1), we have

0 = 2

∫ 1

0

ψ(x)(1− x)dx = 2a0

∫ 1

0

(1− x)dx+ 2

∞∑
n=1

an

∫ 1

0

(1− x) cos 2πnxdx = a0,

0 =

∫ 1

0

ψ(x) ·
(
e2πkx − e2πk(1−x)

e2πk − 1
− cos 2πkx

)
dx =

=

∞∑
n=1

an

∫ 1

0

(
e2πkx − e2πk(1−x)

e2πk − 1
− cos 2πkx

)
cos 2πnxdx = −1

2
ak, k = 1, 2, 3, ... .

Hence, follows that ak = 0, k = 0, 1, 2, ... Therefore, from (14) we obtain that
ψ(x) = 0 on [0, 1], which contradicts the condition ψ(x) ̸= 0. Thus, system (10) is
complete in the space L2[0, 1].
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Now we will prove the completeness of the system (13). Let there ψ(x) be a function
from L2[0, 1], different from zero, orthogonal to all functions of system (13). Since the
function ψ(x) is orthogonal to system {−2 cos 2πnx}∞n=0, it can be represented in L2[0, 1]
as a sine series

ψ(x) =

∞∑
n=1

bn sin 2πnx. (15)

Next, multiplying the last series by ω1k(x) and integrating over the segment [0, 1],
taking into account the orthogonality of the functions ψ(x) and ω1k(x), we obtain

0 =

∫ 1

0

ψ(x)

(
e2πkx + e2πk(1−x)

e2πk − 1
− sin 2πkx

)
dx =

=

∞∑
n=0

bn

∫ 1

0

(
e2πkx + e2πk(1−x)

e2πk − 1
− sin 2πkx

)
sin 2πnxdx = −1

2
bk, k = 1, 2, ... ,

i.,e. bk = 0, n = 1, 2, ... Then from (15) it follows that ψ(x) = 0 on [0, 1], i.e. the system
(13) is complete in L2[0, 1]. Theorem 2 is proved. ◀

Theorem 3. The system of functions (10) and (13) forms the Riesz basis in L2[0, 1].

Proof. To prove the Riesz basis property of the systems (10) and (13), according to The-
orem 1, it is sufficient to establish the completeness of these systems and the convergence
for any ψ(x) ∈ L2[0, 1] of the following series:

(ψ(x), 2(1− x))
2
0 +

∞∑
n=1

(ψ(x),−2 sin 2πnx)
2
0 +

+

∞∑
n=1

(
ψ(x),

1

e2πn − 1
(e2πnx − e2πn(1−x))− cos 2πnx

)2

0

, (16)

(ψ(x), 1)
2
0 +

∞∑
n=1

(ψ(x),−2 cos 2πnx)
2
0 +

+

∞∑
n=1

(
1

e2πn − 1

(
e2πnx + e2πn(1−x)

)
− sin 2πnx, ψ(x)

)2

0

. (17)

The completeness of the systems (10) and (13) follows from Lemma 2 and, therefore,
we will show the convergence of series (16) and (17). Let us consider the series (11) and
use the notation

I1 = 4 (ψ(x), (1− x))
2
0 , I2 = 4

∞∑
n=1

(ψ(x), sin 2πnx)
2
0 ,

I3 =

∞∑
n=1

(
ψ(x),

e2πnx − e2πn(1−x)

e2πn − 1
− cos 2πnx

)2

0

.
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Applying the Cauchy–Shwartz inequality, for I1 we obtain

I1 = 4

(∫ 1

0

(1− x)ψ(x)dx

)2

≤ 4

∫ 1

0

(1− x)2dx

∫ 1

0

ψ2(x)dx =
4

3
∥ψ(x) ∥2 L2(0,1) <∞.

Further, we have

I2 = 4

∞∑
n=1

(ψ(x), sin 2πnx)
2
0 = 2

∞∑
n=1

(
ψ(x),

√
2 sin 2πnx

)2
= 2

∞∑
n=1

c2n,

where cn =
(
ψ(x),

√
2 sin 2πnx

)
are Fourier coefficients of a function ψ(x) in an orthonor-

mal system
{√

2 sin 2πnx
}
. Hence, applying Bessel’s inequality, we obtain, that

I2 = 2

∞∑
n=1

c2n ≤ 2 ∥ψ(x) ∥2L2[0,1]
<∞.

Next, we consider I3. Since

A =

(
ψ(x),

e2πnx − e2πn(1−x)

e2πn − 1
− cos 2πnx

)2

0

=

=

(
(ψ(x),

e2πnx − e2πn(1−x)

e2πn − 1
)− (ψ(x), cos 2πnx)

)2

0

,

applying the inequality (a+ b)2 ≤ 2(a2 + b2), we obtain

A ≤ 2

(
ψ(x),

e2πnx − e2πn(1−x)

e2πn − 1

)2

0

+ 2 (ψ(x), cos 2πnx)
2
0 =

= 2

((
ψ(x),

e2πnx

e2πn − 1

)
−
(
ψ(x),

e2πn(1−x)

e2πn − 1

))2

0

+ 2 (ψ(x), cos 2πnx)
2
0 .

Applying the previous inequality again, we get that

A ≤ 4

(
ψ(x),

e2πnx

e2πn − 1

)2

0

+ 4

(
ψ(x),

e2πn(1−x)

e2πn − 1

)2

0

+ 2 (ψ(x), cos 2πnx)
2
0 .

Hence, we obtain

I3 ≤ 4

∞∑
n=1

(
ψ(x),

e2πnx

e2πn − 1

)2

0

+ 4

∞∑
n=1

(
ψ(x),

e2πn(1−x)

e2πn − 1

)2

0

+ 2

∞∑
n=1

(ψ(x), cos 2πnx)
2
0 =

= J1 + J2 + J3.

For the J3 we have

J3 = 2

∞∑
n=1

(ψ(x), cos 2πnx)
2
=

∞∑
n=1

a2n,
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where an =
(
ψ(x),

√
2 cos 2πnx

)
are Fourier coefficients for function ψ(x) in orthonormal

system
{√

2 cos 2πnx
}
. Then, applying Bessel’s inequality, we obtain that

J3 =

∞∑
n=1

a2n ≤ ∥ψ(x) ∥2L2[0,1]
<∞.

Since (
ψ(x),

e2πnx

e2πn − 1

)2

0

=

(∫ 1

0

ψ(x) · e2πn

e2πn − 1
e2πn(x−1)dx

)2

0

=

=

(∫ 1

0

ψ(x)

[
1 +

1

e2πn − 1

]
e2πn(x−1)dx

)2

≤ 4

(∫ 1

0

ψ(x)e2πn(x−1)dx

)2

,

for J1 we derive

J1 ≤ 16

∞∑
n=1

(∫ 1

0

ψ(x)e2πn(x−1)dx

)2

= 16

∞∑
n=1

b2n, bn =

∫ 1

0

ψ(x)e2πn(1−x)dx.

Hence, taking into account Lemma 1, we obtain that J1 is finite. Similarly, we obtain
that J2 is also finite. Thus, the series I1 and I2 converge. Therefore, the series (16) also
converges. The convergence of the series (17) is proved similarly. Theorem 3 is proved. ◀

4. Construction of Solutions of the Direct Boundary
Value Problem

Taking into account the formulas (10) and (13) we look for a solution to the problem
(1)–(3) in the form of following Fourier series:

V (t, x) = v0(t) b0(x) +

∞∑
n=1

(v1,n(t) b1,n(x) + v2,n(t) b2,n(x)) , (18)

where

b0(x) = 2(1− x), b1n(x) = −2 sin 2πnx, b2n(x) =
e2πnx − e2πn(1−x)

e2πn − 1
− cos 2πnx,

v0(t) =

∫ 1

0

V (t, y)c0(y)dy, v1,n(t) =

∫ 1

0

V (t, y)c1,n(y)dy, (19)

v2,n(t) =

∫ 1

0

V (t, y)c2,n(y)dy, (20)

c0(x) = 1, c1n(x) =
e2πnx + e2πn(1−x)

e2πn − 1
− sin 2πnx, c2n(x) = −2 cos 2πnx.
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Let the function V (t, x) be a solution to the direct mixed problem (1)–(4). Then, substi-
tuting representation (18) into equation (1), we obtain

v′′′0 (t)b0(x) +

∞∑
n=1

(
v′′′1,n(t) b1,n(x) + v′′′2,n(t) b2,n(x)

)
+

+

∞∑
n=1

λn
[
v′′′1,n(t) b1,n(x) + v′′′2,n(t)b2,n(x)

]
+ ω

∞∑
n=1

λn [v1,n(t) b1,n(x) + v2,n(t)b2,n(x)]+

= F0(t, ·)b0(x) +
∞∑

n=1

(F1,n(t, ·) b1,n(x) + F2,n(t, ·) b2,n(x)) ,

where

F0(t, ·) =
∫ 1

0

F (t, ·)c0(y)dy, Fκ,n(t, ·) =
∫ 1

0

F (t, ·)cκ,n(y)dy, κ = 1, 2. (21)

Hence, by virtue of (19)–(21) into account, we obtain

v′′′0 (t) = F0(t, ·), (22)

v′′′κ,n(t) + µn(ω)vκ,n(t) =
Fκ,n(t, ·)
1 + λn

, κ = 1, 2, (23)

where

µn(ω) =
λnω

1 + λn
, λn = (2nπ)4.

Taking into account the formulas (10) and (13), we consider the functions φj(x), j =
1, 2, 3 as in the case of (18):

φj(x) = φj,0 b0(x) +

∞∑
n=1

(φj,1,n b1,n(x) + φj,2,n b2,n(x)) , (24)

where

φj,0 =

∫ 1

0

φj(y)c0(y)dy, φj,κ,n =

∫ 1

0

φj(y)cκ,n(y)dy, κ = 1, 2, j = 1, 2, 3.

The differential equation (22) is scalar. The differential equation (23) is the countable
system of differential equations. Taking (24) into account, from the conditions (2) we
obtain

v
(j−1)
0 (0) =

∫ 1

0

∂j−1

∂tj−1
[V (0, y)]c0(y)dy =

∫ 1

0

φj(x)c0(y)dy = φj,0, j = 1, 2, 3, (25)

v(j−1)
κ,n (0) =

∫ 1

0

∂j−1

∂tj−1
[V (0, y)]cκ,n(y)dy =

∫ 1

0

φj(x)cκ,n(y)dy=φj,κ,n, j = 1, 2, 3. (26)

First, we integrate the equation (22) with conditions (25):

v0(t) = J0(t; v0(t)) ≡ P0(t)+
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+

∫ t

0

(t− s)2

2

∫ 1

0

F

(
s, y,

∫ T

0

∫ 1

0

G(θ, z)v0(θ)b0(z)dzdθ

)
c0(y)dyds, (27)

where
P0(t) = φ1,0 + φ2,0t+ φ3,0t

2.

The presentation (27) is nonlinear integral equation and equivalent to the problem
(22), (25).

Now we solve the countable system (23) of ordinary differential equations with initial
value condition (26). From the works [32], [35] we have

vκ,n(t, ω) = Pκ,n(t, ω) +
1

3

√(
λ2n + λ3n

)
ω

∫ t

0

Qn(t, s, ω)×

×
∫ 1

0

F

(
s, y,

∫ T

0

∫ 1

0

G(θ, z)

∞∑
i=1

vκ,i(θ, ω)bκ,i(z)dzdθ

)
cκ,n(y)dyds, (28)

where

Pκ,n(t, ω) = φ1,κ,nσ1,n(t, ω) +
1

3
√
µn(ω)

φ2,κ,nσ2,n(t, ω) +
1

3
√
µ2
n(ω)

φ3,κ,nσ3,n(t, ω),

Qn(t, s, ω) =
1

3

[
e−

3
√

µn(ω)(t−s) + 2e
3
√

µn(ω)

2 (t−s) sin

(√
3

2
3
√
µn(ω)(t− s) +

π

6

)]
,

σ1,n(t, ω) =
1

3

[
e−

3
√

µn(ω)t + 2e
3
√

µn(ω)t

2 cos

√
3

2
3
√
µn(ω)t

]
,

σ2,n(t, ω) =
1

3

[
e−

3
√

µn(ω)t − 2e
3
√

µn(ω)

2 t sin

(√
3

2
3
√
µn(ω)t+

π

6

)]
,

σ3,n(t, ω) =
1

3

[
e−

3
√

µn(ω)t − 2e
3
√

µn(ω)

2 t sin

(√
3

2
3
√
µn(ω)t−

π

6

)]
.

The presentation (28) is countable system of nonlinear integral equations and equivalent
to the problem (23), (26).

We note that if the functions Qn(t, s, ω), σj,n(t, ω), j = 1, 2, 3 become zero at some
values of parameter ω, then for these values of parameter the functions in (28) will be
trivial.

We obtain the following transcendental equation

sin

(√
3

2
y +

π

6

)
= −1

2
e

−3
2 y, y = 3

√
µn(ω) (t− s) > 0,

for the function Qn(t, s, ω) and

cos

√
3

2
y = −1

2
e

−3
2 y, y = 3

√
µn(ω) t > 0,
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for the function σ1,n(t, ω), respectively, µn(ω) =
λn

1+λn
ω. Functions σ2,n(t, ω), σ3,n(t, ω)

become zero at some values of parameter ω. We replace these equations by the following
transcendental equations:

sin

(√
3

2
y +

π

6

)
=

1

2
e

−3y
2 , y = 3

√
µn(ω) t > 0,

sin

(√
3

2
y − π

6

)
=

1

2
e

−3y
2 , y = 3

√
µn(ω) t > 0,

respectively.
The values of parameter ω, for which the functions above become zero, we denote by

Λj , j = 1, 2, 3, 4, respectively. However, from the fact Λ1 ∩ Λ2 ∩ Λ3 ∩ Λ4 = ∅ we deduce
that the problem (1)–(3) is not trivial.

We will study every integral equation (27) and (28).
Smoothness condition 1. Let the functions φj(x) (j = 1, 2, 3) and F (t, x, ·) satisfy

the conditions

φj(x) ∈ C(5)[0, 1], φj(1) = φ′′
j (0) = φ

(4)
j (1) = 0, φ′

j(0) = φ′
j(1), φ′′′

j (0) = φ′′′
j (1),

F (t, x, ·) ∈ C0,1
t,x (Ω̄ ×R).

Then, we integrate by parts

φj,0 =

∫ 1

0

φj(y)c0(y)dy, φj,κ,n =

∫ 1

0

φj(y)cκ,n(y)dy, κ = 1, 2, j = 1, 2, 3,

five times and (21) one times on the variable x, respectively, and obtain

φj,1,n = −
(

1

2π

)5 φ
(5)
j,1,n

n5
, φ

(5)
j,1,n =

∫ 1

0

∂5 φj(y)

∂y5

(
e2πny − e2πn(1−y)

e2πn − 1
+ cos 2πny

)
dy,

φj,2,n =

(
1

2π

)5 φ
(5)
j,2,n

n5
, φ

(5)
j,2,n = 2

∫ 1

0

∂5 φj(y)

∂y5
sin 2πnydy,

F1,n(t, ·) = − 1

2π

F ′
1,n(t, ·)
n

, F ′
1,n(t, ·) =

∫ 1

0

∂F (t, y, ·)
∂y

(
e2πny − e2πn(1−y)

e2πn − 1
+ cos 2πny

)
dy,

F2,n(t, ·) =
1

2π

F ′
2,n

n
, F ′

2,n(t, ·) = 2

∫ 1

0

∂F (t, y, ·)
∂y

sin 2πnydy.

It is easy to see that [14]∥∥∥φ(5)
j,κ

∥∥∥
ℓ2

≤ C1,κ

∥∥∥∥ ∂5φj,κ(x)

∂x5

∥∥∥∥
L2[0,1]

, j = 1, 2, 3, ∥F′
κ(t, ·) ∥ℓ2 ≤ C2,κ

∥∥∥∥ ∂Fκ(t, x, ·)
∂x

∥∥∥∥
L2[0,1]

.
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5. Solvability of the Integral Equations (27), (28)

Theorem 4. Let the conditions be fulfilled:

1) MF0 =
∥∥∥F (t, x, ∫ T

0

∫ 1

0
G(θ, z)v0(θ)b0(z)dzdθ

)∥∥∥
C(Ω̄)

<∞, 0 < MF0 = const;

2) |F (t, x, u1)− F (t, x, u2) | ≤ LF0
|u1 − u2 | , 0 < LF0

= const;

3) MG0
=
∫ T

0

∫ 1

0
|G(t, x) | | b0(x) | dxdt <∞;

4) ρ0 = T 3

6 MF0
LG0

MG0
< 1.

Then the integral equation (27) has a unique solution in the space C(Ω̄). This solution
can be found by iteration process:[

v00(t) = P0(t) = φ1,0 + φ2,0t+ φ3,0t
2,

vm+1
0 (t) = J0(t; v

m
0 (t)), m = 0, 1, 2, ... .

Proof. According to the conditions of the theorem, we derive the following estimates:∥∥ v00(t) ∥∥C[0,T ]
≤ |φ1,0 |+ |φ2,0 |T + |φ3,0 |T 2;∥∥ v10(t)− v00(t)

∥∥
C[0,T ]

≤

≤ max
0≤t≤T

∣∣∣∣∣
∫ t

0

(t− s)2

2

∫ 1

0

F

(
s, y,

∫ T

0

∫ 1

0

G(θ, z)v00(θ)b0(z)dzdθ

)
c0(y)dyds

∣∣∣∣∣ ≤ T 3

6
MF0 ;∥∥ vm+1

0 (t)− vm0 (t)
∥∥
C[0,T ]

≤

≤ max
0≤t≤T

∣∣∣∣∣
∫ t

0

(t− s)2

2
LF0

∫ T

0

∫ 1

0

|G(θ, x) | b0(x)dxdθ
∣∣ vm0 (s)− vm−1

0 (s)
∣∣ ds ∣∣∣∣∣ ≤

≤ ρ0 ·
∥∥ vm0 (t)− vm−1

0 (t)
∥∥
C[0,T ]

,

where ρ0 = T 3

6 MF0
LG0

MG0
.

From these estimates implies that the operator on the right-side of the equation (27) is
constructing. Consequently, the nonlinear integral equation (27) has a unique solution in
the space C(Ω̄). ◀

Theorem 5. Let the smoothness conditions 1 be fulfilled and
1) max

0≤t≤T
∥Fκ(t, x, ·) ∥L2[0,1]

≤ δκ, 0 < δκ = const <∞;

2) |F (t, x, u1)− F (t, x, u2) | ≤ l(x) |u1 − u2 | , 0 < l(x) ∈ L2[0, 1];

3) ρκ = M3 ∥lκ(x)∥L2[0,1]

∫ T

0
∥Gκ(t, x) ∥L2[0,1]

dt < 1, where M3 determines from (32)
below.

Then for all values of the parameter ω the equation (28) has a unique solution in the
space B2[0, T ] with norm

∥ v⃗κ(t) ∥B2[0,T ] =

√√√√ ∞∑
n=1

(
max
t∈[0,T ]

| vκ,n(t) |
)2

<∞.
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Proof. We define the successive approximations for the (28) as:{
v0κ,n(t, ω) = Pκ,n(t, ω),
vm+1
κ,n (t, ω) = J(t; vmκ,n), m = 0, 1 , 2 , 3 , ... .

(29)

We estimate the zero approximation. By virtue of smoothness conditions, applying
the Cauchy–Shwartz inequality and Bessel inequality, from approximations (29) we have

∥∥ v⃗0κ(t, ω) ∥∥B2[0,T ]
≤

√√√√ ∞∑
n=1

[
max
0≤t≤T

∣∣ v0κ,n(t, ω) ∣∣]2 ≤
∞∑

n=1

max
0≤t≤T

|Pκ,n(t, ω) | ≤

≤ max
0≤t≤T

∞∑
n=1

∣∣∣∣∣φ1,κ,nσ1,n(t, ω) +
1

3
√
µn(ω)

φ2,κ,nσ2,n(t, ω) +
1

3
√
µ2
n(ω)

φ3,κ,nσ3,n(t, ω)

∣∣∣∣∣ ≤
≤M0

[ ∞∑
n=1

|φ1,κ,n|+ 3

√
e

ω

∞∑
n=1

|φ2,κ,n |+
3

√( e
ω

)2 ∞∑
n=1

|φ3,κ,n |

]
≤

≤ C0(ω)M0

(
1

2π

)4
√√√√ ∞∑

n=1

1

n10

[∥∥∥φ(5)
1,κ

∥∥∥
ℓ2
+
∥∥∥φ(5)

2,κ

∥∥∥
ℓ2
+
∥∥∥φ(5)

3,κ

∥∥∥
ℓ2

]
≤

≤M1,κ

[∥∥∥∥ ∂5 φ1,κ(x)

∂ x5

∥∥∥∥
L2[0,1]

+

∥∥∥∥ ∂5 φ2,κ(x)

∂ x5

∥∥∥∥
L2[0,1]

+

∥∥∥∥ ∂5 φ3,κ(x)

∂ x5

∥∥∥∥
L2[0,1]

]
<∞, (30)

where
max

j=1,2,3
max
0≤t≤T

|σj,n(t, ω) | ≤M0 <∞, 0 < M0 = const <∞,

M1,κ = C0(ω)C1,κM0

(
1

2π

)4
√√√√ ∞∑

n=1

1

n10
, C0(ω) = max

{
1; 3

√
e

ω
;

3

√( e
ω

)2}
.

Taking the conditions of the Theorem and estimate (29) into account, applying the
Cauchy–Shwartz inequality and Bessel’s inequality, for the first difference v1κ,n(t)−v0κ,n(t)
we obtain ∥∥ v⃗1κ(t, ω)− v⃗0κ(t, ω)

∥∥
B2[0,T ]

≤ 1
3
√
ω

∞∑
n=1

1

λn
max
0≤t≤T

∫ t

0

|Qn(t, s, ω) | ×

×

∣∣∣∣∣
∫ 1

0

F

(
s, y,

∫ T

0

∫ 1

0

G(θ, z)

∞∑
r=1

v0κ,r(θ, ω)bκ,r(z)dzdθ

)
cκ,n(y)dy

∣∣∣∣∣ ds ≤
≤ M2

3
√
ω

(
1

2π

)5
√√√√ ∞∑

n=1

1

n10

∥∥∥∥ ∫ 1

0

F (t, y, ·) cκ,n(y)dy
∥∥∥∥
B2[0,T ]

≤

≤M3 max
0≤t≤T

∥Fκ(t, x, ·)∥L2[0,1]
<∞, (31)
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where

M2 = max
0≤t≤T

∫ t

0

|Qn(t, s, ω) | ds, M3 =
C2,κM2

3
√
ω

(
1

2π

)5
√√√√ ∞∑

n=1

1

n10
. (32)

We take into account that the quantities∫ 1

0

l(y)cκ,n(y) dy,

∫ 1

0

|G(t, z) | cκ,r(z)dz

are Fourier coefficients. So, we obtain∥∥ v⃗m+1
κ (t, ω)− v⃗mκ (t, ω)

∥∥
B2[0,T ]

≤

M2

3
√
ω

∞∑
n=1

1

λn

∣∣∣∣∣
∫ 1

0

l(y)

∫ T

0

∫ 1

0

|G(t, z)|
∞∑
r=1

∣∣vmκ,r(t, ω)− vm−1
κ,r (t, ω)

∣∣ bκ,r(z)dzdtcκ,n(y)dy
∣∣∣∣∣ ≤

M2

3
√
ω

∣∣∣∣∣
∞∑

n=1

1

λn

∫ 1

0

l(y)cκ,n(y)dy

∫ T

0

∫ 1

0

|G(t, z)|
∞∑
r=1

∣∣vmκ,r(t, ω)− vm−1
κ,r (t, ω)

∣∣ cκ,r(z)dzdt
∣∣∣∣∣ ≤

M2

3
√
ω

∣∣∣∣∣
∞∑

n=1

1

λn

∫ 1

0

l(y)cκ,n(y)dy

∣∣∣∣∣
∣∣∣∣∣
∫ T

0

∞∑
r=1

∣∣vmκ,r(t, ω)− vm−1
κ,r (t, ω)

∣∣ ∫ 1

0

|G(t, z)| bκ,r(z)dzdt

∣∣∣∣∣ ≤
ρκ ·

∥∥v⃗mκ (t, ω)− v⃗m−1
κ (t, ω)

∥∥
B2[0,T ]

, (33)

where

ρκ =M3 ∥lκ(x)∥L2[0,1]

∫ T

0

∥Gκ(t, x) ∥L2[0,1]
dt.

From estimates (30), (31), (33) it follows that the operator J(t; vκ,n) on the right-
hand side of (28) is contracting and there is a unique fixed point. So, the existence and
uniqueness of the solution v⃗κ(t) ∈ B2[0, T ] to (28) are proved. The theorem is proved. ◀

6. Continuous Dependence of the Solution to the
Problem (1)–(4) on Parameter ω

From the equations (27) and (28) we have to consider the Fourier series

V (t, x, ω) = b0(x)v0(t) +

∞∑
n=1

2∑
κ=1

bn,κ(x)vn,κ(t) =

= b0(x)

[
P0(t) +

∫ t

0

(t− s)2

2

∫ 1

0

F

(
s, y,

∫ T

0

∫ 1

0

G(θ, z)v0(θ)b0(z)dzdθ

)
c0(y)dyds

]
+
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+

∞∑
n=1

2∑
κ=1

bκ,n(x)

Pκ,n(t, ω) +
1

3

√(
λ2n + λ3n

)
ω

∫ t

0

Qn(t, s, ω)×

×
∫ 1

0

F

(
s, y,

∫ T

0

∫ 1

0

G(θ, z)

∞∑
i=1

vκ,i(θ, ω)bκ,i(z)dzdθ

)
cκ,n(y)dyds

]
. (34)

Theorem 6. Let be fulfilled the conditions of the Theorem 5. Then for all values of the
parameter ω the following estimate

|V (t, x, ω1)− V (t, x, ω2) | ≤ Ls |ω1 − ω2 | , 0 < Ls = const

holds.

The proof of the theorem 6 is similar to the proof of the corresponding theorem from
the works [32], [35].

7. Convergence of the Fourier Series

Theorem 7. Let the conditions of the Theorem 5 be fulfilled. Then for all values of the
parameter ω the series (34) converges absolute and uniform in the domain Ω.

Proof. The proof of the theorem 7 is based on obtaining the estimates (30) and (31) for
the Fourier series (34). Indeed, we have

|V (t, x, ω) | ≤
∞∑

n=1

| bκ,n(x) |

|Pκ,n(t, ω) |+
1

3

√(
λ2n + λ3n

)
ω

∣∣∣∣ ∫ t

0

Qn(t, s, ω)×

×
∫ 1

0

F

(
s, y,

∫ T

0

∫ 1

0

G(θ, z)

∞∑
i=1

vκ,i(θ, ω)bκ,i(z)dzdθ

)
cκ,n(y)dyds

∣∣∣∣∣
]
≤

≤ b̄0,κM1,κ

[∥∥∥∥ ∂5φ1,κ(x)

∂ x5

∥∥∥∥
L2[0,1]

+

∥∥∥∥ ∂5φ2,κ(x)

∂ x5

∥∥∥∥
L2[0,1]

+

∥∥∥∥ ∂5φ3,κ(x)

∂ x5

∥∥∥∥
L2[0,1]

]
+

+b̄0,κM3 max
0≤t≤T

∥Fκ(t, x, ·)∥L2[0,1]
<∞,

where

b̄0,κ = max
n=1,2,...

max
0≤x≤1

| bκ,n(x) | , κ = 1, 2.

◀
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8. Inverse Problem

Inverse problem we solve only for such values ω /∈ Λ1 of the parameter, for which
σ1,n(t1, ω) ̸= 0 holds. Putting the series (34) into the additional condition (5), deter-
mine the Fourier coefficients of redefinition function

φ1,0 = ψ0(ω)− φ2,0t1 − φ3,0t
2
1−

−
∫ t1

0

(t1 − s)2

2

∫ 1

0

F

(
s, y, V0(θ, z)

∫ T

0

∫ 1

0

G(θ, z)V0(θ, z)dzdθ

)
c0(y)dyds, (35)

φ1,κ,n =
1

σ1,n(t1, ω)
ψκ,n(ω)−

1
3
√
µn(ω)

σ2,n(t1, ω)

σ1,n(t1, ω)
φ2,κ,n−

− 1
3
√
µ2
n(ω)

σ3,n(t1, ω)

σ1,n(t1, ω)
φ3,κ,n − 1

3
√

(λ2n + λ3n)ω

∫ t1

0

Qn(t1, s, ω)

σ1,n(t1, ω)
×

×
∫ 1

0

F

(
s, y,

∫ T

0

∫ 1

0

G(θ, z)Vκ(θ, z, ω)dzdθ

)
cκ,n(y)dyds. (36)

From the representations (35) and (36) we obtain redefinition function as a Fourier series

φ1(x) = b0(x)
[
ψ0(ω)− φ2,0t1 − φ3,0t

2
1−

−
∫ t1

0

(t1 − s)2

2

∫ 1

0

F

(
s, y,

∫ T

0

∫ 1

0

G(θ, z)V0(θ, z)dzdθ

)
c0(y)dyds

]
+

+

∞∑
n=1

2∑
κ=1

bκ,n(x)

[
1

σ1,n(t1, ω)
ψκ,n(ω)−

1
3
√
µn(ω)

σ2,n(t1, ω)

σ1,n(t1, ω)
φ2,κ,n−

− 1
3
√
µ2
n(ω)

σ3,n(t1, ω)

σ1,n(t1, ω)
φ3,κ,n − 1

3

√(
λ2n + λ3n

)
ω

∫ t1

0

Qn(t1, s, ω)

σ1,n(t1, ω)
×

×
∫ 1

0

F

(
s, y,

∫ T

0

∫ 1

0

G(θ, z)Vκ(θ, z, ω)dzdθ

)
cκ,n(y)dyds

]
. (37)

The redefinition function φ1(x) is formal determined by the presentation (37). Now we
must prove convergence of the series in (37). However, first substituting the equations
(35) and (36) into presentation (34), obtain the formal solution of the inverse problem
(1)–(5):

V (t, x, ω) = b0(x)
[
ψ0(ω) + φ2,0(t− t1) + φ3,0(t

2 − t21)+

+

∫ t

t1

(t− s)2

2

∫ 1

0

F

(
s, y,

∫ T

0

∫ 1

0

G(θ, z)V0(θ, z)dzdθ

)
c0(y)dyds

]
+
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+

∞∑
n=1

2∑
κ=1

bκ,n(x)

[
χ1,n(t, ω)ψκ,n(ω) +

1
3
√
µn(ω)

χ2,n(t, ω)φ2,κ,n+

+
1

3
√
µ2
n(ω)

χ3,n(t, ω)φ3,κ,n +
1

3

√(
λ2n + λ3n

)
ω

∫ t

0

Hn(t, s, ω)×

×
∫ 1

0

F

(
s, y,

∫ T

0

∫ 1

0

G(θ, z)Vκ(θ, z, ω)dzdθ

)
cκ,n(y)dyds

]
, (38)

where

χ1,n(t, ω) =
σ1,n(t, ω)

σ1,n(t1, ω)
, χ2,n(t, ω) = σ2,n(t, ω)−

σ2,n(t1, ω)

σ1,n(t1, ω)
σ1,n(t, ω),

χ3,n(t, ω) = σ3,n(t, ω)−
σ3,n(t1, ω)

σ1,n(t1, ω)
σ1,n(t, ω),

Hn(t, s, ω) =

{
Qn(t, s, ω)− σ1,n(t,ω)

σ1,n(t1,ω)Qn(t1, s, ω), 0 ≤ s ≤ t1,

Qn(t, s, ω), t1 ≤ s ≤ t.

To find the function V (t, x, ω) from (38), we solve the following equations

v0(t) = ψ0(ω) + φ2,0(t− t1) + φ3,0

(
t2 − t21

)
+

+

∫ t

t1

(t− s)2

2

∫ 1

0

F

(
s, y,

∫ T

0

∫ 1

0

G(θ, z)v0(θ)b0(z)dzdθ

)
c0(y)dyds, (39)

vκ,n(t) =

∞∑
n=1

[
χ1,n(t, ω)ψκ,n(ω) +

1
3
√
µn(ω)

χ2,n(t, ω)φ2,κ,n+

+
1

3
√
µ2
n(ω)

χ3,n(t, ω)φ3,κ,n +
1

3

√(
λ2n + λ3n

)
ω

∫ t

0

Hn(t, s, ω)×

×
∫ 1

0

F

(
s, y,

∫ T

0

∫ 1

0

G(θ, z)

∞∑
i=1

vκ,i(θ, ω)bκ,i(z)dzdθ

)
cκ,n(y)dyds

]
. (40)

For the solvability of the equations (39) and (40) hold the Theorems 4 and 5, if the
following smoothness condition 2 is fulfilled.

Smoothness condition 2. Let the function ψ(x) satisfies the conditions

ψ(x) ∈ C(5)[0, 1], ψ(1) = ψ′′(0) = ψ(4)(1) = 0, ψ′(0) = ψ′(1), ψ′′′(0) = ψ′′′(1).

Then, we integrate by parts

ψ0 =

∫ 1

0

ψ0(y)c0(y)dy, ψκ,n =

∫ 1

0

ψκ(y)cκ,n(y)dy, κ = 1, 2,
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five times on the variable x, and obtain

ψ1,n = −
(

1

2π

)5 ψ
(5)
1,n

n5
, ψ

(5)
1,n =

∫ 1

0

∂5ψ(y)

∂y5

(
e2πny − e2πn(1−y)

e2πn − 1
+ cos 2πny

)
dy,

ψ2,n =

(
1

2π

)5 ψ
(5)
2,n

n5
, ψ

(5)
2,n = 2

∫ 1

0

∂5ψ(y)

∂y5
sin 2πny dy,

∥∥∥ψ(5)
κ

∥∥∥
ℓ2

≤ C3,κ

∥∥∥∥ ∂5ψκ(x)

∂x5

∥∥∥∥
L2[0,1]

.

Theorem 8. Let the smoothness conditions 2 and the conditions of the Theorems 4
and 5 be fulfilled. Then for values of the parameter ω from the set Λ1 the series (38)
converges absolute and uniform in the domain Ω. Moreover, the solution of the inverse
mixed problem (1)–(3), (5) belongs to the class of functions (4).

Proof. As a case of proof of the Theorem 7, we have

|Vκ(t, x, ω) | ≤
∞∑

n=1

| bκ,n(x) |

( 1

2π

)5

max
0≤t≤T

|χ1,n(t, ω) |

∣∣∣ψ(5)
κ,n

∣∣∣
n5

+

+
1

3
√
µn(ω)

(
1

2π

)5

max
0≤t≤T

|χ2,n(t, ω) |

∣∣∣φ(5)
2,κ,n

∣∣∣
n5

+

+
1

3
√
µ2
n(ω)

(
1

2π

)5

max
0≤t≤T

|χ3,n(t, ω) |

∣∣∣φ(5)
3,κ,n

∣∣∣
n5

+
1

3
√
(λ2n + λ3n)ω

max
0≤t≤T

∫ t

0

|Hn(t, s, ω) | ×

×

∣∣∣∣∣
∫ 1

0

F

(
s, y,

∫ T

0

∫ 1

0

G(θ, z)Vκ(θ, z, ω)dzdθ

)
cκ,n(y)dy

∣∣∣∣∣ ds
]
.

Hence, using the Cauchy–Schwarz inequality, we derive

|Vκ(t, x, ω) | ≤ χ0C0(ω)

(
1

2π

)5
√√√√ ∞∑

n=1

1

n10
max
0≤x≤1

| bκ,n(x) |
[∥∥∥ψ(5)

κ

∥∥∥
ℓ2
+
∥∥∥φ(5)

2,κ

∥∥∥
ℓ2
+

+
∥∥∥φ(5)

3,κ

∥∥∥
ℓ2

]
+ max

0≤x≤1
| bκ,n(x) |

(
1

2π

)4
√√√√ ∞∑

n=1

1

n8
max
0≤t≤T

∫ t

0

|Hn(t, s, ω) | ds×

×

∥∥∥∥∥
∫ 1

0

F

(
t, y,

∫ T

0

∫ 1

0

G(θ, z)Vκ(θ, z, ω)dzdθ

)
cκ,n(y) dy

∥∥∥∥∥
B2[0,T ]

, (41)

where

χ0 = max
n=1,2,...

{
max
0≤t≤T

|χ1,n(t, ω) | ; max
0≤t≤T

|χ2,n(t, ω) | ; max
0≤t≤T

|χ3,n(t, ω) |
}
.
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Using the Bessel inequality, from the estimate (41) we obtain the necessary estimate on
convergence of series (38)

|Vκ(t, x, ω) | ≤ χ0b̄0,κC0(ω)

(
1

2π

)5
√√√√ ∞∑

n=1

1

n10
×

×

[∥∥∥∥ ∂5ψκ(x)

∂ x5

∥∥∥∥
L2[0,1]

+

∥∥∥∥ ∂5φ2,κ(x)

∂ x5

∥∥∥∥
L2[0,1]

+

∥∥∥∥ ∂5φ3,κ(x)

∂ x5

∥∥∥∥
L2[0,1]

]
+

+b̄0,κM1

(
1

2π

)4
√√√√ ∞∑

n=1

1

n8
max
0≤t≤T

∥Fκ(t, x, ·)∥L2[0,1]
<∞, (42)

where b̄0,κ = max
n=1,2,...

max
0≤x≤1

| bκ,n(x) | , κ = 1, 2.

From the estimate (42) implies the convergence of the series (38). The proof of be-
longness of the solution to inverse mixed problem (1)–(3), (5) to the class of functions
(4) is similar.

Substituting the solutions of the equations (39) and (40) into series (37), we deter-
mined redefinition functions φ1(x). The proof of convergence of the series (37) is similar
to the proof of the Theorem 8. ◀

9. Conclusion

It is considered a seventh order nonlinear partial differential equations (1) with mixed
conditions (2) and (3) and with a positive parameter ω. The Fourier spectral method
of separation of variables is applied. The eigenvalues and eigenfunctions of the spectral
(adjoint spectral) problems (7), (8) ((11), (12)) are calculated (see, (9), (10) and (13)).
Systems of nonlinear functional-integral equations (27), (28) and (39), (40) are derived.
Theorems on the uniqueness and existence of the solution of mixed problem (1)–(3)
is proved for all values of parameter. The method of contraction mapping is applied for
solving the systems (27) and (28) in the Banach spaces C[0, T ] and B2[0, T ], respectively.
The solution of the inverse mixed problem (1)–(3), (5) is obtained in the form of Fourier
series (38). Analogously, the redefinition function is determined as a Fourier series (37).
Theorem 5 on absolute and uniform convergence of Fourier series (34) of direct mixed
problem (1)–(3) is proved for all values of the parameter ω. Theorem 8 on absolute and
uniform convergence of Fourier series (38) of inverse mixed problem (1)–(3), (5) is proved
for values of the parameter ω from the set Λ1.

We hope that this work can serve as a basis for further development of the theory of
partial differential equations of mathematical physics.
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