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Abstract. In this paper, a seventh order nonlinear partial differential equations with
mized and additional conditions and positive parameter is considered. The Fourier
spectral method of separation of variables is applied. Countable systems of nonlinear
functional-integral equations are derived. Theorem on the uniqueness and existence of
the solution of inverse problem is proved for some values of parameter. The method of
contraction mapping in Banach space is applied. The solution of the inverse problem is
obtained in the form of Fourier series. Theorem on absolute and uniform convergence of
Fourier series is proved.
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1. Formulation of the Problem Statement

Differential equations of parabolic and hyperbolic types are the base of the equations
of mathematical physics. Along with equations of parabolic and hyperbolic types, pseu-
doparabolic and pseudohyperbolic differential equations are often studied.
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210 Mixed problem for a nonlinear differential equation of the seventh order

Let us consider differential equations of the form

PL Hk+am o2m
g TV gggan T (D gy | U e) = f(t),

where £k =1,2,3, m=1,2,3,...,n.

This equation is sometimes called a Barenblatt—Zheltov—Kochina equation at k = 1.
And when k = 2, it is often called a Boussinesq type differential equation. These types of
equations have important applications in physics and mechanics. Many works have been
devoted to the study of this equation for k = 1,2 (see, for example, [1]-[9], [11]-[13], [15],
[16],[18]-[20], [22]-[31], [33], [34], [36]). However, we have not yet encountered a single
work on the study of an equation in the case of k = 3.

When k = 3 and m = 1, the equation is studied in our works [32], [35] for Dirichlet
conditions. In this paper we consider a case k = 3 and m = 2 with Samarskii—Tonkin type
conditions and nonlinear right-hand side. We study the solvability of the inverse mixed
problem for a seventh order nonlinear differential equation with identification source func-
tion and positive parameter. So, in the rectangular domain, 2 ={0<t<T, 0 < x < 1}
we consider the following partial differential equation:

83 37 34 T 1
75 + 930 24 +w6x4} Vit,x) = F t,x,/o /0 G(s,y)V(s,y)dyds |, (1)

where F(t,x,-) € C’gf(.@ x R), 0 < G(t,z) € C(2), T is given positive number, w is a

positive parameter, {2 = {O <t<T,0<x< 1}.

No great effort is required to compile applications of the equation (1) in the study of
processes related to the oil and gas sector. In solving partial differential equation (1), we
use the following Samarskii—Tonkin type conditions:

V(t,1) =0, Vo (t,0) =0, Vo(¢,0) =Vo(t,1), Varw(t,0) = Var (8,1), 0<t<T, (2)
and initial value condition
V(va) = @1(1’), ‘/t(ovl') = 902(1')) ‘/tt(o,m) = 903(1')7 0 S x S 1, (3)

where 1 () is redefinition function, @o(z) and ¢3(z) are given enough smooth functions
on the segment [0, 1].
Direct Problem Statement. To find a function

V(t,z) € C(2)NCY2 (), (4)

which satisfies differential equation (1) and conditions (2) and (3).
Inverse Problem Statement. To find a pair of functions {V(¢,z), ¢1(x)}, using
conditions (2), (3) and following additional condition:

V(ty,z) =¢(x) e CW0,1], 0<t, <T, (5)

where 9 (z) is given function.
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2. Some Auxiliary Materials about Riesz Bases

From the work [10] we use some materials in our present studies. Let {b,(z)} and {c,(z)}
be two complete systems of functions from Ls[a,b]. Let us denote by (b,c), the scalar
product of functions b(x) and ¢(z) in Ls[a, b]:

!
(0,¢)g = (b:¢) 1,0y :/ b(x)c(z)d.

Definition 1. Systems {b,(2)} and {c,(z)} form a biorthonormal system on some
interval [a,l], if
l
0, n#k,
(bn,Ck)O = /a andeC == 571](: = { 17 n = k’

in this case the system {cn (x)} is called biorthogonally adjoint to the system {bn(x)} on
the interval [a,l].

Definition 2. A system of elements {bn(x)} is called minimal in Lsla,l], if none of its
elements belongs to the closure of the linear span of other elements of this system.

The minimality of the system ensures the existence of a biorthogonally conjugate
system.

Definition 3. The biorthogonal expansion of a function f € La[a,l] in a system {b,(x)}
ts called a series

f(l‘) ~ Z dnbn(x)v
n=1

where d,, = (f7 C”)o'

Definition 4. A complete and minimal system of functions {bn (:c)} 1s called Besselian,
if for any f € Lala,l] the series of squares of the coefficients of its biorthogonal expansion
in {bn(z)} converges:

Z |(facn)0|2 < 00,

n=1

where {cn} is biorthogonally conjugate system to {bn(a:)}
Definition 5. A complete and minimal system of functions {bn(x)} is called a Hilbert

o0
system, if for any sequence of numbers d,,, such that Y d* < oo, there is one and only
k=1

one function f € Lsla,l], for which d,, are coeﬁﬁcientsiof its biorthogonal expansion on
{bn(z)}:
dy, = (f,cn)o, n=12, ...

Definition 6. A complete and minimal system is called a Riesz basis, if it is both Bessel
and Hilbert basis.
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From the work [17] we use the following theorem.

Theorem 1. The following statements are equivalent:

1) the sequence of functions {cj(x)}(;o forms a basis, equivalent to the orthonormal one,
in the space R;

2) the sequence of functions {cj (x)}(;o will be an orthonormal basis of the space R with

the appropriate replacement of the scalar product (f, g) by some new one (f, 9)1’ topo-
logically equivalent to the original one;

3) the sequence of functions {c](a:)}io is complete in R and there exist constants,
ay, az (> 0), such that for any natural n and any complex numbers 1, vy, ..., yn there

holds
n n n
as Y 1P <> el <ar Dyl
j=1 j=1 j=1

4) the sequence of functions {c; (x)}?o is complete in R and its Gram matriz
(¢j(x), cr(x)) generates a boundedoomvertible operator in the space la;
5) the sequence of functions {cj (:17)}1 is complete in R, corresponds to complete biorthog-

onal sequence of functions {X](x)}io and for any f(x) € R is true that

Z|(f’cj)‘ Z faX]
j=1 j=1

Lemma 1. ([21]) Let be f(z) € L3[0,1] and ap = fol f(x)e Mody, b, =

f flx eM@E=Ddg where X is an arbitrary complex number with a positive real part

&) (o)
(A=a+iB, a>0). Then the series Y |ax|?, . |bk|? are convergence.
k=1 k=1

3. Eigenvalues and Eigenfunctions

First, we consider homogeneous differential equation

FU(tx) |, OU(tx) | 0*U(t,)

13 13 0 get O (6)

We will look for a non-trivial particular solution of the equation in the form U(t,z) =
u(t) - 9(z). Substituting this product of functions, depending from different variables,
into equation (6), we obtain

u’”(t) B 19(4)(:E)
() () )

Hence, equating second fraction into A we obtain

I (z) — Md(z) =0, A>0. (7)
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Using conditions (3), from product of two functions we obtain conditions for the eigen-
values A and eigenfunctions J(x):

J(1) =0, 97(0)=0, 9'(0)=v(1), 9"(0)=9"(1). (8)
Solving the spectral problem (7), (8), we derive the eigenvalues
Ao = (2mn)*, n=0,1,2, ... (9)
Eigenfunctions, corresponding to the eigenvalues (9), have the forms

) e2mnx _ e27rn(1fx)
Po(x) =2(1—x), Vin(x) = —2sin2mnz, Vo,(z) =

] —cos 2mnzx. (10)

The spectral problem (7), (8) is not self-adjoint and it is easy to see that the following
problem will be adjoint to it:

wB(z) = Mw(z) =0, 0<z<l, (11)

w(0) =w(l), «'(1)=0, w"(0)=w"(1), w"(0)=0. (12)

Along with problem (7), (8), we also consider adjoint to it problem (11), (12). Solving
this problem, it is not difficult to see that the eigenfunctions, corresponding to eigenvalues
(9), have the form

e2mnT + eQﬂn(lfz)

wo(z) =1, wip(z) = —sin2mnx, wa,(r) = —2cos2mnx.  (13)

eQ‘n’n -1

It should be noted that (10) and (13) are a non-orthogonal system of functions.
Indeed, let us consider, for example, the system (10) and calculate it

(190(@ ) 79;1)(33»0 = —4/01(1 — z) sin 2mnadr = —l £0.

™
Let us study the issues of the basis of systems (10) and (13) in L»[0, 1].
Lemma 2. Systems of functions (10) and (13) are biorthogonal systems in L2[0,1]:

1, k=n, i=j ..
(ﬁO;WO)Ozla(ﬁik7w]’n)O:{0, ket it ,7=1,2, nk=12, ...

Proof. We present the proof of Lemma 2 for the functions 91, (z) and wy,(z). According
to Definition 1, we calculate the integral

1 2mne 27n(l—x)
(191k7w1n)0 = —2/ sin 2wkx (e 2+ ¢ —sin 27mx) dx =
0 esTn — 1
9 1 1
1 / (627”“” + 62””(1*‘”)> sin 2rkxdx + 2/ sin 2mne sin 2wkxdx = Ik, + Jin.-
e=™ —1Jo 0
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Simple calculations are showed that

9 1
Iy, = —271/ (e*™e 4 eQm(l_I)) sin2rkxdxr =0, k,n € N,
e ™ __ 0
! 1, k=n
JanQ/O sm27rkx-sm27macdx:{0, kAn k,n € N.

Consequently, (Y14, w1n)o = 1 for k =n and (ﬁln,wln)o =0 for k # n. The Lemma 2 is
proved. <

Lemma 3. The systems of functions (10) and (13) are minimal in L2[0, 1].

The proof of Lemma 3 follows from the existence of a biorthonormal system, which
was established in Lemma 2.

Theorem 2. The system of functions (10) and (13) is complete in the space L2[0,1].

Proof. First, we prove the completeness of (10). Assume the opposite, let the system of
functions (10) be incomplete in L]0, 1]. Then there exists a function ¢ (z) from Lo (0,1),
that is orthogonal to all functions of the system (10). We will expand the function ()
into a Fourier series

Y(x) = ao + Z(an cos 2mnx + by, sin 2nx),
n=1

which is convergence in Ly [0, 1]. Since ¢(z) is orthogonal to the system {—2sin 2rna} - |,
the last expansion takes the form
Y(x) =ao+ Z ap COS 2TNT. (14)

n=1

By assumption, v (z) is orthogonal to all functions of the form ¥g(x), ¥ox(z). Next,
multiplying the series (14) successively by these functions and integrating over the interval
(0,1), we have

1 1 oo 1
0= 2/ P(z)(1 — x)dx = 2a0/ (1 —xz)dx+2 Z an/ (1 — x) cos 2mnadr = ay,
0 0 - Jo

1 e2mka _ eQﬂ'k(lfz)
0= /0 P(x) - < k] - cosZwkx) dx =

s 1 e271'k‘$ _ eQﬂ'k(l—ac) 1
= Zan/ ( 5 — cosZwka:) cos2mnxdr = ——ap, k=1,2,3, ....
e2mk — 1 2

n=1 0

Hence, follows that ap = 0, k = 0,1,2,... Therefore, from (14) we obtain that
Y(xz) = 0 on [0,1], which contradicts the condition (z) # 0. Thus, system (10) is
complete in the space Lo[0,1].
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Now we will prove the completeness of the system (13). Let there ¢(z) be a function
from Ls[0, 1], different from zero, orthogonal to all functions of system (13). Since the
function ¢ (z) is orthogonal to system {—2cos2wna} ~, it can be represented in L,[0, 1]
as a sine series

Y(x) = Z by, sin 27nx. (15)
n=1

Next, multiplying the last series by wix(x) and integrating over the segment [0, 1],
taking into account the orthogonality of the functions ¥ (z) and wig(x), we obtain

1 2rkx 2nk(1—x)
0= /0 P(x) (e e;:— . - sin27rkm> dx =

e 1 2rkx 27k(1—x) 1
= Z bn/ (e 2_:: T — sin27rkx> sin 2mnxdr = fibk, k=1,2, ...,
n=0 0 € o

ie. by =0, n=1,2,... Then from (15) it follows that ¢)(x) = 0 on [0, 1], i.e. the system
(13) is complete in L]0, 1]. Theorem 2 is proved. |

Theorem 3. The system of functions (10) and (13) forms the Riesz basis in Lo[0,1].

Proof. To prove the Riesz basis property of the systems (10) and (13), according to The-
orem 1, it is sufficient to establish the completeness of these systems and the convergence
for any 1(x) € L0, 1] of the following series:

(), 21— 2))2 + 3 ((), ~2sin 27na)? +

n=1
+ nz::l <¢(x)’ 62‘fmi_l(e?m’u: . 627rn(1793)) — COs 27rmc>0 , (]_6)
(Y(x), 1)(2) + Z (¥(x), —2cos 27mx)(2) +
n=1
+ Z (m (627"” + 627”1(171)) — sin 27, w(z)> . (17)
o\t - 1 0

The completeness of the systems (10) and (13) follows from Lemma 2 and, therefore,
we will show the convergence of series (16) and (17). Let us consider the series (11) and
use the notation

I =4 (y¥(x), (1 - x))g , Ih=14 Z (¥(x), sin 27mx)§ ,
n=1

2
e2mna eQﬂ'n(lfz)

I; = Z (@b(m), 62;" . — cos 27mx>

0
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Applying the Cauchy—Shwartz inequality, for I; we obtain

2

L=14 ( / - xw(x)dx) <af (1 - 2 / @) = 210@) 17 Lo <

Further, we have

l
vt
€

oo
51n27mx 0 = 22 ( \/ism%'mr) = Z fl

where ¢, = (¢(z), v2sin2mnz) are Fourier coefficients of a function ¢ () in an orthonor-
mal system {\/§ sin 27Tnx}. Hence, applying Bessel’s inequality, we obtain, that

oo

Z 2|l y(= HL2[0,1] < 00.

Next, we consider I3. Since

e2mne _ e27rn(17a:) 2

A= (1/1(95), T — cos 27m:c) =

0

e2mnT _ e27'rn(1—x) 2

= (WW ) (w(x),coszmx)> ,

0

applying the inequality (a + b)? < 2(a? + b?), we obtain

e2mne _ eZ‘n’n(l —x)

A<2 (1/)(90), T ) + 2 (¢(x), cos 27mx)(2) =
0

e27rn:v e27rn(17:1:) 2 )
=2 <(%/1(:C), 62”"—1> - (w(x), 62””—1)>0 + 2 (¢(x), cos 2mnx), -

Applying the previous inequality again, we get that

e2mna 2 eZﬂ'n(lfz) 5
A<4 (1/1(95)» 62””—1>0 +4 <1/)($)7 egm_1>0 + 2 (¢(x), cos 2mnx); -

Hence, we obtain
2ﬂnm

2 e 27Tn(1 x)
13<4Z< 6271'n_1>0+4z<w($7627rn_> +2Z COSQ’/TTLQL')(Q):
n=1

n=1
=Ji+ 2+ Js.
For the J3 we have

oo o0
2
E x),cos2mnx)” = g aZ,

n=1
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where a, = (¢(z), V2 cos 2mna) are Fourier coefficients for function ¢ (z) in orthonormal
system {\/§ cos 27m:5}. Then, applying Bessel’s inequality, we obtain that

Za <lv(= ||L2[01 < 0.

n=1

Since
2

e2mnT 2 1 e2mn 2rn(a—1)
e _ Lo ezl _
() ) = ([ vt e )

2 2

1 1 9 ) 1 i 1
S B e R

for J; we derive

o] 1 2 00 1
S <16 ( / ¢(x)e2m<“>da;> =16 b2, by = / (@)™ 1=2) gy
n=1 0 n=1 0

Hence, taking into account Lemma 1, we obtain that J; is finite. Similarly, we obtain
that Jy is also finite. Thus, the series I; and I5 converge. Therefore, the series (16) also
converges. The convergence of the series (17) is proved similarly. Theorem 3 is proved. «

4. Construction of Solutions of the Direct Boundary
Value Problem

Taking into account the formulas (10) and (13) we look for a solution to the problem
(1)—=(3) in the form of following Fourier series:

V(t,z) = vo(t Z V1,0 (t) b1, () + V2,0 (t) b2, (7)) (18)

where

e2mnT _ ean(l—z)

bo(z) = 2(1 —z), bin(z) = —2sin2mnz, bo,(x) = 1 — cos 2mn,

1

volt) = / Vit y)eo(y)dy, vnnlt) = / V(t, y)enn()dy, (19)

0 0

van(t) = / V(b y)ean (y)dy, (20)

e2mn + 6271'71(1—1)

co(xz) =1, c1p(z) = ] —sin2mnz, con(x) = —2cos2mna.
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Let the function V (¢,2) be a solution to the direct mixed problem (1)—(4). Then, substi-
tuting representation (18) into equation (1), we obtain

Z O () ban (@) + 050 (6) ba.n(2)) +
+ 3 A [V, (8) by (@) + 08, (b2 (@ +wZA V10 (t) b1,0 (@) + V2,0 (1) b2,n (2)] +
n=1
= ZFln Vb1 n(x) + Fon(t,-) ban(z)),
where

1 1
Folt,) = / F(t,)eo(y)dy, Fan(t,) = / F(t, Yenn(p)dy, k=12 (21)

Hence, by virtue of (19)—(21) into account, we obtain

vy () = Fo(t, ), (22)
Ul () + i (W) Ve () = % k=12, (23)
where N
(W) = 22\, = (2nm)h.

1+ X\,
Taking into account the formulas (10) and (13), we consider the functions ¢;(z), j =
1,2,3 as in the case of (18):

‘P( )= ‘PJObO Z ‘Py,lnbln +‘P12nb2n( ) s (24)
where

1 1
©ji0 = / @](y)CO(y)dy, Pikn = / Pj (y)Cn,n(y)dy, R = 17 27 j = 15 273
0 0

The differential equation (22) is scalar. The differential equation (23) is the countable
system of differential equations. Taking (24) into account, from the conditions (2) we
obtain

. 1 gi-1 ! :
o§ 1)(0):/0 W[V(O,y)]c()(y)dy:/o pj(@)co(y)dy = pjo, j=1,2,3, (25)

1 6‘j_1
g Oti—1
First, we integrate the equation (22) with conditions (25):

vo(t) = Jo(t;v0(t)) = Polt)+

V0, 9)]ewn (y)dy = / 3 () (W) Ay =; s mr = 1,2,3. (26)
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Fit—s)? [t T rl
+ /0 2 /0 F (811 /0 /0 G(&Z)vo(e)bo(z)dzde) co(y)dyds, (27)

Po(t) = 1,0 + P20t + @3 0t>.

The presentation (27) is nonlinear integral equation and equivalent to the problem
(22), (25).

Now we solve the countable system (23) of ordinary differential equations with initial
value condition (26). From the works [32], [35] we have

1 t
JoE o o

1 T 1 [e'e]
></ F (s,y,/ / G(@,z)va(ﬁ,w)bm(z)dzd9> Cen(y)dyds, (28)
0 o Jo P

where

Vpn(t,w) = Py (t,w) +

where
1
Pn,n(t7w) = (Pl}/{,ngl,n(t,w) + 3 (PZ,n,nUZ,n(t7W) + ﬁ(,@&,{,no'g’n(t,w%
M”(w) :U‘n(w)
1 Yin (@)
Qn(t,s,w) = 3 [e Vi@ 4 9o 5079 gin <é§ V(@) = 5) + g) :

1 i (@)t 3
1,0 (t,w) = 3 [e‘ Vit 4 ge5 cosg Y/ pin (w) ] ,

0—27n(t, w) =

)

[e_ Y pn (W)t _ %% Wt sin (ég Y o ()T + 7(;)

i (@
(@)t _ 9o gy (? V o (W) — g)] .

The presentation (28) is countable system of nonlinear integral equations and equivalent
to the problem (23), (26).

We note that if the functions @, (¢, s,w), o;n(t,w), j=1,2,3 become zero at some
values of parameter w, then for these values of parameter the functions in (28) will be
trivial.

We obtain the following transcendental equation

W =

3

1] _
O30 (t,w) = 3 [e

3 1 - )
sin ({y—i— g) = —ieTBy, Y= v pn(w)(t—s)>0,

for the function @, (¢, s,w) and

3 1 -
cos gy = —ieTgy, Y= v/ tin(w)t >0,
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for the function o, (¢, w), respectively, p,(w) = 1i§ww. Functions g, (t, w), 03 ,(t,w)

become zero at some values of parameter w. We replace these equations by the following
transcendental equations:

2 6

1 —oY
sin (ﬁy+ W) = 5673, Y= in(w)t >0,

1 — 3
sin (ﬁy W) = 56%, Y= n(w)t >0,

respectively.

The values of parameter w, for which the functions above become zero, we denote by
Aj, j=1,2,3,4, respectively. However, from the fact A3 N A N A3 N Ay = 0 we deduce
that the problem (1)—(3) is not trivial.

We will study every integral equation (27) and (28).

Smoothness condition 1. Let the functions ¢;(x) (j = 1,2,3) and F'(t, z, -) satisfy
the conditions

pi(x) € CO0,1), (1) =@}(0) = (1) =0, ¢}(0)=(1), ©/(0) = (1),

F(t,z,-) € Cpr (2 x R).
Then, we integrate by parts

1 1
saj,o:/ ©0;(y)co(y)dy, %,n,n:/ 0i(W)een(y)dy, k=1,2, j=1,2,3,
0 0

five times and (21) one times on the variable x, respectively, and obtain

5 (5) 1 a5 27n 27n(l—y)
1 Piin 5 @, ey — ¢ Y
Ojdn = — ( ) poln 8051)71 = /O ©i(y) ( . + cos 27my> dy,

2m n® dyP
(5) 1
L\ 520 ) 9”9,y .
¥Pj,2,;n = (27r> nh Pji2n = 2/0 Tﬁ sin 2wnydy,
1 Fll (t7 ) 1 aF(t y ) €2ﬂ"ﬂy _ 627T71(1—y)
Fnta' :_7L7 F/ t,~ = A 9 d7
1n(t, ) o n 1,n( ) /0 ay o2 1 + cos2mny | dy
1 FQI" laF(tay7') .
Fon(t,-) = Py n ) F2/7n(t, )= /0 7?/ sin 2mnydy.
It is easy to see that [14]
(@ . OF,(t,x,-
|6, <cn | ZeeD ) iovas Ee ), <0 | RS
12 T L2[0,1] T Ls[0,1]
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5. Solvability of the Integral Equations (27), (28)

Theorem 4. Let the conditions be fulfilled:

1) My, = H F (t,x,fOT s G(a,z)vo(e)bo(z)dzde) HC( )
2)|F(t,z,uy) — F (t,z,u2) | < L, |ug —uz|, 0< Lp, = const;
3) Ma, = [} [} |G(t,z) || bo(z) | dadt < oo;

4) po = Mp,LayMa, < 1.

Then the integral equation (27) has a unique solution in the space C(§2). This solution
can be found by iteration process:

< oo, 0< Mg, = const;

v (t) = Po(t) = 1,0 + 2,0t + 3,082,
v (t) = Jo(t; vt (1), m=0,1,2, ....

Proof. According to the conditions of the theorem, we derive the following estimates:

T2.

)

[ vo(t) ||C[07T] <ol +w20lT+ 30

| v5(t) = wo (1) HC[O,T] <

t (t _ 8)2 1 T 1 0 T3
< < .
OrgntanT/o 3 /OF s,y,/o /OG(H,Z)UO(H)bO(z)dsz co(y)dyds | < 6MFO,
log™ ) = 06" () [l opo.ry <
< [ 6i0,0) | bo(a)d do| vy (s) — v (s) | ds | <
< joax, ; 5 mofof , ) | bo(x)dxdl | vt (s) — vy~ (s) |ds| <

-1
S Po - || U(r]n(t) - U(7)n (t) ||C[O,T] )
where py = %SMFOLGOMGO.
From these estimates implies that the operator on the right-side of the equation (27) is

constructing. Consequently, the nonlinear integral equation (27) has a unique solution in
the space C(£2). <

Theorem 5. Let the smoothness conditions 1 be fulfilled and
1) Jmax [ Fe(t, ) 1 1,00,1) < Oy 0 < 0 = const < ooy

2) | F(t,m,u1) — F(t,z,ug) | < U(z)|ug —usg|, 0<I(x)€ Lyf0,1];
3) pr = Ms|[lc(@)l 1,01 fOT | Gr(t,2) || 1,00 dt < 1, where My determines from (32)
below.

Then for all values of the parameter w the equation (28) has a unique solution in the
space Ba[0,T| with norm

e’} 2
_"‘”v t = KN t < .
170 o = || 3 (g, 10en®1) < o0
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Proof. We define the successive approximations for the (28) as:

vg,n(tvw) = Pﬁ,n(tvw)ﬂ (29)
ol (tw) = J(tor,), m=0,1,2,3,...

We estimate the zero approximation. By virtue of smoothness conditions, applying
the Cauchy—Shwartz inequality and Bessel inequality, from approximations (29) we have

] 2 [e’e}
_O
|| U, (t,w) HBg[O,T] < § ‘ [Or<nta<XT | Ug,n(ta w) }:| < § ‘ ogltang ‘ Pmn(ta w)| <
n= n—=
> 1
< max
0<t<T
- 7 n=1

— (t,w)
<p37n,n0-37n , W
Vg (w)

oo oo on 2 oo
< M() [Z |S01,)<;,n| + 3 Z |g027;q,n ‘ + 13/ (;) Z |§037;{,n ] <
n=1 n=1 n=1

(5) <
|:H Sol,l*i f2:| —

<

(pl,mno-lm(taw) + 37<p27n7n0-27n(t7w) +
V Mn(w)
e
w

(5)
A + H ‘P2,rc

(5)
A + H ®s.n

8% pa 0° 3 1
+HS02’ (z) +H(p3"5(x) < o0, (30)
Ls[0,1] dx L2[0,1] oz L[0,1]
where

max max |oj,(t,w)| < My <oo, 0< My=const< oo,
7=1,2,30<t<T ’

> i o) - max{l; Iz M}

Taking the conditions of the Theorem and estimate (29) into account, applying the
Cauchy—Shwartz inequality and Bessel’s inequality, for the first difference v
we obtain

1\
M . = Co(w)Ch My ()

2

;,n(t)ivg,n (t)
(| 7k (¢, w) — Ta(t, w) HB2[O,T] =

1 1 p
1 .
7 2 o gma, [ 1Qu(ts0)

1 T 1 fe’e)
/ F (s,y,/ / G(&z)ngm(&w)bmr(z)dzaW) Cren(y)dy
0 o Jo =

<22 <217r)5 / P () )y

< My oo [|Ee(t, @)l g0,y < 00

X

ds <

oo

1
2 1o

n=1

<

B5[0,T)]
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where
t 5 oS}
Co My (1 1
M2 = Ol'%ltaSXT/O |Qn(t, S,CU) ‘ dS, M3 = 37\/5 (271_> nE:1 W (32)

We take into account that the quantities

1 1
| 1wentin. [ 1602 6z

are Fourier coefficients. So, we obtain

|| ﬁn+1(tvw) — U (t w

Migyom <

/ |Gtz|Z’v,wtw ) = 0l (b w)| b (2)dzdte, n (y)dy| <

M.

\3/% Y)ern(y dy/ / |G(t, 2)| ;| ol (tw) — ol w) | e (2)dzdt| <

Mz |5~ /z )d /Z\ (t, "'1t)\/1|a(t ) by (2)dzdt| <

\3/(; Con(y)dy v (tw) — vt w ; 2 2)| b r(2)dzdt] <
Pr - |‘1—}?(t7w) - 17’:L—1(t7w)HBQ[O’T] ) (33)

where

T
pr = M; ||ln(17)||1;2[o,1] /0 | Gr(t, x) ||L2[o,1] dt.

From estimates (30), (31), (33) it follows that the operator J(t; v ,) on the right-
hand side of (28) is contracting and there is a unique fixed point. So, the existence and
uniqueness of the solution v, (t) € Bz[0,T] to (28) are proved. The theorem is proved. «

6. Continuous Dependence of the Solution to the
Problem (1)—(4) on Parameter w

From the equations (27) and (28) we have to consider the Fourier series

V(t.]?w)—bo +Zzbnm 'Unn

n=1kr=1

tp_ g2 1 T 1
Po(t)—l—/o (t 2) /0 F(s,y,/o /0 G(G,z)vo(ﬁ)bo(z)dzd0> co(y)dyds | +

= bo()
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T Z Z ben(z) | Pen(t,w) +

¢
;/ Qn(t,s,w)x
n=1k=1 m 0
1 T 1 00
X/o F (8,3},/0 /0 G(@,z);vw(ﬂ,w)bm(z)dzd0> c,i,n(y)dyds]. (34)

Theorem 6. Let be fulfilled the conditions of the Theorem 5. Then for all values of the
parameter w the following estimate

|V (t,z,w1) = V(t,x,w2)| < Ls|wy —wz|, 0< Ls=const

holds.

The proof of the theorem 6 is similar to the proof of the corresponding theorem from
the works [32], [35].

7. Convergence of the Fourier Series

Theorem 7. Let the conditions of the Theorem 5 be fulfilled. Then for all values of the
parameter w the series (34) converges absolute and uniform in the domain 2.

Proof. The proof of the theorem 7 is based on obtaining the estimates (30) and (31) for
the Fourier series (34). Indeed, we have

/th(t,s,w)x
0

|<

|Vt z,w)| < Z [ b () | || Py (t,w) [ +
n=1

' ( /OT [ews

1
Y2+ 23w

v,.g’i(ﬁ,w)bmi(z)dzdt?) Crn(y)dyds

o0

i=1
_ o° o(x 9o (x 9 (z
S R T g B
x L2[0,1] T L2[0,1] x L2[0,1]
+bO’KMSOI£ta§XT | Es(t, ')”LQ[OJ] < 00,
where
50,5 = max max |b.,(x)|, k=12

n=1,2,...0<z<1
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8. Inverse Problem

Inverse problem we solve only for such values w ¢ A; of the parameter, for which
01,n(t1,w) # 0 holds. Putting the series (34) into the additional condition (5), deter-
mine the Fourier coefficients of redefinition function

01,0 = Yo(w) — pa.0t1 — P3.0t1—

t1 — s 2 1 T 1
_ /0 % /0 P <S,y, Vo(6, 2) /0 0 G(@,z)VO(G,z)dzd9> co(y)dyds, (35

1 1 U2,n(t17w)
1kn = n\W) — 2,k,m
Pl Ul,n(tlaw)wﬁn( )= (W) Ul,n(tlaw)(p o
1 U3,n(t17w) 1 h Qn(thsaw)

T @) o) T R s 0w Sy onaltn,w)
1 T p1
></ F <s,y,/ / G(G,z)V,J@,z,w)dzd@) Crn(y)dyds. (36)
0 0 0

From the representations (35) and (36) we obtain redefinition function as a Fourier series

¢1(x) = bo(z) [%(W) — pa0t1 — P30t —

_/0“ “1‘23)2/01F (sy/OT /01 G(G,z)%(&,z)dzdﬂ) coly)dyds

+

co 2
1 1 U2n(t1,w)
+ bnn )| — WYenlW)— : O
;; () J1,n(t17w)w W=7 o (W) J1,n(t17w)(p2
1 U3,n(t17w) 1 b Qn(t1757w)

— on — X
Y/ 12 (w) Ul,n(thw)(pg’ ’ ¢/ (A2 + 23w Jo o1,n(t1,w)
1 T 1
x/ F <s,y,/ / G(G,z)VAH,z,w)dzd@) cmn(y)dyds] . (37)
0 o Jo

The redefinition function ¢1(z) is formal determined by the presentation (37). Now we
must prove convergence of the series in (37). However, first substituting the equations
(35) and (36) into presentation (34), obtain the formal solution of the inverse problem
(1)-(5):

V(t,z,w) = bo(z) [1/;0(w) +pa0(t—t) + ws0(t® — )+

+/tt(t‘;)2/olp (s,y,/OT /OIG(H,,Z)VO(G,z)de) coly)dyds

+
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co 2
1
+ bm,n Xl n t w)wm n( ) + 37X2,n(taw)()02,m,n+
n=1krk=1 ﬂn(W)
+ = 5 XSntww3nn+ /H tsw
Vg (w) (A2 + 23w

1 T 1
></ F <s,y,/ / G(G,z)VA@,z,w)dzd@) c,ﬁyn(y)dyds] ,
0 o Jo

where
01 n(t7w) g2 n(tlaw)
tw)=———+ t,w) = tw)— ——= t,w
Xl,n( 5 ) 01,n(t1,w)’ X2,n( 3 ) UZ,n( s ) o_lm(tl,w)gl,n( s )7
g3 n(tlvw)
t,w) = tw) — ——= t,w),
X3,n( ) 03,71( ’ ) Ul,n(tl,w) O—l,n( )

o1,n(t,w
H (t,S,(U): Qn(tasaw)_a;;(i(tl)w))Qn(thsvw)v OSSStly
Qn(tu S,W), tl S S S t.

To find the function V (¢, z,w) from (38), we solve the following equations

UO(t) = QZ}O(W) + 902,0(1L - tl) + ©3.0 (t2 — t%)—l—

n /tt (t—2 5)? /OIF (Sy /OT /01 G(g,z)vo(g)bo(z)dzw) co(y)dyds,

oo

/UK/’VI E

1

Xlntwwﬁn( )_‘_37
Mn(w)

X2,n(t7 w)@Q,n,n"'

X3, n t w 303 K,n + / H t S, w
un( ) (A2 +A3)w
1 T 1 [ee)
x/ F <s,y7/ / G(G,z)Zv,ﬂ,i(ﬁ,w)bm(z)dzd9> cmn(y)dyds} .
0 o Jo P

+

(38)

(40)

For the solvability of the equations (39) and (40) hold the Theorems 4 and 5, if the

following smoothness condition 2 is fulfilled.
Smoothness condition 2. Let the function 1 (x) satisfies the conditions

Y(x) € CV[0,1], w(1) ="(0) =W (1) =0, ¢'(0)=¢'(1), ¥"(0)=¢"(1).

Then, we integrate by parts

1 1
¢0=/O ¢0(y)00(y)dya ¢l~e,n:/0 wﬁ(y)cn,n(y)dy, k=12,
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five times on the variable z, and obtain

5 ,(5) 1 95 27Ny 2mn(l—y)
L\"¥1in s PY(y) (Y — iy
wl,n = - (27T) ns 3 '(/)1,71 = A ayS o2mn _ | + cos 27Tny dya

(5) 1
LN Yo ) _ Pv(y)
Yo n = (%> 5 Yan = 2/0 7 sin 2wny dy,

| s

Ox®
Theorem 8. Let the smoothness conditions 2 and the conditions of the Theorems 4
and 5 be fulfilled. Then for values of the parameter w from the set Ay the series (38)
converges absolute and uniform in the domain (2. Moreover, the solution of the inverse
mized problem (1)—(3), (5) belongs to the class of functions (4).

S C3,n
12

L»[0,1] .

Proof. As a case of proof of the Theorem 7, we have

oo 5 ‘1/)(5)
Velt,2,0) | €3 1ben(@) | | (50 ) mas [xaa(tw)] et
| LASS Al — —~ K,n 27T O<t<T Xl n n5

5
1 1\? . ’@ézen
3 fin (W) o7 0<t<T|X2n( w)| nd +
5
1 1\° . }%’éin Hot
i 12 (w) \2m 0r<nta<XT‘X3”( w)| W (/\2 Y2+ 3w OI<nta<XT/ | )

X

1 T 1
/ F <s,y, / / G(e,zm(e,z,w)dzde) Cen()dy
0 0 0

Hence, using the Cauchy—Schwarz inequality, we derive

ds] |

|| w2, + [ €8, +
(5) 1 t
+HLP3’“ Ej +O<w< | bin () | <271- nE o | Hp, (¢, s,w) | dsx
1 T 1
x / F (uy, / / G(e,ng(az,w)dzde) () dy TR
0 0 0 BQ[O,T]

where

o= i { s w6 5 o (6. 5 o an(t.)1}-
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Using the Bessel inequality, from the estimate (41) we obtain the necessary estimate on
convergence of series (38)

[Vilt,20) | < XobonCole) 5

35 . 35 . O° - o
N (e Y FoE N Ve
x L[0,1] x L[0,1] € L[0,1]
_ 1\ |1
+bo,x M1 <27r) Z 8 oDax [Fe(t, 2, ) 1,00, < 00, (42)

where bg ,, = e max [ben(z)], K=1,2.

From the estimate (42) implies the convergence of the series (38). The proof of be-
longness of the solution to inverse mixed problem (1)—(3), (5) to the class of functions
(4) is similar.

Substituting the solutions of the equations (39) and (40) into series (37), we deter-
mined redefinition functions ¢ (x). The proof of convergence of the series (37) is similar
to the proof of the Theorem 8. <

9. Conclusion

It is considered a seventh order nonlinear partial differential equations (1) with mixed
conditions (2) and (3) and with a positive parameter w. The Fourier spectral method
of separation of variables is applied. The eigenvalues and eigenfunctions of the spectral
(adjoint spectral) problems (7), (8) ((11), (12)) are calculated (see, (9), (10) and (13)).
Systems of nonlinear functional-integral equations (27), (28) and (39), (40) are derived.
Theorems on the uniqueness and existence of the solution of mixed problem (1)—(3)
is proved for all values of parameter. The method of contraction mapping is applied for
solving the systems (27) and (28) in the Banach spaces C[0,T] and Bs[0, T, respectively.
The solution of the inverse mixed problem (1)—(3), (5) is obtained in the form of Fourier
series (38). Analogously, the redefinition function is determined as a Fourier series (37).
Theorem 5 on absolute and uniform convergence of Fourier series (34) of direct mixed
problem (1)—(3) is proved for all values of the parameter w. Theorem 8 on absolute and
uniform convergence of Fourier series (38) of inverse mixed problem (1)—(3), (5) is proved
for values of the parameter w from the set A;.

We hope that this work can serve as a basis for further development of the theory of
partial differential equations of mathematical physics.
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