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Abstract. We deal with Green’s functions (Green’s-f) for 2-nd order dynamic boundary
value problems (BV-P’s) on T. Green’s function is established on T for different situa-
tions to solve constructed problems. These results show how important Green’s-f is for
mathematical physics on T.
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1. Introduction

Green’s-f are used in mathematics to specify a method used to solve inhomogeneous
differential equations under desired boundary conditions and the calculated function as-
sociated with this method. It was first used by the mathematician George Green. In 1877
Carl Neumann (1832-1925) used the idea of Green’s-f in his work on the Laplace equation
in the plane. With the success of Green’s-f in solving Laplace’s equation, solutions be-
gan to be obtained by using Green’s-f in other equations. For the heat equation, Hobson
(1856-1933) defined Green’s-f in one, two, and three dimensions, and Appell (1855-1930)
realized that there was a formula similar to Green’s formula for one-dimensional heat
equation. However, the task of introducing the modern theory of its function for the
heat equation fell to Sommerfeld (1868-1951). The greatest guiding development in the
field of Green’s-f was Kirchhoff (1824-1887) with his work in the three-dimensional wave
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equation. The application of Green’s-f to differential equations involving BV-P’s began
with the work of Burkhardt (1861-1914). Burkhardt derived the Green’s-f using the re-
sults of Picard’s theory of ODE’s. Later, Bocher (1867-1918) published these results to
expanded to n order BV-P’s [14].

In mathematical physics, Green’s-f creates a highly effective technique to solve IV-P’s
or BV-P’s [1], [2], [5], [10], [14], [23], [25], [27], [30]. Green’s-f are a tool to solve hard
ODE’s and PDE’s which may be unsolvable by other ways. To get a solution for an IV-P
or BV-P, we need a mapping whose kernel is a Green’s-f. One of the remarkable features
of Green’s-f is their ability to express solutions in a highly general form. They are widely
utilized in mathematical treatment of problems arising in mathematical physics, natural
sciences, engineering, and biomedical modeling. Owing to this versatility, Green’s-f hold
a central role in applied mathematics. A Green’s-f is impulse response of a nonhomoge-
neous linear differential operator defined on a domain with specified initial or boundary
conditions.

Green’s-f play a central role in the solution of physical and mathematical systems.
Mathematically, especially in solving boundary value problems, Green’s-f provide so-
lutions that coincide with the fixed points of associated integral operators defined by
differential equations. Due to this property, Green’s-f are a critical tool for examining
the existence and accuracy of solutions under boundary conditions [11], [26]. Physically,
Green’s-f are used to model the effects of external forces or sources on a system. For ex-
ample, in processes like electromagnetic fields, heat propagation, or diffusion, Green’s-f
help in representing the impact of a specific source within a system, thereby enabling the
resolution of physical processes. Therefore, Green’s-f occupy an important place both in
the depth of mathematical theory and in physical applications [22]. There are numerous
studies in literature about Green’s-f in usual case.

This important function was defined on T in the following years and its properties
were examined in detail. Among the studies addressing spectral properties of second-
order boundary value problems on measure chains, Chyan et al. [13] proved the existence
of the smallest positive eigenvalue by applying the theory of positive operators on cones
in Banach spaces along with the sign characteristics of the corresponding Green’s-f in
1998. Let’s give a summary of the history for Green’s-f on T. Erbe and Peterson [16]
considered a self adjoint equation and examined Green’s-f associated with this equation
on T in 1999. In 2000, they [17] established the existence of positive solutions for a
nonlinear boundary value problem and obtained significant results concerning Green’s-f.
In 2001, Bohner and Peterson [7] redefined Green’s-f on T. In 2003, they established
Green’s-f for BV-P’s and applied to different problems [8]. The sign features of Green’s-f
are presented and existence results for positive solutions of non-linear BV-P’s are obtained
by Atici and Guseinov [3] on T in 2002. Hoffacker [21] viewed Green’s-f for n— th order
focal BV-P’s on T in 2003. In 2003, Eloe [15] studied on sign features of Green’s-f for
disconjugate dynamic equations. In 2004, Cabada [9] developed the expression of Green
function associated with higher order periodic boundary value problems on time scales
and determined the conditions for the existence of extreme solutions of this function. In
2005, Guseinov [18] considered self-adjoint BV-P’s with symmetric Green’s-f. Lin and Du
[24] deal with the existence of multiple positive solutions for 2-nd order dynamic equations
in 2008. Xie et. al [28] considered Green’s-f and positive solutions of an n—th order
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singular three-point BV-P on T in 2009. Cetin and Topal [12] solved existence results for
solutions of integral BV-P’s on T with Green’s-f in 2013. Bendouma and Hammoudi [6]
construct existence of solutions for conformable fractional dynamic equations with non-
linear functional boundary conditions with fractional Green’s-f in 2019. Before addressing
problems we will be dealing with on T, let’s give a brief about time scale theory.

Time scale calculus was introduced by Hilger [19] in his Ph.D. thesis in 1988 [4], [20].
It is a unification of standard calculus of functions with domain R and discrete calculus
defined on Z. More rigorously, T is an arbitrary, non-empty, closed subset of R. Our
study will give a new viewpoint for mathematicians to solve BV-P’s on T with Green’s-f.
Before expressing the main results, it needs to be reminded some basic notions about T.
It is firstly compulsory to mention on A calculus of T. Let @ = inf T and b = sup T. Since

T is not necessarily connected, forward and backward-jump operators o,p : T — T are
defined as

o(t)=inf{s€T:s>t}, p(t) =sup{s € T:s < t},

respectively such that ¢ <t < b, t < supT, inf ¢ = sup T, sup ¢ = inf T where ¢ is empty
set and ¢ € T. It can be written o(b) = b and p(a) = a provided that T is bounded. The
related forward-step function p is

i T = RY u(t) =o(t) —t.

Moreover, t € T is left dense, left scattered, right dense, right scattered, isolated and
dense iff p(t) = t, p(t) < t,0(t) = t,o(t) > t, p(t) < t < o(t) and p(t) =t = o(t),
respectively. We also should remind the set T* along with T to define A-derivative of
a function (see [7], [8]). T* = T\{b} if T is bounded above where b is left-scattered;
otherwise T = T. f : T — R is rd-continuous at ¢t € T if there is some § > 0 such
that |f(t) — f(s)] < e for all s € [t,t+J) and € > 0. C,4(T) indicates the set of all rd-
continuous functions on T. One can define f#(¢) to be value for t € T*, if one exists,
there is a neighborhood U of ¢ such that for all s € U and € > 0

[F7(t) = f()] = f2(0) (o(t) = 8)| < elo(t) —s|.

Here, f is A-differentiable on T* if f4(t) exists for all + € T*. Let f € C,.q(T). Then,
there exists a function F such that F2(t) = f(t), and A integral is constructed by

b
/f(t)At — P - Fla).

Spectral theory on time scales has been extensively studied in the literature [29)].
This study also aims to contribute to this literature. The rest of study is arranged as
follows: In Section 2, we give some fundamental properties of Green’s-f in two points and
conjugate problems on T. Using some techniques, we get solutions of some eigenvalue
problems on T in Section 3. In Section 4, we give a conclusion to sum up our study.
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2. Green’s-f for Two Points and Conjugate Problems
on T

In this section, it will be expressed how Green’s-f is set up on T for varied cases. The
infrastructure will be created for the solution of different IV-P’s and BV-P’s that we will
discuss in the last section. Let’s first recall some Green’s-f forms studied by Bohner and
Peterson on T.

Let the second-order dynamic equation [16]

La(t) = (p(t)z? () + q(t)a” (¢),

be considered, where L : D1 — Ciq, p,q € Crq and p(t) # 0 for all t € T. Define D; as
the set of all functions « : T — R such that delta derivative 22 : T* — R is continuous
and the composition (pz?)4 : T*" — R is rd-continuous. « € Dy is said to be a solution
of equation Lz = 0 if the equality Lz(t) = 0 holds for V¢ € T*".

Theorem 1. [16] Suppose that L : Dy — Cyq,
La(t) =0,
az(a) - fr?(a) = 0, (1)
v (o(b)) + 622 (a(b)) = 0,

has only trivial solution where o, 8,7 and & be constants where o + 32 > 0 and v* +62 >
0. Then, below non-homogeneous BV-P

La(t) = h(t),
azx(a) - fz?(a) = A, (2)
v (o(b)) + 622 (a(b)) = B,

has a unique solution where A, B are given constants and h € C,q. Now, let’s express
how a Green’s-f is constructed for a two-point BV-P on T.

Theorem 2. [16] Assume that BV-P (1) has only trivial solution. For each fized s €
[a,b], let u(-, s) be unique solution of below BV-P

Lu(-,s) =0,
au(a,s) — fu?(a,s) =0,
Y (02(8), ) + 6uP (9(8), 5) = =1 (2(8), 5) — 632 (a(8), ).,

where L : Dy — Crq, o 4+ %2 > 0 and v + 6% > 0. Furthermore, consider the below
equation

A
La(t) = (pr®)” (t) + q(t)a (1) = 0, (3)
where z(t) is Cauchy function. Then, Green’s-f for the problem (1) is defined by

G: [a,0%(b)] x [a,b] > R, G(t,s) = {zg:::)): g zgj,(s) |



A.C. Yar, E. Yilmaz, S. Goktas 141

where v(t, s) = u(t, s) + z(t,s) fort € [a, az(b)] ,$ € [a,b]. Then, for each fized s € [a, b,
v(-, 8) is a solution of (3) and satisfies second boundary condition in (1). If h € Cq,

(b)
o(t) = / G(t, 5)h(s)As, )

is solution of nonhomogeneous BV-P (2) with A = B = 0.

Lemma 1. [7] If BV-P (1) has only trivial solution, then Green’s-f for problem (1)
satisfies the jump condition

Alst,s) —GA(s7,8) = —
G4 (s19) = G (s79) = s

fors e (a,UQ(b)) such that o(s) = s and p € Cpq.
Now let’s remind Green’s-f for below conjugate BV-P.

Theorem 3. [7] Suppose that below BV-P

Lz(t) =0,
z(a) =0, (5)
z (0*(b)) =0,

has only trivial solution where x(t) is Cauchy function. For each fized s € T, let u(., s)
be unique solution of BV-P

Lu(-,s) =0,
u(a, s) =0, (6)

Then,

u(t,s), if t<s,
G“’”:{v(t,s), if t>o(s)

is Green’s-f for (6) where v(t,s) = u(t,s) + z(t,s). Moreover, for each fized s € [a,b],
v(+, 8) is a solution of (5) and v(c?(b),s) = 0. Green’s-f for BV-P (6) with ¢ = 0 is given
by

a(s) .
- 2 ) Zf t < S,

Jif t>o(s).




142 On the usages of Green’s function on time scales

Now, let us express the Green’s-f G(t,s) for some common time scales. For T = R,
we obtain

Jif t<s,

G(t,s) =

If T =7, Green’s-f for BV-P is

G(t,s)

|
3
Il
B
3
Il
&
B
3
=4
~
v
V)
_|_
—_

QN
hl —
1M=
&

L
X

=l

Also for T = 2No,

if t<s,

, ) ere 2@))?&)
_ I i Jif t>s+ 1.
A ICO)
rela,o2 (b))

With the same logic, Green’s-f for below BV-P [7]

z24(t) =0,

18
—a)(a?(b)—o(s .
L )(52(;)()1,1 ( ))7 if t<s,
o(s)—a)(o?(b)—t .
OO i b o(s),

G(t,s) =

Following examples show that Green’s-f has different forms when time scale changes.

Example 1. Let’s solve following BV-P with the help of Green’s-f.
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When problem (7), (8) is considered on T = Z, corresponding Green’s-f and the solution
take the following form. Green’s-f corresponding to this problem is given by

) (t—2)6(s—63), o<

t =

=Y -6,
62 ’ - ’

Using the Green’s-f representation, solution can be written as

x(t) = 64G(t,s)1A5:
2
[P (s=1)(t—64) B 2)(s—63)
7/26—2A5+/t 6—2A57
t— 64 <2 ;988 N
i ;(sl)+62;(563)(;().

Let us now compute Green’s-f and corresponding solution of problem (7), (8) for
T =2 and T =R.
Green’s-f for T = 2o ig

(2—t)(64—25)

3 if t<s,

G(t,s) =
(25726)515764)7 if ¢t 2 (7(5)

and the solution is given by
64 B -
vty = [ ot as =S o0 EoD ST 60,

2 s€[2,1) s€[t,64)

Also, we can construct Green’s-f for (7), (8) as

(t—2)(s—64)

3 Jif t < s,
G(t,s) =
s—2)(t—64) .
(672’ if s S t7

for T = R. Therefore, solution of the problem (7), (8) is

P (s —2)(t —64) M t-2)(s—64) (t—64)(t—2)
x(t):/2 6—2ds+/t 6 ds = )

Example 2. Consider
(3t$A)A _ 2t’ (9)

z(2) =0 = z(16), (10)
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for T =Z. Let us firstly construct Green’s-f for (9), (10) as

= 2)(@(1—315%5)) it o<

1— L ’ ’
G(t,s) = st
R R [ =) TSN
31T

With the help of this function on T =Z, solution of given problem (9), (10) is obtained

as follows:
t _ ( ,3 ( 16 t 2 3t 2 2 1 ]-
x(t) = — 1_ % ZS o 1_3ﬁ ZS 3€+1 T 315-s :
For T = 2No_ Green’s-f of problem (9), (10) is obtained in the form of
ZQf SLT 25,16 SLT
TSRO TSRS i ¢ <,
3
Gl =] T
_rei2 2;)276[;16) 7 i > 9
T€(2,16) 7

Accordingly, the solution z(t) is derived as follows

o T

01 T T
O AP VI IDUIE ol B Sl DI D DI

rel216) 37 se[z t) TE[2,25) re[2 16) 37 sE[t 16) TE[25,16)

Since the solution is obtained in a closed form, it can be computed from equation (4)
when a specific value is assigned to the parameter t.
For T = R, the Green’s-f is given by

1_ L) ( L __1_
*1r113(9 é),(gi 316)va t<s,
3
G(t’S)_ 1 1 1 1
g ligllde) ¢ 5
3

Gl 0 1 ) 1y
I(t)__ln?)(é—g%ﬁ)/225<9_35)d$_h13(é—}fj)/t 28(35—316>d8—
1 (g —gw) (- 4, 2370 2370 4-3—2+2-3—2 B

I3 (- 3k) 9 In3 (In3)2 In3 (In 3)2

L (5—g) (,[(=16-370 37 —t37 37\ L 256 ¢
T3 (L - ) In3 (In3)? In3 (In3)2 316 2 '
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Now, let us consider the structure of Green’s-f for a different type of problem on time
scales.

Theorem 4. [8] Consider
u?2(t) + f(u(o(t))) =0, te]0,1], (11)
subject to the boundary conditions
ay(0) — By=(0) =0, ~y(o(1)) + dy=(a(1)) =0, (12)

where f : RT — RT is continuous and d = 8 + ad + ay(a(1)) > 0. To construct
corresponding Green’s function G(t, s), consider the associated homogeneous problem

_yAA (t) = Oa
with the same boundary conditions
ay(0) = By2(0) =0, ~y(o(1)) + y*(a(1)) = 0.

Green’s function is given by

glat+B)(v(e(1) —o(s) +0), ift<s,
G(t,s) =
ilao(s) +B)(v(e(1) —t) +4), ifa(s) <t,

where d =y + ad + ay(o(1)) > 0.
The function u(t) satisfies equations (11) and (12) if and only if it can be represented
by the following integral equation:

o(1)
ult) = / G(t, 5) f(u(o(s)) As, ¢ € [0,0%(1)].

Example 3. For the problem (11), (12), we set the Green’s function by choosing the
constantsas @« = == 4§ = 1 for T = R, and proceed to solve the problem accordingly.
Since o(s) = s, it yields d = 3 > 0 and v (¢(1) — o(s)) = 1. So, Green’s-f for the given
problem (11), (12) is

Ht+1)(2—s),if t<s,
G(t,s) =
Hs+1)(2—-1),if s<t.
On the other hand, we get

t a(1)
ut) =250 [+ s+ S [ @ s (uts)ds

t

If T=Z, wegetd=4,o0(s) =s+ 1 and
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. 1+ 1)(2—5),if t<s,
G(t,s) =
1(s+2)3B—1),if s+1<t.

If the similar process is repeated, we get as follows

3 _¢ t—1 a1 o(1)—-1
u(t) = == 2 (s £ 2)f(uls + 1)) + —— > @2—s)f(u(s+1)).
s=0 s=t

Finally, if T =2, we get d = 4, o(s) = 25 and
1t+1)(3—2s),if t<s,

G(t,s) =
12s+1)(3-1),if 2s<t.
In this way, er get
3t t+1
u(t) = =~ > 2525+ 1)f(u(28) + —— > 2s(3—2s)f(u(2s)).
s€[0,t) s€(t,o(1))

As demonstrated in this example, the Green’s-f can be effectively utilized to obtain
solutions under various parameter choices and across different time scales.

Now let’s express the Green’s-f for nonlinear type problems. As known, nonlinear
problems are very difficult to solve in classical case. However, Green’s-f method is an
effective method for such problems where many methods do not work.

3. Some Results for Non-Linear Type BV-P’s on T

In this section, let’s explain how to construct the Green’s-f for some special nonlinear
type eigenvalue problems on T. Some interesting problems will be tried to be solved with
the help of Green’s-f, taking into account the theorems and lemmas stated in the previous
section.

Theorem 5. [8] Consider

where t € [0, 1] with conditions
y(0) =0 =y(o*(1)), (14)
for 0 < p(t) < q(t) and p,q € Cyrq. Now, consider the linear operators L1,Lo : B — B by

o(1)
Lia(t) = / G(t, )p(s)2(o(5)) As, (15)

o
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o(1)
Loa(t) = / G(t, 5)q(s)2(0(s)) As,
0

where G(t,s) is Green’s-f for —x24 = 0 which satisfy (14) and B be a Banach space
defined by

B={z:[0,0*(1)] = R; x? exists and bounded on [0,0(1)] and x satisfies (14)}.

That 1is,
t(o?(1)—0o(s))
G(t,s) = 2’(1)

a'(s)(o‘z(l)—t)

Jif 0<t<s<o(1),
—rmy i 0<a(s) St <o*(1),

on [0,02(1)] x [0,0(1)]. Here, G(t,s) > 0 on (0,02(1)) x (0,0(1)).

Lemma 2. [8] Let A1 be an eigenvalue of (13), (14) and let u(t) be corresponding
eigenfunction. Then, we get

That is, )\%u(t) = Lyu(t). It means that eigenvalues of (13), (14) are reciprocals of the
eigenvalues of (15) and conversely.

Example 4. Consider BV-P as
y 24 () + Mp(t)y” (1) =0, t € [0,1],

y(0) =0 =y(a*(1)).

Let us get Green’s-f and solution for given problem. If the methods in previous section
are used, we get

t(o?(1)—0o(s))

>3 (D) Jif 0<t<s<o(1),

G(t,s) =
o 0—2 —
%,if 0<o(s) <t<o(1),

and
o(1)
() = Ay / G(t, 5)p(s)ulo(s)) As.
0
In some special cases as T =R and p(s) = 1, we get
t(l—s5),if 0<t<s<o(l),
Glt,5) = {s((l - t; if 0<o(s)<t g( 372(1),
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and
t

1

u(t) 1(1—1) /su )ds + Alt/(l — s)u(s)ds.
0 t

For T = 7Z, we obtain

M) i 0<t<s<o(l),
G(t,s) =
(HVED if 0 < o(s) <t < 0(1),
and
(4—1) — £ Ot
u(t) = M (s + Duls + Dds + Ar > (4= syu(s+1)ds.
s=0 s=t

Finally, for T = 2%, the following computations can be carried out:

G(t,s) = t(4—443 )v if 0<t<s<o(l),
7 w, if 0<o(s)<t<o?(1),

and
(4 ) =2 t 7L
u(t) =\ —= Zqu (28)ds + /\17 Z (4 — 45%)u(2s)ds.
s=0 s=t

Theorem 6. [8],[7] Consider the non-linear equation

La(t) = f (t,27(t)) = = [r(t)z" (1))

Let’s deal with generating a Green’s-f for problems involving these types of equations.
Suppose that below BV-P

Ma(t) = — [r©)2 ()]~ + g(t)x (a(t) = 0,

az(a) = fz(a) =0,
vz (a(b)) + 622 (a(b)) =0,

has only trivial solution. Here, M : Dy — C\.q be an operator where Do denotes the set of
all functions z : T — R for which the delta derivative 2 (t) is continuous on T and the

expression (r(t)xA(t))A is right-dense continuous on T. For each fized s € [a,b], assume
that u(t, s) is unique solution of BV-P

Mu(t,s) =0,

au(a,s) — fu?(a,s) =0,
yu(o(b),s) + du? (o(b),s) = =y (a(b),s) — 622 (o(b), 5),
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where x(t, s) is a Cauchy function for Mx = 0. Then,

B u(t,s),lf t<s,
G(t,s) = {u(t,S) +x(t,8), if o(s) < t,

is Green’s-f for below BV-P:
Lz(t) = 0,

azx(a,s) — Bz?(a,s) = 0,
12 (o), 5) + 623 (o(b), 5) = 0.
Lemma 3. [8] The number

o(b)

I R L
=@ ey ”/m)A’

is different from zero iff BV-P

a

- [r2*®)] " =0 (16)
az(a,s) — (a,s) (17)
vz (o(b), )+5$ (o(b), )= (18)

has only trivial solution. If d # 0, Green’s-f for (16)-(18) is given by

(16)-
{i u(t)v(o(s)), if t
G(t,s) =
Tu(o(s)v(t), if o(s) <t

where

t

Example 5. Consider BV-P as
- [Py )" =0,
ay(a,s) — By*(a,s) =0,
vy (o (b), s) + 6y2 (o (b),s) = 0.

Let’s create Green’s-f on different time scales for arbitrary selection of constants as a =
f=v=d6d=1landa=1,b=2.
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Firstly, let T =R. In this case, we get

7

d=-

47
1
t)y=2-=
u(t) =2~ 7.
1 1
ty==—=
v(?) t 2

and

G(t,s) =

Secondly, if T =Z, it yields

85
d=
36’
=1y
=1+ 3 &,
k=1
2
1 1
t) = — _
v(t) =5+ ;; L
and
t—1 2
§§(1+ Z,;) e > L t<s,
C‘:(t7 S) = kzl ks:S+1
§§($+Z,jz) (1+ > ,;) if s<t
k=t k=1
Finally, when T = 2Y0 Green’s-f and the related computations are given as follows:
41
d= T
16
u(ty=1+ Y 1
= o
ke[l,t)
1 1
v(t) = 16 + Z 52’
ket 4)

and

1 (14 Zrepo %) (Tle + 2 ke(2s,4) %) i t<s,
o (1+ Dosell2s) %) (%6 + 2 kefta) %) Jif s <t

This example clearly shows how solutions change as the time scale changes.

G(t,s) =
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4. Conclusion

How effective Green’s-f is important to solve BV-P’s is known for classical case. Here,
this method is tested by using different types of samples on time scales. As the time scale
changes, Green’s-f changes according to nature of the problem. As a result, Green’s-f
has proven its effectiveness when applied to difficult-type problems on time scales.
Previously known results are reinforced by interesting examples.

Acknowledgement The authors are very grateful to the reviewers for their useful
comments.
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