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Abstract. In this manuscript renewal-reward process is investigated and an exact for-
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1. Introduction

The renewal-reward process belongs to the class of the stochastic processes of discrete
interference of chance. There are many important results in the scientific literature re-
lated to this process (see, for example, [1]-[5], [7], [8], [10]). Renewal-reward processes
are applied in insurance and reliability theories. In the present study, the asymptotic
expansion for the third-order initial moment of the renewal-reward process is given.

Let random vectors (ξn, ηn) , n ≥ 1 be independent and identically distributed. In the
general case, the random variable ηn is assumed to depend on the random variable ξn.
Let’s denote the distribution function of ξn by F : F (x) = P {ξn ≤ x} .

Let’s introduce the following sum:

Sν(t) =

ν(t)∑

n=1

ηn, (1)

where ν(t) = max {n : Tn ≤ t} , t > 0 is the renewal process (see [6]) and Tn =
n∑

i=1

ξi,

n = 1, 2, . . .. The process Sν(t), t ≥ 0 is called as renewal-reward process and represents
the sum of the rewards obtained up to time t. It is easy to see that, the renewal-reward
process is a generalization of the renewal process. So, in the special case if ηn ≡ 1, n ≥ 1
we obtain that Sν(t) ≡ ν(t).
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Fig. 1. One of realizations of the renewal-reward process

2. Main Results

Denote the third order moment of the renewal-reward process (1) by D3(t) and the
mathematical expectation of the renewal-reward process by Mn(t) when the rewards are
given by ηnk (k ≥ 1, n ≥ 1):

D3(t) = E
(
Sν(t)

)3
= E




ν(t)∑

k=1

ηk




3

, Mn(t) = E




ν(t)∑

k=1

ηnk


 .

It is clear that, D1(t) = M1(t) = D(t), where D(t) is the mathematical expectation
of the process (1).

Our main purpose is to obtain an asymptotic expansion for D3(t) as t → ∞. For this,
we will obtain exact formula for D3(t) in terms of M1(t), M2(t) and M3(t). Then using
asymptotic expansions for Mn(t), n = 1, 2, 3 will take us to our main purpose.

2. 1. Exact formula for D3(t) in terms of Mn(t), n = 1, 2, 3

Let F ∗(k) be the k-th convolution of F , and let

fk(t) =
dF ∗(k)(t)

dH(t)
,

where H(t) = E (ν(t)) is a renewal function. Since

H(t) =

∞∑

k=1

F ∗(k)(t),

it follows that H(t) = 0 implies that all F ∗(k)(t) = 0; thus F ∗(k)(t) ≪ H(t), and fk(t) is
well defined.
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Denote

M1 ∗M2(t) =

∫ t

0

M1(t− x)dM2(x),

M
∗(3)
1 (t) =

∫ t

0

M
∗(2)
1 (t− x)dM1(x).

To obtain exact formula for D3(t) in terms of M1(t), M2(t) and M3(t), we first need
to prove the following lemma.

Lemma 1. Let random vectors (ξn, ηn) , n ≥ 1 be independent and identically distributed.

In the general case, the random variable ηn is assumed to depend on the random variable

ξn. Then

E




∑

j 6=k
j,k≤ν(t)

η2j ηk


 = 2M1 ∗M2(t),

E




∑

i<j<k≤ν(t)

ηiηjηk


 = M

∗(3)
1 (t).

Proof. Since

M1(t) = E




ν(t)∑

k=1

ηk


 = E

(
∞∑

k=1

ηkI {Tk ≤ t}

)
=

=

∞∑

k=1

∫ t

0

E (ηk|Tk = s) dF ∗(k)(s) =

∫ t

0

(
∞∑

k=1

E (ηk|Tk = s) fk(s)

)
dH(s)

and

M2(t) = E




ν(t)∑

k=1

η2k


 = E

(
∞∑

k=1

η2kI {Tk ≤ t}

)
=

=

∞∑

k=1

∫ t

0

E
(
η2k
∣∣Tk = s

)
dF ∗(k)(s) =

∫ t

0

(
∞∑

k=1

E
(
η2k
∣∣Tk = s

)
fk(s)

)
dH(s).

Therefore
dM1(s)

dH(s)
=

∞∑

k=1

E (ηk|Tk = s) fk(s),

dM2(s)

dH(s)
=

∞∑

k=1

E
(
η2k
∣∣Tk = s

)
fk(s).

Next

E


 ∑

j<k≤ν(t)

η2j ηk


 = E


∑

j<k

η2j ηkI {Tk ≤ t}


 =
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=
∑

j<k

∫ t

w1=0

∫ t

w2=w1

E
(
η2j
∣∣Tj = w1

)
E (ηk−j |Tk−j = w2 − w1) dF

∗(j) (w1)×

×dF ∗(k−j) (w2 − w1) =

=

∫ t

w1=0

∫ t

w2=w1

(∑

j

E
(
η2j
∣∣Tj = w1

)
fj (w1)×

×
∑

k

E (ηk|Tk = w2 − w1) fk (w2 − w1)×

×dH (w2 − w1) dH (w1)
)
=

∫ t

0

M2 (t− w1)

(
dM1 (w1)

dH (w1)

)
dH (w1) =

=

∫ t

0

M2 (t− w2) dM1 (w1) = M2 ∗M1(t).

Similarly,

E


 ∑

k<j≤ν(t)

η2j ηk


 =

∫ t

0

M1 (t− w2) dM2 (w1) = M1 ∗M2(t).

So,

E




∑

j 6=k
j,k≤ν(t)

η2j ηk


 = E




∑

j<k≤ν(t)

η2j ηk


+ E




∑

k<j≤ν(t)

η2j ηk


 = 2M1 ∗M2(t).

Next

E




∑

i<j<k≤ν(t)

ηiηjηk


 = E



∑

i<j<k

ηiηjηkI {Tk ≤ t}


 =

=
∑

i<j<k

∫ t

w1=0

∫ t

w2=w1

∫ t

w3=w2

(
E (ηi|Ti = w1)E (ηj−i|Tj−i = w2 − w1)×

×E (ηk−j |Tk−j = w3 − w2) dF
∗(i) (w1) dF

∗(j−i) (w2 − w1) dF
∗(k−j) (w3 − w2)

)
=

=

∫ t

w1=0

∫ t

w2=w1

∫ t

w3=w2

(∑

i

E (ηi|Ti = w1) fi (w1)×

×
∑

j

E (ηj |Tj = w2 − w1) fj (w2 − w1)×

×
∑

k

E (ηk|Tk = w3 − w2) fk (w3 − w2) dH (w3 − w2) dH (w2 − w1) dH (w1) =
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=

∫ t

w1=0

∫ t

w2=w1

M1 (t− w2)

(
dM1 (w2 − w1)

dH (w2 − w1)

)(
dM1 (w1)

dH (w1)

)
dH (w2 − w1) dH (w1) =

=

∫ t

w1=0

∫ t

w2=w1

M1 (t− w2) dM1 (w2 − w1) dM1 (w1) = M1 ∗M1 ∗M1 = M
∗(3)
1 (t).

This completes the proof of Lemma 1. ◭

Lemma 2. Let random vectors (ξn, ηn) , n ≥ 1 be independent and identically distributed.

In the general case, the random variable ηn is assumed to depend on the random variable

ξn. Then

D3(t) = 6M
∗(3)
1 (t) + 6M1 ∗M2(t) +M3(t),

where

M1 ∗M2(t) =

∫ t

0

M1(t− x)dM2(x),

M
∗(3)
1 (t) =

∫ t

0

M
∗(2)
1 (t− x)dM1(x).

Proof. Since

D3(t) = E




ν(t)∑

k=1

ηk




3

= E




ν(t)∑

k=1

η3k


+

+3E




∑

j 6= k

j, k ≤ ν(t)

η2j ηk




+ 6E




∑

i<j<k≤ν(t)

ηiηjηk


 , (2)

then using Lemma 1 yields us to the proof of this Lemma. ◭

2. 2. Asymptotic expansion for D3(t)

Define
µk = Eξk1 , k ≥ 0,

R(t) = H(t)−
1

µ1
t−

µ2

2µ2
1

+ 1.

Set

rk =

∫ ∞

0

tkR(t)dt, k ≥ 0

whenever
∫∞

0
tk |R(t)| dt < ∞.

Definition. A distribution function F is said to belong to the class ϑ if some convolution

of F has an absolutely continuous component.
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To obtain an asymptotic expansion for D3(t) we need to prove the following lemmas.

Lemma 3. If F ∈ ϑ and µ4 < ∞, then

r1 = −
µ3
2

8µ4
1

+
µ2µ3

6µ3
1

−
µ4

24µ2
1

.

Proof. We will use similar method by Brown and Solomon [5]. From the conditions it is
implied that [11, p. 2]

(i) lim
t→∞

t2R(t) = 0;

(ii)
∞∫
0

t |R(t)| dt < ∞;

(iii) tR(t) is of bounded variation on [ 0,∞) .

Brown and Solomon [5] obtained the expression for r0:

r0 =
µ2
2

4µ3
1

−
µ3

6µ2
1

.

For r1 consider the functions

g1(t) = t

∫ t

x=0

xR(t− x)dF (x),

g2(t) =

∫ t

x=0

x2R(t− x)dF (x).

By (ii) it can easily be proved that g1 and g2 are integrable and

∫ ∞

0

g1(t)dt = µ1r1 + µ2r0,

∫ ∞

0

g2(t)dt = µ2r0.

Also, using the same method in Brown and Solomon [5] it can be shown that g1 and
g2 are of bounded variation on [ 0,∞) . Thus, g1 and g2 are directly Riemann integrable.

Now

H(t) = F (t) +

∫ t

0

H(t− x)dF (x).

Subtract 1
µ1

t+ µ2

2µ2

1

− 1 from both sides and then multiply by t2 to obtain

t2R(t) =

∫ t

0

(t− x)2R(t− x)dF (x) + Z(t),

where

Z(t) = 2g1 − g2 +
1

µ1
t2
∫ ∞

t

(1− F (t)) dt−
µ2

2µ2
1

t2 (1− F (t)) .
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By the key renewal theorem

lim
t→∞

t2R(t) =
1

µ1

∫ ∞

0

Z(t)dt =
1

µ1

(
2µ1r1 + µ2r0 +

µ4

12µ1
−

µ2µ3

6µ2
1

)
.

But, by (i), lim
t→∞

t2R(t) = 0, thus

r1 = −
µ2

2µ1
r0 −

µ4

24µ2
1

+
µ2µ3

12µ3
1

= −
µ3
2

8µ4
1

+
µ2µ3

6µ3
1

−
µ4

24µ2
1

.

This completes the proof of Lemma 3. ◭

Define

λs = Eηs1 =

∫ ∞

0

E (ηs1|ξ1 = t) dF (t), nk,s = E
(
ξk1η

s
1

)
=

∫ ∞

0

xkE (ηs1|ξ1 = x) dF (x).

It is clear that nk,0 = µk, n0,s = λs.
Define

L(t) = D(t)− at− b,

where a = λ1

µ1

, b = λ1µ2

2µ2

1

−
n1,1

µ1

.

Set

ls =

∫ ∞

0

tsL(t)dt, s ≥ 0,

whenever
∫∞

0
ts |L(t)| dt < ∞.

Lemma 4. F ∈ ϑ and µ4, λ1, n3,1 exist. Then

l1 = λ1r1 + n1,1r0 +
n3,1

6µ1
−

µ2n2,1

4µ2
1

. (3)

Proof. Note that since λ1 and n3,1 exist, then n1,1 and n2,1 also exist. Also,

Sν(t) =

ν(t)∑

i=1

ηi =

ν(t)+1∑

i=1

ηi − ην(t)+1.

Since ν(t) + 1 is a stopping time [9]

D(t) = λ1 (H(t) + 1)− E
(
ην(t)+1

)
.

Subtracting at+ b from both sides and multiplying by t we obtain

tL(t) = λ1tR(t) + t

(
n1,1

µ1
− E

(
ην(t)+1

))
.

Thus, if t
(

n1,1

µ1

− E
(
ην(t)+1

))
is integrable, then

l1 = λ1r1 +

∫ ∞

0

t

(
n1,1

µ1
− E

(
ην(t)+1

))
dt.
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But
n1,1

µ1
=

1

µ1

∫ ∞

0

xE (η1|ξ1 = x) dF (x) (4)

and [10, p. 134]. So, it is not difficult to see that,

E
(
ην(t)+1

)
=

∫ ∞

t

E (η1|ξ1 = x) dF (x) +

∫ ∞

0

E (η1|ξ1 = x) (H(t)−H(t− x)) dF (x).

It follows from (3) and (4) that

n1,1

µ1
− E

(
ην(t)+1

)
=

∫ ∞

0

E (η1|ξ1 = x) (R(t− x)−R(t)) dF (x)−

−

∫ ∞

t

E (η1|ξ1 = x) dF (x).

Thus
∫ ∞

0

t

∣∣∣∣
n1,1

µ1
− E

(
ην(t)+1

)∣∣∣∣ dt ≤ 2E |η1|

∫ ∞

0

t |R(t)| dt+ E (ξ1 |η1|)

∫ ∞

0

|R(t)| dt+

+
5

6µ1
E
(
ξ31 |η1|

)
+

3

2

(
µ2

2µ2
1

+ 1

)
E
(
ξ21 |η1|

)
+

1

2
E
(
ξ21 |η1|

)
< ∞.

Thus t
(

n1,1

µ1

− E
(
ην(t)+1

))
is integrable, and

∫ ∞

0

t

(
n1,1

µ1
− E

(
ην(t)+1

))
dt = n1,1r0 −

µ2

4µ2
1

n2,1 +
n3,1

6µ1
.

This completes the proof of Lemma 4. ◭

Denote

Lk(t) = Mk(t)− akt− bk,

where ak = λk

µ1

, bk = λkµ2

2µ2

1

−
n1,k

µ1

.

Set

lk,s =

∫ ∞

0

tsLk(t)dt, s = 0, 1,

whenever
∫∞

0 ts |Lk(t)| dt < ∞.

Lemma 5. Let F (x) be a strongly non-lattice distribution function, F ∈ ϑ and λn, µ4,

n3,n exist, where n = max(i, j), i, j ≥ 1. Then

Mi ∗Mj(t) = ai∗jt
2 + bi∗jt+ ci∗j + Li∗j(t),

where ai∗j =
1
2aiaj, bi∗j = ajbi + aibj, ci∗j = bibj + aj li,0 + ailj,0,

Li∗j(t) = o
(
t−1
)
, t → ∞.
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Proof. According to the Theorem 2.1 from [1], we can write

Mk(t) = akt+ bk + Lk(t), k = i, j,

where ak = λk

µ1

, bk = λkµ2

2µ2

1

−
n1,k

µ1

, Lk(t) = o
(
t−2
)
, t → ∞.

Also, from Lemma 4,

∫ ∞

0

ts |Lk(t)| dt < ∞, s = 0, 1; k = i, j.

Then

Mi ∗Mj(t) =

∫ t

0

Mi(t− x)dMj(x) =
1

2
aiajt

2 + (ajbi + aibj) t+ bibj+

+ajli,0 − aj

∫ ∞

t

Li(x)dx + ailj,0 − ai

∫ ∞

t

Lj(x)dx + biLj(t)+

+

∫ t

0

Li(t− x)dLj(x) = ai∗jt
2 + bi∗jt+ ci∗j + Li∗j(t),

where

Li∗j(t) = −aj

∫ ∞

t

Li(x)dx − ai

∫ ∞

t

Lj(x)dx + biLj(t) +

∫ t

0

Li(t− x)dLj(x),

ai∗j =
1

2
aiaj , bi∗j = ajbi + aibj , ci∗j = bibj + aj li,0 + ailj,0.

It is not difficult to see that
∣∣∣∣t
∫ ∞

t

Lk(x)dx

∣∣∣∣ ≤
∫ ∞

t

t |Lk(x)| dx → 0, t → ∞.

Therefore, ∫ ∞

t

Lk(x)dx = o
(
t−1
)
, t → ∞, k = i, j.

For the third term of Li∗j(t), we will use Laplace transform. Denote

A(t) = t

∫ t

0

Li(t− x)dLj(x).

Denote Laplace transform of A(t) by Â(α):

Â(α) =

∫ ∞

0

e−αtA(t)dt =

∫ ∞

x=0

e−αxdLj(x)

∫ ∞

t=0

te−αtLi(t)dt+

+

∫ ∞

x=0

xe−αxdLj(x)

∫ ∞

t=0

e−αtLi(t)dt.
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Since lim
α→0

αÂ(α) = 0, thus by the Tauberian theorem lim
t→∞

A(t) = 0. Therefore,

∫ t

0

Li(t− x)dLj(x) = o
(
t−1
)
, t → ∞.

Consequently,
Li∗j(t) = o

(
t−1
)
, t → ∞.

This completes the proof of Lemma 5. ◭

Corollary 1. Let F (x) be a strongly non-lattice distribution function, F ∈ ϑ and λ2,

µ4, n3,2 exist. Then as t → ∞

M1 ∗M2(t) = a1∗2t
2 + b1∗2t+ c1∗2 + L1∗2(t),

where a1∗2 = 1
2a1a2, b1∗2 = a2b1 + a1b2, c1∗2 = b1b2 + a2l1,0 + a1l2,0, L1∗2(t) = o

(
t−1
)

as t → ∞.

Corollary 2. Let F (x) be a strongly non-lattice distribution function, F ∈ ϑ and λk,

µ4, n3,k exist. Then as t → ∞

M
∗(2)
k (t) = a

∗(2)
k t2 + b

∗(2)
k t+ c

∗(2)
k + L

∗(2)
k (t),

where a
∗(2)
k = 1

2a
2
k, b

∗(2)
k = 2akbk, c

∗(2)
k = b2k + 2aklk,0, L

∗(2)
k (t) = o

(
t−1
)
, as t → ∞.

Lemma 6. Let F (x) be a strongly non-lattice distribution function, F ∈ ϑ and λ1, µ4,

n3,1 exist. Then as t → ∞

M
∗(3)
1 (t) = a

∗(3)
1 t3 + b

∗(3)
1 t2 + c

∗(3)
1 t+ d

∗(3)
1 + L

∗(3)
1 (t),

where a
∗(3)
1 = 1

3a1a
∗(2)
1 , b

∗(3)
1 = 1

2a1b
∗(2)
1 + a

∗(2)
1 b1, c

∗(3)
1 = a1c

∗(2)
1 + b1b

∗(2)
1 + 2a

∗(2)
1 l1,0,

d
∗(3)
1 = a1l

∗(2)
1 + b1c

∗(2)
1 + b

∗(2)
1 l1,0 − 2a

∗(2)
1 l1,1 and L

∗(3)
1 (t) = o(1), t → ∞.

Proof. Since

M
∗(3)
1 (t) =

∫ t

0

M
∗(2)
1 (t− x)dM1(x),

by using Theorem 2.1 from [1] and Corollary 2, we can write:

M
∗(3)
1 (t) =

1

3
a1a

∗(2)
1 t3 +

(
1

2
a1b

∗(2)
1 + a

∗(2)
1 b1

)
t2 +

(
a1c

∗(2)
1 + b1b

∗(2)
1 + 2a

∗(2)
1 l1,0

)
t+

+
(
a1l

∗(2)
1 + b1c

∗(2)
1 + b

∗(2)
1 l1,0 − 2a

∗(2)
1 l1,1

)
− a1

∫ ∞

t

L
∗(2)
1 (x)dx−

−
(
2a

∗(2)
1 t+ b

∗(2)
1

)(
tL1(t) +

∫ ∞

t

L1(x)dx

)
+ a

∗(2)
1

(
t2L1(t) + 2

∫ ∞

t

xL1(x)dx

)
+

+

∫ t

0

L
∗(2)
1 (t− x)dL1(x) = a

∗(3)
1 t3 + b

∗(3)
1 t2 + c

∗(3)
1 t+ d

∗(3)
1 + L

∗(3)
1 (t),
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where a
∗(3)
1 = 1

3a1a
∗(2)
1 , b

∗(3)
1 = 1

2a1b
∗(2)
1 + a

∗(2)
1 b1, c

∗(3)
1 = a1c

∗(2)
1 + b1b

∗(2)
1 + 2a

∗(2)
1 l1,0,

d
∗(3)
1 = a1l

∗(2)
1 + b1c

∗(2)
1 + b

∗(2)
1 l1,0 − 2a

∗(2)
1 l1,1 and

L
∗(3)
1 (t) = −a

∗(2)
1 t2L1(t)− b

∗(2)
1 tL1(t)− a1

∫ ∞

t

L
∗(2)
1 (x)dx−

−
(
2a

∗(2)
1 t+ b

∗(2)
1

)∫ ∞

t

L1(x)dx + 2a
∗(2)
1

∫ ∞

t

xL1(x)dx +

∫ t

0

L
∗(2)
1 (t− x)dL1(x).

Since L1(t) = o
(
t−2
)
as t → ∞, then

tL1(t) = o
(
t−1
)
, t2L1(t) = o(1), t → ∞.

It is not difficult to prove that L
∗(2)
1 (t) is integrable and

l
∗(2)
1 =

∫ ∞

0

L
∗(2)
1 (t)dt = −2a1l1,1 + 2b1l1,0.

By taking into account this and Lemma 4, we can write

∫ ∞

t

L
∗(2)
1 (x)dx = o(1),

∫ ∞

t

xL1(x)dx = o(1),

∫ ∞

t

L1(x)dx = o
(
t−1
)
, t → ∞.

Denote the Laplace transform of the last term of L
∗(3)
1 (t) by L̂3(α):

L̂3(α) =

∫ ∞

t=0

e−αt

∫ t

x=0

L
∗(2)
1 (t− x)dL1(x)dt = L̂1(α) · L̂2(α),

where L̂1(α) and L̂2(α) are the Laplace transforms of L1(t) and L
∗(2)
1 (t), respectively:

L̂1(α) =

∫ ∞

t=0

e−αt

∫ t

x=0

L1(x)dxdt, L̂2(α) =

∫ ∞

t=0

e−αt

∫ t

x=0

L
∗(2)
1 (x)dxdt.

Since lim
α→0

αL̂(α) = 0, so by the Tauberian theorem lim
t→∞

∫ t

0
L
∗(2)
1 (t− x)dL1(x) = 0,

thus

L
∗(3)
1 (t) =

∫ t

0

L
∗(2)
1 (t− x)dL1(x) = o(1), t → ∞.

This completes the proof of Lemma 6. ◭

Theorem. Let F (x) be a strongly non-lattice distribution function, F ∈ ϑ and λ3, µ4,

n3,3 exist. Then as t → ∞.

D3(t) = D3,3t
3 +D3,2t

2 +D3,1t+D3,0 + o(1),

where

D3,3 = 6a
∗(3)
1 =

λ3
1

µ3
1

,
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D3,2 = 6b
∗(3)
1 + 6a1∗2 =

9λ2
1

µ2
1

(
λ1µ2

2µ2
1

−
n1,1

µ1

)
+

3λ1λ2

µ2
1

=
9λ3

1µ2

2µ4
1

−
9λ2

1n1,1

µ3
1

+
3λ1λ2

µ2
1

,

D3,1 = 6c
∗(3)
1 + 6b1∗2 + a3 =

=
9λ3

1µ
2
2

µ5
1

−
54λ2

1µ2n1,1 + 3λ3
1µ3

µ4
1

+
18λ1n

2
1,1 + 9λ2

1n2,1 + 6λ1λ2µ2

µ3
1

−
6λ2n1,1 + 6λ1n1,2

µ2
1

+
λ3

µ1
,

D3,0 = 6d
∗(3)
1 + 6c1∗2 + b3 =

=
6λ3

1µ
3
2

µ6
1

−
27λ2

1µ
2
2n1,1 + 3λ3

1µ2 + 3λ3
1µ2µ3

µ5
1

+

+
54λ1µ2n

2
1,1 + 24λ2

1n1,1 + 54λ2
1µ2n2,1 + 3λ3

1µ4 + 12λ2
1µ3n1,1 − 18λ1λ2µ

2
2

4µ4
1

−

−
6n3

1,1 + 18λ1n1,1n2,1 + 6λ2µ2n1,1 + 6λ1µ2n1,2 + 2λ1λ2µ3

µ3
1

+

+
12n1,1n1,2 + 6λ2n2,1 + 6λ1n2,2 + λ3µ2

2µ2
1

−
3λ2

1n3,1 + n1,3

µ1
.

Proof. From Theorem we can write

D3(t) = 6M
∗(3)
1 (t) + 6M2 ∗M1(t) +M3(t).

From Corollary 1 we can write

M1 ∗M2(t) = a1∗2t
2 + b1∗2t+ c1∗2 + L1∗2(t), L1∗2(t) = o

(
t−1
)
, t → ∞.

From Lemma 6 we can write

M
∗(3)
1 (t) = a

∗(3)
1 t3 + b

∗(3)
1 t2 + c

∗(3)
1 t+ d

∗(3)
1 + L

∗(3)
1 (t), L

∗(3)
1 (t) = o(1), t → ∞.

From the Theorem 2.1 of [1], we can write

M3(t) = a3t+ b3 + L3(t), L3(t) = o
(
t−2
)
, t → ∞.

By combining this results, we can write

D3(t) = D3,3t
3 +D3,2t

2 +D3,1t+D3,0 + LD3
(t),

where D3,3 = 6a
∗(3)
1 , D3,2 = 6b

∗(3)
1 + 6a1∗2, D3,1 = 6c

∗(3)
1 + 6b1∗2 + a3,

D3,0 = 6d
∗(3)
1 + 6c1∗2 + b3 and

LD3
(t) = 6L

∗(3)
1 (t) + 6L1∗2(t) + L3(t) = o(1) + o

(
t−1
)
+ o

(
t−2
)
= o(1), t → ∞.

This completes the proof of Theorem. ◭
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