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Abstract. The first regularized trace formula for a discontinuous Sturm-Liouville prob-
lem with a spectral parameter dependent jump condition is obtained.
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1. Introduction

We consider the boundary value problem

—y" +q(x)y = Ay, we(=1,0)U(0,1), (1)
y(—1) =y(1) =0,
y(—0) = y(+0), (2)

y'(=0) — y'(+0) = Amy(0),

where g(z) € W4 (—1,1) is a complex-valued function, m # 0 is a complex number. The
aim of the paper is to calculate the first regularized trace for the problem (1), (2).

The theory of regularized traces of first and higher orders of ordinary differential
operators has a long history. The regularized trace formula for the regular Sturm-Liouville
operator with Dirichlet boundary condition and smooth potential was first established
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by LM. Gelfand and B.M. Levitan in [5]. In [1], another proof of the Gelfand-Levitan’s
regularized trace formula was given. In [7] and [11], the regularized trace formulas for
the Sturm-Liouville operator with periodic and antiperiodic boundary conditions were
obtained. In [6], regularized trace formula for the regular Sturm-Liouville operator with
spectral parameter dependent boundary conditions was established. M.G. Gasymov was
the first, who considered in [2] singular differential operators on the whole and half-axis
with discrete spectrum and established trace formulas for these operators. In [3], M.G.
Gasymov and B.M. Levitan obtained trace formulas for singular differential operators on
the half-axis with different type of boundary conditions.
For the review and relatively recent results of the theory, see [10].

2. Main Results

Denote A := p?, Imp = 7. Let yi(z,)\) be the solution of equation (1) on (—1,1)
satisfying the initial conditions

yi(=1)=0, yi(-1)=p 3)
and ys(x, A) be the solution of equation (1) on (—1, 1) satisfying the initial conditions
y2(1) =0, y5(1) = p. (4)

Using the fact that g(z) € W} (—1,1) one can obtain the following asymptotic represen-
tations:

: cosp(z +1 sinp(x +1
y1(z, A) —Slnp(1+x)—Q1($)p()—i-qgo(z)p(pQ)_
—i/ sin p(z — 1 — 2t)q(1) (t)dt+/l @ =120 ) o (0T
2p2 . p qlt)q1 _1q 4p2 p3 ;
cosp(x +1)

vi(x,A) = p cosp(l + x) — g1 (x) +sinp(z + g1 (z) -

1 [e 1 /= elTI(42)
- / cosp(x — 1 — 2t)q(t)q (t)dt + y» / q (t)cosp(x — 1 —2t)dt + O (2> ,
PJ-

20 J - P
. cosp(l —x sinp(l —x
ya(x, A) =sinp(l —x) — qz(x)p(p) + q30($)p(p2)_
I ! sinp(2t —x — 1) elTl(1-2)
*27)2/1, sin p(2t — x — 1)q(t)g2(t)dt — /I q’(t)Tdt +0 (p3> ’
cos p(1 = 7)

Ya(z, A) = p cosp(l — x) + gs1(2) —sinp(l — 2)ga(z)—

p

Lo Lo el7l(1—2)
_— p(2—x—1 S %—z—1 <
2p/m cos p(2t —  — 1)q(t)ga(t)dt 4p/x ¢ (1) cos p(2t — )dt+0( = )
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where

T 1
wie) = [ Wit a@=; [ awvi.

In that case one can prove the following asymptotic expansion of the characteristic func-
tion A(X) of problem (1), (2), which is sharper than the expansion of the same A())
obtained in [4], where ¢(z) is a summable function on (—1,1):

A (p?) = [-mp* + 2¢2(0) — mqso(0) + 2¢1(0) + p1—2q1(0>q30(0)—

—mgz0(0) + %QQ(O)QQO(O) - %%0(0)%0(0) +mq1(0)g2(0) — %%1(0)%(0)—

1 ) 1 1
*EQZ(O)C]Ql(O)] sin® p + [2p + pmga(0) — ;%1(0) + 5%0(0) + pmq1(0)—

—%ql(o)qQ(O) + %q?,o(ﬂ)cn(o) + %@0(0) - %@1(0) + %qQo(O)qQ(O)]sinp cos p+

1
4p

+] /0 q (t)cos p(2t — 1)dt + % /0 q (t)sin p(2t — 1)dt—

Lot L0
—— | q(t)g2(t) cosp(2t — 1)dt — — / q(t)q1(t) cos p(2t + 1)dt—
2p Jo 2p J 1

0 1 /0
—% q(t)g1(t) sin p(2t + 1)dt + I / q'(t) cos p(2t + 1)dt] sin p+
—1 —1

+[_f/0 q' () sin p(2t — 1)dt+q1(0)$/0 ¢ (t) cos p(2t — 1)dt—

1 1 /0
—qul(O) / q (t)sinp(2t — 1)dt + P / q (t)sin p(2t + 1)dt—
0

-1
0

! q2(t)q(t) sin p(2¢ — 1)dt + QL / ) q1(t)q(t) sin p(2t + 1)dt+

_27’0 pJ-

0
+ 1 0 (0) / 0 (t)a(t)sin p(2t + dtleosp+ (~42(0) ~ 01 (0) ~ mar (0)aa(0))+

2p
el7!
o(23). o

The following theorem was proved in [4].

~
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Theorem 1. Let q(x) be a complex-valued function, summable on [—1,1] and
d =4+ (mg2(0))* + (mq1(0))* — 2m2g2(0)q1 (0) *.

Then, the spectrum of problem (1), (2) consists of two sequences of eigenvalues
Mp = pim n=201,..., and Ay, = pg’n, n = 1,2,..., counted with their algebraic
multiplicities, for which the following asymptotic equalities hold:

1
prn =T+ 4o () (6)
n n
and
1
p27nzwn+%+0(>, (7)
n n

where a1 and as are defined by the following formulas:

— (2 +mga2(0) + mq1(0)) + Vd
—2mm ’

a1 =

= = (2 + mqa(0) + mq1(0)) — Vd
—2mm ’

0< cw*g\/& <.
If d # 0, then the eigenvalues of the problem are asymptotically simple.

From (5) it follows that if q(x) € W3 (—1,1), then the following asymptotics, that are
more precise than the asymptotics (6) and (7), are true:

pl,ﬁﬂmfﬁ” e} e,

P2.n —7Tn+7+§L, {g,ﬁf)}elg.
Then
) 77(1)
Mn=(p1n) = 2n? + 2raq + %, {77,(11)} € ly, (8)

(2)
Ao = (,02’71)2 =m2n? + 2ras + %7 {nﬁf)} € lp.

Therefore, the sum
Z )\1n77TTL 7271'041 Z )\anﬂn 72’/TO[2) (9)

is convergent (more precisely, both of the above series are convergent). The sum (9) is
called the first reqularized trace for the problem (1), (2).

1 In [4], the formula for d contains a typo.
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Since A(A) is an entire function of order 1 and by conditions (3) and (4) A = 0 is

zero of A(\), by Hadamard’s factorization theorem (see [8, Section 4.2]) we have

A(N) = ANB(A) = AN (A — Avo) ﬁ (1 - A?n) ﬁ (1 _ Ajn) _

n=1 n=1

= AN (A = A1,0) P1(N)22(N), (10)

where @ (\) = [, (1 - %) and D,(\) = [, (1 - %) .
Now we study the behavior of @1 () and @2 () for negative values of A with sufficiently
large obsolute values. Take A = —u?, > 0. We can write:

ont-u) =TT (1+55) = 0D

o
R N (ET=S
n=1
:1"_0[7.‘.2”210_0[ )‘1,n+,“2 shu:ﬁﬂ'QnQ it (1_7T2n2—)\17n) ShM:
fopert )\1,71 ne1 7'(2712_'_#2 U ot )\1," o] 202 _|_'u2 1
oo
T™nt — A\ Shu
=0 H (1 T 2.2 2 ) )
n=1 ™n +M w

= 7T2’I'L2
where C1 = [ 5" .
n=1 "

Denote -
S T™Tn- — )\1,77,
p1(p) = H (1 2n2 + p2 >
It is clear that for the function
> 7r2n2 — )\1 n
Y1 () = ;L09<1 - M) :

where Log z denotes the principial branch of the logarithm , it holds e¥*(") = o1 (p).
We have

= ™n? — Ay e R T
w1(u)=ZLOQ<1—M>:—ZZk (M) B

n=1 k=1

X1 &[22 — Ay _3
Z;Z—Q)k = O(u?) (11)
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and
> 1 1 1
. —— Y 12
Z_il,ﬁwna 25 "7 tO ™) (12)

Taking into account (8) we get

Z )\1 no > )\Ln — ’l'r27’L2 — 27‘(0[1 i 271’041 o
T n2+/’[/ - — 7T2n2+/’[’2 ,u2+7r2n2 -

n n=1

2,2

2
— 720" — 2may)m2n

= 271« 1 & 1 &
1
:;u2+w2n2+ﬁz(h" mn - 2mau) 7; 2 + m2n?

— 27y 2.2 0y
2272 ZZ Ao — n —27ra1) 2 217N2+7r2n2'

n=1

Now we estimate the last sum in the above equality. We have

‘ ()’
n
22# +7r2n2

- Z/J +7T2TL2_

L
a1 15y 2,2 9 \ 1Y
—7 E nz::o( 1lnpn — TN — 7T0[1) 10+7TC¥1 + o0 E =
« 1
=T L (50 - g r) +o (1)
where -
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We obtain
T 1 (1) 1
gpl(u)—1+—+—2(5 )\10+7ra1+7r )+o — |-
I t
Therefore,
2 = T L () 2 2 1 sh p
Py (—p%) =Cy (1+ . + (SA Mo+ mog+7 a1)+0<ﬂ2>) . (14)
By the same way for @9 (—/LQ) we have
Dy (—MQ) =
1 [ 1 h
:CQ<1_|_7TO‘2+<Z )\2” T™n —27ra2)—7ra2+7ra§>+0(,u>> =
h
=Cy <1+7m2+(5(2)+7ra2+7r a2>+o(ﬂ2>>5uu (15)

= Z (Ag,n — 0% = 2mas) .
n=1
From (10), (14) and (15) we get
A=) = A(=p%) (=" = M) %

1
xC4 <1+M+<S(1) Ao+ Tog +7720z%> +0(2)> X
oo op? 1

1 1 h?
xCy <1+7m2+2(5(2)+7ra2+7r a2)+0(2)>82’u:
nooop 1 I

s (Cvl + 042)
1%

+7 alozg)ui +0(M1 )}sh2 (16)

= AC,Cy (,LL2 + )\1,0) |:].+ +(S/(\1) +S§\2) —>\170+’7T (041 + Ck2)+’/T2 (Oé% + Oé%) +

By comparing the coefficients of p? in formulas (5) and (16) we get that AC1Cy = —
Now comparing the coefficients of other terms of (5) and (16) for sufficiently large positive
values of p we obtain the following formula:

m (Sﬁl) + S,(\Z) — Ao+ 7(og +ag) +7? (a? + ag) + m2aqan + /\1’0> =

=2(q1(0) + ¢2(0)) + ma1(0 — mgso(0) — mgao(0) =

=/ t)dt + m/ dt/ t)dt—
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2

- (i (20(0) +a(~1) +a(1)) - § (( [ awar) + ([ q(t)dt>2>> .

We state the above result as a theorem.

Theorem 2. Let q(z) be a complez-valued function in Wy (—1,1) and {\,} ~ U
{)\2,»”}20:1 be its eigenvalues, counted with their algebraic multiplicities. The following
first reqularized trace formula holds:

S\ = Z (Al,n —n? — 27ra1) + Z ()\Q,n —n? — 27ra2) =
n=0

n=1

= -7 (o + az) — 7 (af + 03) — Tara—

I awar -t / g(t)dt - / a(®)dt + X (29(0) + q(~1) + q(1))

mJ_4 4 1 4

2

(L) (foon))
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