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Abstract. The first regularized trace formula for a discontinuous Sturm-Liouville prob-
lem with a spectral parameter dependent jump condition is obtained.
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1. Introduction

We consider the boundary value problem

−y′′ + q(x)y = λy, xϵ(−1, 0) ∪ (0, 1), (1)

y(−1) = y(1) = 0,
y(−0) = y(+0),

y′(−0)− y′(+0) = λmy(0),

 (2)

where q(x) ∈ W 1
2 (−1, 1) is a complex-valued function, m ̸= 0 is a complex number. The

aim of the paper is to calculate the first regularized trace for the problem (1), (2).
The theory of regularized traces of first and higher orders of ordinary differential

operators has a long history. The regularized trace formula for the regular Sturm-Liouville
operator with Dirichlet boundary condition and smooth potential was first established
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by I.M. Gelfand and B.M. Levitan in [5]. In [1], another proof of the Gelfand-Levitan’s
regularized trace formula was given. In [7] and [11], the regularized trace formulas for
the Sturm-Liouville operator with periodic and antiperiodic boundary conditions were
obtained. In [6], regularized trace formula for the regular Sturm-Liouville operator with
spectral parameter dependent boundary conditions was established. M.G. Gasymov was
the first, who considered in [2] singular differential operators on the whole and half-axis
with discrete spectrum and established trace formulas for these operators. In [3], M.G.
Gasymov and B.M. Levitan obtained trace formulas for singular differential operators on
the half-axis with different type of boundary conditions.

For the review and relatively recent results of the theory, see [10].

2. Main Results

Denote λ := ρ2, Imρ := τ. Let y1(x, λ) be the solution of equation (1) on (−1, 1)
satisfying the initial conditions

y1(−1) = 0, y′1(−1) = ρ (3)

and y2(x, λ) be the solution of equation (1) on (−1, 1) satisfying the initial conditions

y2(1) = 0, y′2(1) = ρ. (4)

Using the fact that q(x) ∈W 1
2 (−1, 1) one can obtain the following asymptotic represen-

tations:

y1(x, λ) = sin ρ(1 + x)− q1(x)
cos ρ(x+ 1)

ρ
+ q20(x)

sin ρ(x+ 1)

ρ2
−

− 1

2ρ2

∫ x

−1

sin ρ(x− 1− 2t)q(t)q1(t)dt+

∫ x

−1

q′(t)
sin ρ(x− 1− 2t)

4ρ2
dt+O

(
e|τ |(1+x)

ρ3

)
,

y′1(x, λ) = ρ cosρ(1 + x)− q21(x)
cos ρ(x+ 1)

ρ
+ sin ρ(x+ 1)q1(x)−

− 1

2ρ

∫ x

−1

cos ρ(x− 1− 2t)q(t)q1(t)dt+
1

4ρ

∫ x

−1

q′(t) cos ρ(x− 1− 2t)dt+O

(
e|τ |(1+x)

ρ2

)
,

y2(x, λ) = sin ρ(1− x)− q2(x)
cos ρ(1− x)

ρ
+ q30(x)

sin ρ(1− x)

ρ2
−

− 1

2ρ2

∫ 1

x

sin ρ(2t− x− 1)q(t)q2(t)dt−
∫ 1

x

q′(t)
sin ρ(2t− x− 1)

4ρ2
dt+O

(
e|τ |(1−x)

ρ3

)
,

y′2(x, λ) = ρ cosρ(1− x) + q31(x)
cos ρ(1− x)

ρ
− sin ρ(1− x)q2(x)−

− 1

2ρ

∫ 1

x

cos ρ(2t− x− 1)q(t)q2(t)dt−
1

4ρ

∫ 1

x

q′(t) cos ρ(2t− x− 1)dt+O

(
e|τ |(1−x)

ρ2

)
,
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where

q2j(x) =
1

4

(
q(x) + (−1)jq(−1)

)
+

(−1)
j+1

2

∫ x

−1

q(t)q1(t)dt,

q3j(x) =
1

4

(
q(x) + (−1)jq(1)

)
+

(−1)
j+1

2

∫ 1

x

q(t)q2(t)dt, j = 0, 1,

q1(x) =
1

2

∫ x

−1

q(t)dt, q2(x) =
1

2

∫ 1

x

q(t)dt .

In that case one can prove the following asymptotic expansion of the characteristic func-
tion ∆(λ) of problem (1), (2), which is sharper than the expansion of the same ∆(λ)
obtained in [4], where q(x) is a summable function on (−1, 1):

∆
(
ρ2
)
= [−mρ2 + 2q2(0)−mq30(0) + 2q1(0) +

1

ρ2
q1(0)q30(0)−

−mq20(0) +
1

ρ2
q2(0)q20(0)−

m

ρ2
q20(0)q30(0) +mq1(0)q2(0)−

1

ρ2
q31(0)q1(0)−

− 1

ρ2
q2(0)q21(0)] sin

2 ρ+ [2ρ+ ρmq2(0)−
1

ρ
q31(0) +

1

ρ
q30(0) + ρmq1(0)−

−2

ρ
q1(0)q2(0) +

m

ρ
q30(0)q1(0) +

1

ρ
q20(0)−

1

ρ
q21(0) +

m

ρ
q20(0)q2(0)]sinρ cos ρ+

+[− 1

4ρ

∫ 1

0

q′(t) cos ρ(2t− 1)dt+
m

4

∫ 1

0

q′(t) sin ρ(2t− 1)dt−

− 1

2ρ

∫ 1

0

q(t)q2(t) cos ρ(2t− 1)dt− 1

2ρ

∫ 0

−1

q(t)q1(t) cos ρ(2t+ 1)dt−

−m
2

∫ 0

−1

q(t)q1(t) sin ρ(2t+ 1)dt+
1

4ρ

∫ 0

−1

q′(t) cos ρ(2t+ 1)dt] sin ρ+

+[− 1

4ρ

∫ 1

0

q′(t) sin ρ(2t− 1)dt+q1(0)
1

4ρ

∫ 1

0

q′(t) cos ρ(2t− 1)dt−

−m

4ρ
q1(0)

∫ 1

0

q′(t) sin ρ(2t− 1)dt+
1

4ρ

∫ 0

−1

q′(t) sin ρ(2t+ 1)dt−

− 1

2ρ

∫ 1

0

q2(t)q(t) sin ρ(2t− 1)dt+
1

2ρ

∫ 0

−1

q1(t)q(t) sin ρ(2t+ 1)dt+

+
m

2ρ
q2(0)

∫ 0

−1

q1(t)q(t) sin ρ(2t+ 1)dt]cosρ+ (−q2(0)− q1(0)−mq1(0)q2(0))+

+O

(
e|τ |

ρ2

)
. (5)

The following theorem was proved in [4].
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Theorem 1. Let q(x) be a complex-valued function, summable on [−1, 1] and

d := 4 + (mq2(0))
2
+ (mq1(0))

2 − 2m2q2(0)q1(0)
1.

Then, the spectrum of problem (1), (2) consists of two sequences of eigenvalues
λ1,n = ρ21,n, n = 0, 1, . . ., and λ2,n = ρ22,n, n = 1, 2, . . . , counted with their algebraic
multiplicities, for which the following asymptotic equalities hold:

ρ1,n = πn+
α1

n
+ o

(
1

n

)
(6)

and

ρ2,n = πn+
α2

n
+ o

(
1

n

)
, (7)

where α1 and α2 are defined by the following formulas:

α1 =
− (2 +mq2(0) +mq1(0)) +

√
d

−2mπ
,

α2 =
− (2 +mq2(0) +mq1(0))−

√
d

−2mπ
,

0 ≤ arg
√
d < π.

If d ̸= 0, then the eigenvalues of the problem are asymptotically simple.

From (5) it follows that if q(x) ∈W 1
2 (−1, 1), then the following asymptotics, that are

more precise than the asymptotics (6) and (7), are true:

ρ1,n = πn+
α1

n
+
ξ
(1)
n

n2
,
{
ξ(1)n

}
∈ l2,

ρ2,n = πn+
α2

n
+
ξ
(2)
n

n2
,
{
ξ(2)n

}
∈ l2.

Then

λ1,n = (ρ1,n)
2
= π2n2 + 2πα1 +

η
(1)
n

n
,
{
η(1)n

}
∈ l2, (8)

λ2,n = (ρ2,n)
2
= π2n2 + 2πα2 +

η
(2)
n

n
,
{
η(2)n

}
∈ l2.

Therefore, the sum

Sλ :=

∞∑
n=0

(
λ1,n − π2n2 − 2πα1

)
+

∞∑
n=1

(
λ2,n − π2n2 − 2πα2

)
(9)

is convergent (more precisely, both of the above series are convergent). The sum (9) is
called the first regularized trace for the problem (1), (2).

1 In [4], the formula for d contains a typo.
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Since ∆(λ) is an entire function of order 1
2 and by conditions (3) and (4) λ = 0 is

zero of ∆(λ), by Hadamard’s factorization theorem (see [8, Section 4.2]) we have

∆(λ) = AλΦ(λ) = Aλ (λ− λ1,0)

∞∏
n=1

(
1− λ

λ1,n

) ∞∏
n=1

(
1− λ

λ2,n

)
=

= Aλ (λ− λ1,0)Φ1(λ)Φ2(λ), (10)

where Φ1(λ) =
∏∞
n=1

(
1− λ

λ1,n

)
and Φ2(λ) =

∏∞
n=1

(
1− λ

λ2,n

)
.

Now we study the behavior of Φ1(λ) and Φ2(λ) for negative values of λ with sufficiently
large obsolute values. Take λ = −µ2, µ > 0. We can write:

ϕ1(−µ2) =

∞∏
n=1

(
1 +

µ2

λ1,n

)
=

∞∏
n=1

(
1 + µ2

λ1,n

)
∞∏
n=1

(
1 + µ2

π2n2

) sh µ

µ
=

=

∞∏
n=1

π2n2

λ1,n

∞∏
n=1

λ1,n + µ2

π2n2 + µ2

sh µ

µ
=

∞∏
n=1

π2n2

λ1,n

∞∏
n=1

(
1− π2n2 − λ1,n

π2n2 + µ2

)
sh µ

µ
=

= C1

∞∏
n=1

(
1− π2n2 − λ1,n

π2n2 + µ2

)
sh µ

µ
,

where C1 =
∞∏
n=1

π2n2

λ1,n
.

Denote

φ1(µ) =

∞∏
n=1

(
1− π2n2 − λ1,n

π2n2 + µ2

)
.

It is clear that for the function

ψ1(µ) =

∞∑
n=1

Log

(
1− π2n2 − λ1,n

π2n2 + µ2

)
,

where Log z denotes the principial branch of the logarithm , it holds eψ1(µ) = φ1(µ).
We have

ψ1(µ) =

∞∑
n=1

Log

(
1− π2n2 − λ1,n

π2n2 + µ2

)
= −

∞∑
n=1

∞∑
k=1

1

k

(
π2n2 − λ1,n
π2n2 + µ2

)k
=

= −
∞∑
k=1

1

k

∞∑
n=1

(
π2n2 − λ1,n
π2n2 + µ2

)k
.

We use the formulas (see [9])

∞∑
k=2

1

k

∞∑
n=1

∣∣π2n2 − λ1,n
∣∣k

(π2n2 + µ2)
k

= O(µ−3) (11)
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and
∞∑
n=1

1

µ2 + π2n2
=

1

2µ
− 1

2µ2
+O

(
e−2µ

)
. (12)

Taking into account (8) we get

−
∞∑
n=1

π2n2 − λ1,n
π2n2 + µ2

=

∞∑
n=1

λ1,n − π2n2 − 2πα1

π2n2 + µ2
+

∞∑
n=1

2πα1

µ2 + π2n2
=

=

∞∑
n=1

2πα1

µ2 + π2n2
+

1

µ2

∞∑
n=1

(
λ1,n − π2n2 − 2πα1

)
− 1

µ2

∞∑
n=1

(λ1,n − π2n
2 − 2πα1)π

2n2

µ2 + π2n2
=

=

∞∑
n=1

2πα1

µ2 + π2n2
+

1

µ2

∞∑
n=1

(
λ1,n − π2n2 − 2πα1

)
− π2

µ2

∞∑
n=1

η
(1)
n n

µ2 + π2n2
.

Now we estimate the last sum in the above equality. We have∣∣∣∣∣π2

µ2

∞∑
n=1

η
(1)
n n

µ2 + π2n2

∣∣∣∣∣ ≤ π2

µ2

∞∑
n=1

∣∣∣η(1)n ∣∣∣n
µ2 + π2n2

≤

≤ π2

µ2

( ∞∑
n=1

∣∣∣η(1)n ∣∣∣2
) 1

2
( ∞∑
n=1

n2

(µ2 + π2n2)
2

) 1
2

≤

≤ π

µ2

( ∞∑
n=1

∣∣∣η(1)n ∣∣∣2
) 1

2
( ∞∑
n=1

1

µ2 + π2n2

) 1
2

= o

(
1

µ2

)
. (13)

From (11), (12) and (13) we calculate:

ψ1(µ) =

∞∑
n=1

2πα1

µ2 + π2n2
+

1

µ2

∞∑
n=1

(
λ1,n − π2n2 − 2πα1

)
+ o

(
1

µ2

)
=

=
πα1

µ
− πα1

µ2
+ o

(
1

µ2

)
+

1

µ2

∞∑
n=1

(
λ1,n − π2n2 − 2πα1

)
+ o

(
1

µ2

)
=

=
πα1

µ
+

1

µ2

( ∞∑
n=1

(
λ1,n − π2n2 − 2πα1

)
− πα1

)
+ o

(
1

µ2

)
=

=
πα1

µ
+

1

µ2

( ∞∑
n=0

(
λ1,n − π2n2 − 2πα1

)
− λ1,0 + πα1

)
+ o

(
1

µ2

)
=

=
πα1

µ
+

1

µ2

(
S
(1)
λ − λ1,0 + πα1

)
+ o

(
1

µ2

)
,

where

S
(1)
λ =

∞∑
n=0

(
λ1,n − π2n2 − 2πα1

)
.
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We obtain

φ1(µ) = 1 +
πα1

µ
+

1

µ2

(
S
(1)
λ − λ1,0 + πα1 + π2α2

1

)
+ o

(
1

µ2

)
.

Therefore,

Φ1

(
−µ2

)
= C1

(
1 +

πα1

µ
+

1

µ2

(
S
(1)
λ − λ1,0 + πα1 + π2α2

1

)
+ o

(
1

µ2

))
sh µ

µ
. (14)

By the same way for Φ2

(
−µ2

)
we have

Φ2

(
−µ2

)
=

= C2

(
1 +

πα2

µ
+

1

µ2

( ∞∑
n=1

(
λ2,n − π2n2 − 2πα2

)
− πα2 + π2α2

2

)
+ o

(
1

µ2

))
sh µ

µ
=

= C2

(
1 +

πα2

µ
+

1

µ2

(
S
(2)
λ + πα2 + π2α2

2

)
+ o

(
1

µ2

))
sh µ

µ
, (15)

where C2 =
∏∞
n=1

π2n2

λ2,n
and

S
(2)
λ =

∞∑
n=1

(
λ2,n − π2n2 − 2πα2

)
.

From (10), (14) and (15) we get

∆
(
−µ2

)
= A

(
−µ2

) (
−µ2 − λ1,0

)
×

×C1

(
1 +

πα1

µ
+

1

µ2

(
S
(1)
λ − λ1,0 + πα1 + π2α2

1

)
+ o

(
1

µ2

))
×

×C2

(
1 +

πα2

µ
+

1

µ2

(
S
(2)
λ + πα2 + π2α2

2

)
+ o

(
1

µ2

))
sh 2µ

µ2
=

= AC1C2

(
µ2 + λ1,0

) [
1+

π (α1 + α2)

µ
+(S

(1)
λ +S

(2)
λ −λ1,0+π (α1 + α2)+π

2
(
α2
1 + α2

2

)
+

+π2α1α2)
1

µ2
+ o
( 1

µ2

)]
sh2 µ. (16)

By comparing the coefficients of µ2 in formulas (5) and (16) we get that AC1C2 = −m .
Now comparing the coefficients of other terms of (5) and (16) for sufficiently large positive
values of µ we obtain the following formula:

−m
(
S
(1)
λ + S

(2)
λ − λ1,0 + π (α1 + α2) + π2

(
α2
1 + α2

2

)
+ π2α1α2 + λ1,0

)
=

= 2 (q1(0) + q2(0)) +mq1(0)q2(0)−mq30(0)−mq20(0) =

=

∫ 1

−1

q(t)dt+
1

4
m

∫ 1

0

q(t)dt

∫ 0

−1

q(t)dt−
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−m

(
1

4
(2q(0) + q(−1) + q(1))− 1

8

((∫ 1

0

q(t)dt

)2

+

(∫ 0

−1

q(t)dt

)2
))

.

We state the above result as a theorem.

Theorem 2. Let q(x) be a complex-valued function in W 1
2 (−1, 1) and {λ1,n}∞n=0 ∪

{λ2,n}∞n=1 be its eigenvalues, counted with their algebraic multiplicities. The following
first regularized trace formula holds:

Sλ =

∞∑
n=0

(
λ1,n − π2n2 − 2πα1

)
+

∞∑
n=1

(
λ2,n − π2n2 − 2πα2

)
=

= −π (α1 + α2)− π2
(
α2
1 + α2

2

)
− π2α1α2−

− 1

m

∫ 1

−1

q(t)dt− 1

4

∫ 1

0

q(t)dt ·
∫ 0

−1

q(t)dt+
1

4
(2q(0) + q(−1) + q(1))−

−1

8

((∫ 1

0

q(t)dt

)2

+

(∫ 0

−1

q(t)dt

)2
)
.
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