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Abstract. Let G be a locally compact group with the left Haar measure me. For a subset
S of G, by [S] we denote the closed subgroup of G generated by S. Let pu be a probability
measure on G and H := [supp (i * p)], where di(g) == dp (97'). We show that:

a) If G is a compact group, then

w* — lm (g p)" =my,
n—oo

where My (E) = myg (EN H) for every Borel subset E of G.
b) If H is not compact, then

w' — lim (g p)" =0.

n—00

Some related problems are also discussed.
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1. Introduction

Let G be a locally compact group with the left Haar measure m¢ (in the case when
G is compact, mg will denote normalized Haar measure on G) and let M (G) be the
convolution measure algebra of G. As usual, Cj (G) will denote the space of all complex
valued continuous functions on G vanishing at infinity. Since Cy (G)* = M (G), the
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space M (G) carries the weak* topology o (M (G),Cy (G)). In the following, the w*-
topology on M (G) always means this topology. Thus, a sequence {fin},y in M (G)
weak* converges to p € M (G) or w*- lim p,, = p if:

n—oo

tw [ fdun = [ Fdn, vf € GolG).
G G

n— oo

For a subset S of G, by [S] we will denote the closed subgroup of G generated by S.
A probability measure p on G is said to be adapted if [suppu] = G. Also, a probability
measure p on G is said to be strictly aperiodic if the support of p is not contained in a
proper closed left cosets gH (H # G, g € G\H) of G.

Recall that the convolution product p* v of two measures u, v € M (G) is defined by

(uxv)(B) = /,u (Bg~')dv(g) for every Borel subset B of G.
a

For an arbitrary n € N, by p™ we will denote n-th convolution power of u € M (G),
where ;0 := 6, is the Dirac measure concentrated at the unit element e of G. A classical
Kawada-Itd theorem [6, Theorem 7] asserts that if x4 is an adapted measure on a compact

n—1
metrisable group G, then the sequence of probability measures {711 > /ﬂ} weak™*
=0 neN
converges to the Haar measure on G (see also, [5, Theorem 3.2.4]). If u is an adapted

and strictly aperiodic measure on a compact metrisable group G, then w*- lim p”™ = mg
n—oo

[6, Theorem 8]. If 1 is an adapted measure on a second countable non-compact locally

compact group G, then w*- lim p™ = 0 [9, Theorem 2]. In [2, Théoréme 8], it was proved
n—oo

that if u is a strictly aperiodic measure on a non-compact locally compact group G, then

w*- lim p™ = 0 (for related results see also, [1], [5], [10], [11]).

n—oo
In this note, we present some results of Kawada-Ito type.

2. The Sequence { (1 * )"}

In this section, we study weak* convergence of the sequence {(fz )"}, o for the prob-
ability measure p on a locally compact group G.

As is well known, equipped with the involution given by dpi (g) = du (g—1), the algebra
M (G) becomes a Banach s-algebra. If u is a probability measure on a locally compact
group G, then as suppg = (supp,u)_1 , we have

neN

supp (f * p) = {(Suppu)*1 : (Suppu)}-

If H is a closed subgroup of the locally compact group G, then my may be regarded
as a measure on G by putting my (E) = mpy (E N H) for every Borel subset E of G.
The following two theorems are the main results of this note.
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Theorem 1. For an arbitrary probability measure p on a compact (not necessarily
metrisable) group G, we have

w* — lim (g*p)" =my,
n— oo

where H = [supp (& * p)] .

Theorem 2. Let p be a probability measure on a locally compact group G. If
[supp (& * )] is not compact, then

w* — lim (p*p)" =0.
n—oo
For the proof of Theorems 1 and 2, we need some preliminary results.
Let H be a complex Hilbert space and let B (H) be the algebra of all bounded linear
operators on H. If T is a contraction on H, then by the Mean Ergodic Theorem |7,
Chapter 2],

n—1
Prx = lim — E T*z in norm, for every z € H,
n—oo M —

where Pr is a orthogonal projection onto ker (T'— I). The operator Pr will be called
mean ergodic projection associated with T. Moreover, we have

H=ker(T—-1)®(T-1)H (1)
aHdTPTZPTT:PT.
The following result is an immediate consequence of the identity (1).

Proposition 1. Let T be a contraction on a Hilbert space H and assume that
| T+t — T"wH — 0 for all v € H. Then,

lim T™x = Prx in norm for every x € H,
n—o0

where Pr is the mean ergodic projection associated with T.

Recall that an operator T' € B (H) is said to be positive if (T'z,z) > 0 for all z € H.
For example, T*T is a positive operator for any 7" € B (H). Now, let T be a positive
contraction. Since lim }/\”Jrl — )\"] =0 for all 0 < A <1, by the Spectral Theorem, we

n—oo

have lim |77+ — 77| = 0.
n—oo

Even more can be deduced.

Proposition 2. If T is a positive contraction on a Hilbert space, then

Fom o |77 — T < 2.
e

n—oo
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Proof. Notice that the spectrum of 7' is in [0,1]. Since

nn
max [\ -\ = ———
Ae[0,1] | | (n+ 1)"+1
by the Spectral Theorem,
n" 1 n 1

n+1l _ gmn n+l _ yn| _ = =
o - e = s

It follows that
T [+ 77| <

n—oo

[

As a consequence of Propositions 1, we have the following.

Corollary 1. IfT is a contraction on a Hilbert space, then

lim (T*T)" = P in the strong operator topology,

n—oo
where P is an orthogonal projection onto ker (T*T — I).

Let G be a locally compact group and let m be a strongly continuous unitary rep-
resentations of G on a Hilbert space H,. For an arbitrary u € M (G), we can define
pi(m) € B (Mr), by

((m) 2.y) = /G (r(9) 2 u)du(g) (2. € Hr).

The map p — i (7) is multiplicative, *-linear; 1 (7)" = ﬁ(ﬂ), and contractive; || ()| <

llee]|; s where ||g]|; is the total variation norm of p. By G we will denote the set of all
equivalence classes of irreducible strongly continuous unitary representations of G. The

function m — @ () (71' € @) is called Fourier-Stieltjes transform of the measure p. If

fi(w) = 0 for all 7 € G, then p = 0 (for instance, see [4, §18]).

We will assume that the dual object G of G is equipped with the Fell topology. Recall
that a point my € G is a limit point of M C G in the Fell topology, if the matrix function
g — {70 (9) o, x0) (zo € Hr,) can be uniformly approximated on every compact K C G
by the matrix functions g — (7 (g) z,z) (1 € M, z € Hy). The set M C G is said to be
closed if it contains all of its limit points. It is well known that if G is compact, then
every m € G is finite dimensional. Also, we know that if G is compact (resp. compact
and metrisable) then G is discrete (resp. countable). These facts are consequences of the
Peter-Weyl theory [8, Chapter 4]. Also, recall that o-compact locally compact group G
is metrisable if and only if G is separable (for instance see, [4]).

The following result was proved in [3, Proposition 2.1].
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Lemma. Let o be a probability measure on a locally compact group G and let m be a
strongly continuous unitary representations of G on a Hilbert space H,. Then, we have

ker[pi(n) —I;] ={z € Hr : m(g9)x =z, Vg € [suppy]},
where I is the identity operator on H,.
Now, we are in a position to prove Theorem 1.

Proof. (Proof of Theorem 1) Let 7 € G and let H, be the representation space of . Since
G is a compact group, H, is finite dimensional. Let dim H, := n, and let {653), e e&”")}

be the basic vectors in H. Denote by f; the matrix functions of 7, where

fTi(g) = (m(g) e, ey (i,j=1,...n).

Then, we can write

(" S25) = [ (5 (0) e e G = ([ (7 R (7)) el §)) (v € ).
By Corollary 1,
([ am]" el ed) = (Pred,ed)) (n— o),
where P[ is an orthogonal projection onto ker [f(m)" 1 () — Iz]. So we have

()", ) = (Preld ey (n— o0).

s J4,] T T

By the Peter-Weyl C-Theorem [8, Chapter 4], the system of matrix functions

{f:J T E é, i,] = 1,...,n7r}
is linearly dense in C (G) . Consequently, the limit

lim ((zxp)", f) exists for all f € C(G).

n—oo
Since
f= lim ()™, f)
is a bounded linear functional on C (G), there exists a measure 6,, € M (G) such that

n— oo

So we have

w*- lim (p*p)" =46,.

n—oo
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Now, let H := [supp (&t * )] . It remains to show that 6, = mpg. Let us see first that 6,
is an idempotent measure. Since the left (or right) multiplication on M (G) is separately
continuous, we have (ft * p) * 6, = 6,,, which implies

pxp) x60, =460, VneN.
n="0p

As (ixp)" — 0, in the w*-topology, we have Hi = 0,. Hence, 0, is an idempotent
measure. Notice also that . R
0, (m) =P, YneG.

o

Further, since mg (7) is an orthogonal projection, by Lemma, we can write
myg (1) Hy =ker[mg (n) — ;] ={r € H,:m(9)z =2, Vge H}.
For the same reasons,
5;(77)7-[,r =Py =ker [i(n) fi(n) —Iz] ={x € Hy:m(g)x =2, Vg€ H}.
Thus we have é; (7) = mg () for all w € G. It follows that 0, =mm. <

Let p be a probability measure on a compact metrisable group G. A Borel subset E of
G is said to be a continuity set of p if u (OF) = 0, where OF denotes topological boundary
of E. By the well known Portmanteau theorem, the sequence {fi,},, oy of the probability
measures on G, weak® converges to the measure y if and only if p,, (E) — p (E) for any
continuity set E of pu.

Corollary 2. Let p be a probability measure on a compact metrisable group G with
[supp (& * )] = G. The following assertions hold:
(a) For an arbitrary continuity set E of mg,

lim (fix )" (B) = ma (E).

(b) Let v be a probability measure on G and assume that for an arbitrary continuity
set B of v,
lim (ix )" (E) = v (B).
Then, v = mqg.

Let G be a locally compact group. For an arbitrary f € LP (G) (1 < p < o0), we put

flg)=f(97") and f(g):=f(g7").
Notice that for every u,v € L? (G), the function u x ¥ is in Cj (G) and
<:U'7 u*5> = <:u*§7 ﬂ>7 Ve M(G)

It follows that the set {u ¥ : u,v € L? (G)} is linearly dense in Cy (G) . Notice also that
iffel?(G) (1<p<oo,p#2)and h€ L1(G) (1/p+1/q=1), then hx f¥ € Cpy (G)
and

(y hx fV)y =(ux f, h), Ype M(G).



70 Convergence of iterates of probability measures

It follows that {h* f¥ : h € L9(G), f € LP(G)} is linearly dense in Cy (G) .
Let 7 be the left regular representation of G on L? (G) (1 < p < o0), where
w(9) f(s) =1 (97"s) == fy (s).

Then, 7 is continuous and i (7) f = px* f for every p € M (G) . We will denote this opera-
tor by Ap (1) , the left convolution operator. The left convolution operator A, (p) f 1= px f
is a bounded linear operator on L? (G), that is,

1Ap () 1, < elly (£1, and - [[Ax (w)lly = [lplly -
Proof. (Proof of Theorem 2) It suffices to show that
(F*p)", ux) — 0 for all u,v € L* (G).

For this, we must show that
{((p*p)" *v,u) — 0.
Since Ap (1) = X2 (1), by Lemma,
{Fel? (@) :x@ X f=f={feLl’(@): X(*p) f=Ff}
—{F €L (G): fu=f, Vs € [supp (ix p)l}

Since [supp (f * w)] is not compact, from the identity fs = f for all s € [supppu], we have
f =0 (a.e.). Hence,
ker [)\2 (,u)* )\2 (,u) — I] =0.

By Corollary 1,
[/\2 ()" Ao (u)}n — 0 in the strong operator topology.
Now if u,v € L? (G), then we get

(Gix )" 5,3 = ([ (1) Ao ()] 0,7) = 0.

3. Norm Convergence

In this section, we present some results concerning norm convergence of the sequence
~ n .
{(*p)" * f}, oy in LP (G) spaces.

Proposition 3. Let p be a probability measure on a locally compact group G and let
feLP(G)(1<p<oo). The following assertions hold:
(a) If G is compact and [supp (@ * u)] = G, then

(s p)" * f— (/G fdmg) 1 in LP-norm,

where 1 is the identity one function on G.
(b) If [supp (1 * )] is not compact, then

(*p)" * f—0 in LP-norm.
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Proof. If 6 := [i*u, then by Corollary 1, 6"« f — w in the LP —norm for some u € L? (G).
On the other hand, by Theorem 1,

w*- lim 0" = mg.
n—oo

IfveL1(G) (1/p+1/qg=1), then as vV * f € C (G), we can write

(u,0) = Tim (0"« £,0) = (6%, 0" % f) = (ma,v* % f) = (ma * f,).

n—oo

So we have

u:mG*f:/ fdmg.
G
If [supp (@ * p)] is not compact, then by Theorem 2,

w*- lim 0" =0
n—oo

For an arbitrary v € L (G) (1/p+1/q=1), since v * f¥ € Cy (G), we get

(u,v) = lim (0" * f,v) = lim (0", v* f) = 0.

n—oo n— oo

Hence, u = 0. <

Next, we have the following.

Proposition 4. Let u be a probability measure on a compact group G. If [supp (@ % )] =
G, then for an arbitrary f € C (G),

(i p)" * f— (/G fde> 1 uniformly on G.

For the proof, we need some preliminary results. Let x . denote the character of 7 € é;

N

X (Q) = Z<7T (g) 671'7:)7671'2')>'

i=1

For a given f € C(G), let ¢; (f) = nzXx * f, where n, = dim . It follows from the
Peter-Weyl L2-theorem [8, Chapter 4] that the Parseval identity

1£15 =" llex ()13

71'6@

holds. It follows that there is at most countable set of values 7 € G for which ¢, (f)#0.
This set is called the spectrum of f and is denoted by sp(f). Any continuous function
J on the compact group G can be uniformly approximated by linear combinations of
matrix functions of those representations m € G for which 7 €sp(f) [8, Chapter 4].
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Proof. (Proof of Proposition 4) Let 0 := px p. I 7 € G and

oy (9) = (m(9)z,y) (2,9 € Hx),

then we can write

(6" f7,) (9) = /G f7, (s71g) o™ (s) = /G (s 1g) 2, y)do" (s) =

- / (r (s7) 7 (9) 2, ) dO" () = / (m (g) 2, (5) y)d6™ (s) =
G G

= (r(9)z,6(m)"y) (¥neN).

Let f € C(G) and assume that [ fdmeg = 0. Let us show that 6™ % f — 0 uniformly
on G. Let mp be the trivial representation of G. Since g ¢sp(f), for an arbitrary € > 0,

there exist complex numbers A1, ..., A\ and 7, ..., € @\ {mo} such that

|f (9) = Audm1 (9) 21, 91) — - — Adme (9) T, i) | < €, Vg € G,
where z;,y; € Hn, (i =1,...,k). Consequently, we have

~ ~

(0" £) (9) = M1 (9) 21,0 (m1)" 1) = o = Aulmi (9) s B ()" )| < e,
which implies
10" 5 £) (@ < Il [[F(r0)" g | o+ -+ Il |8 ()™ | Nl + 2, vg € G
It remains to show that H@(w)"mH — 0 forall m € G\ {m} and & € H,. If 7 € G, then
by Theorem 1,
O ()" .y) = 0" f7,) = (me. fT,) = (G (m),y), Yoy € Ha.
From the orthogonality of 7 and 7o, we have mg (7) = 0 for all € G\ {mo} . Hence,
0 (m)"z,y) = 0 forall 7 € G\ {m} and z,y € H,.
Since H is finite dimensional, we have

th)\(ﬂ)"xH — 0 forall m € G\ {m} and z € H,.

If [ fdmg = ¢ # 0, then [ hdmg = 0, where h = f—c1 and 1 is the identity one function
on G. Then as 0™ x h — 0 uniformly, we have 0" x f — ¢ uniformly on G. <

It is well known that if G is a compact group, then the Haar measure mg on G is an
idempotent measure on G with suppmg = G.
The following result may be of some interest.

Proposition 5. Let G be a compact group and let n be a fized natural number. If u is
a probability measure on G with suppu = G, then u = mq is the unique solution of the
equation

n

Pt L = nmg. (2)
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Proof. We have

(me ) (B) = [ me (Bg™) du(9) = m (B).
G
for every Borel subsets B of G. It follows that mqg * 4 = mq. Also, notice that

1n—1 ] 171—1 ) ”—(5
- <nzlﬂ> _EZ'“Z: a " € — 0 in the |||, -norm, as n — oc.
i=0 =0

Since the left (or right) multiplication on M (G) is separately continuous, by the Kawada-
Ito theorem, we have u * mg — mg = 0. Consequently, we can write

== (= 0e) x (W T ) =

=(u—0.)*nmg =n(pxmg—meg) =0.

So we have p"*t! = p, which implies p?® = p™. If v := p™, then v is an idempotent
measure with suppr = G. Since

1 5 —1
lim — E v' = lim S t(n=lv =v in the |-||; —norm,
n—oo M = n—oo n

by the Kawada-Ito theorem, we have v = mg or u® = mg. Taking into account the
identity p™ = mg in the equation (2), we have

" = (n— 1) mg.

If we continue this process, finally we get © = mg. <
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