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Abstract. In this study, some properties of the pencils of singular Sturm-Liouville oper-
ators are investigated. Firstly, the behaviors of eigenvalues and eigenfunctions is learned,
then for each discontinuity point

ae%:{rﬂ:r:Z,p<q, p,qu},

a solution of the inverse problem is given to determine the potential function and param-
eters B, h and H with the help of a dense set of nodes. And finally, a constructive method
is given for solving the given inverse problem.
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1. Introduction

Solvable models of quantum mechanics are investigated in detail in the study [1]. As can
be seen, these models are generally expressed with Hamilton operators or Schrodinger
operators with singular coefficients. Many of the problems expressed by these models are
related to the solution of spectral inverse problems for differential operators with singular
coeflicients. However, many problems in mathematical physics are reduced to the study
of differential operators whose coefficients are generalized functions.

For example, the stationary vibrations of a spring-tied homogeneous wire fixed at
both ends, density R’ (x) = ad (x — z¢) (¢ (x)-Dirac function) and stiffness R(z) at point
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g, whose domain set is

D (L) = {y (@) e WE[0,1] : ¢/ (wo+) — ¢’ (w0—) = ay (w0)
20 € (0,1)39(0) =0 =y(1)}

2
and is expressed by the differential operator given as L, = o in Hilbert space Lo [0, 1].
x
There is detailed information about the correct (regular) definition of such operators and
the examination of their spectral properties in [2], [14], [19], [20] studies.
We consider the following quadratic pencils of Sturm-Liouville equation of the form

ly:=—y" + (@) +q(@)]y =Ny, zel0,7]\{a}, (1)

with the boundary conditions
U(y) ==y (0) — hy(0) =0, (2)
Viy) =y () + Hy(m) = 0, (3)

where ¢(z) is a real function belonging to the space L [0, 7], A is a spectral parameter,
p(x) =0 (x —a), h,a, H and 8 are real numbers.

Definition. Any function y(z) € W3 (2) (22 = [0,7] \ {a}), satisfying the Sturm-
Liouville equation

—y" +a(@)y (x) = Ny, (4)
and the discontinuity condition at the point a:
Y (a+0)— ¢ (a—0) = ABy (a), (5)

is called the solution of the equation (1).

Next, suppose that for all functions y(x) € W2 (£2),y(z) # 0, satisfying conditions
(2),(3) and (5), we have

s

Rl + HlymP + [ {I @) + a(o) ()} do >0,
0

Here we denote by W3 (£2) the space of functions f(x),z € {2, such that the derivatives
£ (z), (m =T,n —1) are absolute continuous and f™ (z) € Ly (£2).

We denote the boundary value problem (1)-(3), (5) by L = L(q, ).

Quadratic pencils of Sturm-Liouville equations with singular coefficient appear fre-
quently in various models of classical and quantum mechanics.

In studies [11], [13], [18], the spectral properties of the operator produced by the
regular differential equation given with non-separated boundary conditions containing the
spectral parameter were examined and the uniqueness theorems related to the solution of
the spectral inverse problem were proved. In studies [5]-[8], the spectral properties of the
operator produced by the Schrédinger equation with the singular coefficient given with
the boundary conditions depending on the spectral parameter were examined and the
solution of the inverse spectral problems according to different spectral data was given.
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2. Preliminaries

Let y(x, A) and z (x, A) be continuously differentiable solutions on (0, a)U(a, 7) of equation
(4), satisfying the discontinuity condition (5), then

<y7 Z>;c:a—0 = <y7 Z>x:a+0 9

i.e. the function (y, z) is continuous on (0, 7).
Let ¢ (z, A) be solution of equation (4), satisfying the initial conditions

¥ (O’)‘) =1, 90/ (07/\) =h (6)

and the discontinuity condition (5).
The characteristic function of the problem (1)-(3) is in the form

AN =¢'(mA) + Ho(m,A)

with the function ¢(x, \) being the solution of equation (1) satisfying the initial conditions
(6).

It is also clear that this is an entire function [9], so this problem has a countable
number of eigenvalues. We can also prove the following propositions from the methods
used in [12].

In addition, using the methods used in study [10], the following propositions are
proved:

Lemma 1. The eigenvalues of the problem (1)-(3) are real and not equal to zero.
Lemma 2. The eigenvalues of problem (1) are simple.

Let A (A) be the characteristic function of the problem corresponding to the case is
q(z) = 0 problem (1)-(3). In this case, it becomes

Ao ()‘) = 806(”7 A) + Hepo (7T7 A),

where g (2, ) is the solution of the equation (4), satisfying initial conditions (2) and
discontinuity condition (5).

Lemma 3. Let G5 = {)\ : |)\ — )\2‘ >6n=1,2, } be a small enough number § < g

The zeros of the Ag (N\) function A2 are discrete, so
ir;f}c\)\g -\ =r>0.
Lemma 4. There is a constant Cs5 > 0 so that the inequality
|Ag (V)] > Cs [N e™™ ™ X e Gy,

is satisfied.
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Theorem 1. When \,,n = 1,2, ... eigenvalues of problem (1)-(8) are n — oo,
dy, 1
0
=+ o ( AO) ™)
has behavior, where
1
Ay (A9)

+ (w2 (m) — I;B) cos A% (2a — ) + w3 () sin AY (2a — w)}

n =

{(wo (m) + H)sin \o 7 + (12{5 —wi (7r)> cos A0+

: d
is the bounded sequence. Where A (A0) = [d)\ Ay ()\)]

A=A

Proof. Tt is clear from the definition given above that the problem (1)-(3) is equivalent
to the problem (4)-(5), (2)-(3), that is, each solution of the problem (1)-(3) is equivalent
to the solution of the problem (4) satisfying the (2),(3) boundary and (5) discontinuity
conditions. Let us denote the problem of seeking the solution of (4) equation satisfying
(2)-(3) boundary conditions and (5) discontinuity condition with L. By applying the
method in the study [17], we obtain the solution of the problem L that satisfies the
initial conditions for (6), while |A| — oo, according to the x variable,

sin Az exp (|7] x)
v ()

x

1
p(x,\)=cos x+ | h+ i/q(t)dt
0

(8)

1 x
¢ (2, \) = —Asin Az + | h+ §/q(t)dt cos Az + o (exp (|7| z)),
0
in the case of x < a and

sin Az COS A\X

wy (z)

o (xz,A) = cos Az + %B (sin Az —sin A (2a — x)) + wp ()

a

A
T (1-28) /q(t)dtsm/\(j; —x) s (x) cos /\(22; —x) ‘o (exp|)|\7|'| )

0
1
o (T, A) = A { sin A\x + iﬂ (cos Az + cos A (2a — x))] + wp () cos \x — wy (x) sin Az

1
+ws (z)sin A(2a — x) — 1 (1-25%) /q(t)dt cos A(2a — x) + o (exp (|7| z))
0
in the case of x > a are valid. Here

x)=h-— i,@/q(t)dt+ %/q(t)dt, wy (z) = —%ﬁ h — §/q(t)dt—|— /q(t)dt )
0 0



46 Inverse nodal problems for pencils of singular Sturm-Liouville operators

a x a

wa(e) = 30 | 0= faarr [aat ] wnta) = 305 [aar

0 0 0
In this case,

AN =X [— sin Am + %B (cos A + cos A (2a — 7T)):| +
+ (H 4 wy (7)) cos Am + (Ijﬂ —wy (7‘(‘)) sin A+ (10)

+ (I;B + wo (7r)> sin A (2a — ) — w3 (7) cos A (2a — ) + o (exp (|7| 7))

is for |A\| = oo.
Let

1
Ag(A) = A {— sin A\ + 55 (cos AT + cos A (2a — w))}
be a function. Using the [12] study, for the roots of the equation Aq () =0,

A =n+ hy,, suplh,| =h < +oo
n

we obtain the following equality.
If we use the method given in the study [12] for the characteristic equation A (\) =0,
it is obtained from (10) that
A=A +0(1)

according to Rouche’s theorem.
Denote Gy, := {X: [A| = |X}| + 6,72} . On the other hand [16], since
AN = Ao (A) =0 (exp (|]Im A| 7)), |A] = oo,

for sufficiently large values of hand A € G,,, we get
AN~ 2 (V] < 505 exp (JIm A ).
Thus, for A € G,,,
180 )] 2 Cs A exp ([m Al m) > 2 Cy A exp ([lm Al ) > |4 (3) — 4 (V)]

such that n is sufficiently large natural number. It follows from that for sufficiently large
values n, functions Ag (A) and Ag (A) 4+ (A (A) — Ao (X)) = A (N) have the same number
of zeros counting multiplicities inside contour G, according to Rouches theorem. So,
they have the (n + 1) number of zeros Ag, A1, ..., A,. Analogously, it is shown by Rouche’s
teorem that for sufficiently large values of n, function A (A) has a unique of zero A, inside
each circle C(§) = {/\ : ‘)\ — )\g| < 5} . Since ¢ is orbitrary sufficiently small number, we
must have

A=A 4 e, en=0(1), n— 0. (11)



R. Amirov 47

Since function Ag (A) is type of ”sine” [12, p. 119], the number s > 0 exsists such
that for all n, ‘AO ()\2)‘ > 75 > 0. Since A, are zeros of A (), from (10) we get

4 <w2 (m) - 215) cos A2 (2a — ) + ws () sin A% (2a — ﬂ)} +o (;%) .

Substituting (12) into (11), we get (7). <

3. Inverse Nodal Problems

In this section, the solution of the nodal inverse problem for the diffusion operator with
p(x) = 56 (x — a)-Dirac delta potential and any of the set of nodal points dense in the
interval (0,7) of the constants 8, h, H and ¢(z) function, an algorithm for determining
with the help of subsequence will be given. Such problems have been studied in studies
of [3], [15], [21], [22] for the regular diffusion operator.

In the [4] investigate inverse nodal problems for energy-dependant p-Laplacian equa-
tions and of the study applies the Tikhonov regularization method to reconstruct po-
tential functions by only using zeros of one eigenfunction and show that the space of
the p-Laplacian operator is homeomorphic to the partition set of the space of nodal
sequences.

The eigenfunctions of the boundary value problem (1)-(3) or (4), (2), (3), (5) have
the form y, () = ¢ (x, \,) . We note that y, (z) are real-valued functions. Substituting
(7) into (8) and (9) we obtain the following asimptotic formulae for n — oo uniformly in
x:

)0
on (x) =cos \x 4+ { —d x4+ h + 1/q(t)dt sin A, ) (GW) , r<a, (13)
2 A0 A0
0

1 1
on (x) = <1 — 5,8 sin Qa)\91> cos N0z + = (1 + cos2a)?) sin Ao =

2
1 r 1 3 )\O
+ |wo (z) — dnx — 1 (1—282) cos QaAg/q(t)dt + <w2 (z) — 2ﬂdnx> sin 2a? sm/\ionx
0 n
. - 2) si 0 1 o | cos A0z
+ [wi (@) + gBdnr + J(1 =267 sin2aX], [ q(t)dt + (w2 (2) = 5Bdnw ) cos2aX | =5
0 n
0 ((ﬂ(p)(\gﬂx)) , T >a.
(14)

Denote 1 1
A, =1-— §Bsin2aA%,Bn = 56 (1+ cos2a))),
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Cp (z) = wo (x) — dpx — i (1—28%) cos 2a/\2/q(t)dt + (UJQ (z) — ;ﬁdnx) sin 2a\?
0

x

D, (z) = wy (z) + %ﬁdnx + %(1 —26?) sin 2a)\2/q(t)dt + <w2 (z) — ;ﬁdnx> cos 2a\?,
0

in this case for = > a
on (2) = Apcos Nz + B, sin N0+

sin A0z cos Nz exp (|7] x)
+Ch(x) 30 + D, (z) 0 +o < 30 > .

Theorem 2. The following asymptotics expression is provided

; 1 i 1
23" = 2 +<h+ = q(t)dt — dnx%(") 5+
5 2 (%)
0 " (15)

1 j(n
+O (()\0)2>7 I.gl( )E (O7a>7

o1
a™ = (j _ 2) ’ + L arctan (B") -

AS A2 An
B Co (#1)) 1 1 i
n j(n) N j(n)
Sl () - (Aoﬁ”((xof)’ e,

for sufficiently large n, uniformly with respect to j(n).

Proof. Use the asymptotic formulas for the case x < a and x > a respectively (13) and
(14) to get

e

0= o (25 ) = cos A° i ™) 1 sy | sin Az
= (xn ,)\n) =cos Aozl + ¢ h+ 5 q(t)dt — dz), —
0 n
exp (|7’| x%(n)) _
bo| 2] w0,
. . . ) sin A0 Zl(n)
0=¢p (mfz(”), /\n) = A, cos \ozI(™ 4+ B, sin N0 (") 4 Cn(mfl(”))sm)\"iox—k

_ 30 .0 (n) exp (|7’|13¥1(n))
\D, (ch(")> COS A\, Tn

A 0 +o 0 , xfl(”) € (a,m),
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and so
Q)
tan ()\Oacj(”) + E) = h+1 / q(t)dt — dpa?(™ L +o <1) 2™ € (0,a), (17)
e 2 2 " hY4 o) T
0
; T B, B, ; 1 ;
tan (™) + 5) = 5 { D (#0) = m} A

+

1 j(n
0 <)\0) , J;i( ) ¢ (a,m),

if we apply the identity

. o —
arctan o — arctan S = arcsin ( | 5' ) ,

NN

we get the asymptotic formulae (15) and (16) for the nodal points from the equations (17)
and (18). <

It is clear from the expression of {A%} -, that {h,}, -, is a real and bounded
sequence. Since sup |h,| < M < +oo, let’s choose subsequence {ny},~, C N as
. >
klim B, = ho < +00. Let’s define the set R = {T’Tl’ = B,p <q,p,q € N}. It is clear
—00 q

that the set R is dense in the range (0,7) and consists of irrational numbers in the form
rm,r € (0,1) NQ, in this range.
Let’s take any point a € R C (0,7) and choose the sequence {ny},~, with ny

qmg, | mip € N, lem my = —l—oo) - In this case, since sin2a); = sin2ahy,,, cos2a); =
o0

1 1 ha, . 1
= — — [0} 5
Ao e (ng)? (ni,)?

we get following asymptotic formulae for the nodal points of the problem L, for k — oo

uniformly in j(ng):
) 1 . 1
ng)— < | m Jng) — < | T
i(ni) ( ) 2) < ) 2)

Tn = — hn, +
F Nk nk)2 nk

i(n i (ng 1 1 i(n
+ {h—k Q (xfl(k k)> — dnkx%(k ")} 5 +o0 2) , xfl(k ) e (0,a),

cos 2ahy, and

(nk) (nk)

o (som =3 ) = (st -5) =

hn, + L t By
- n, + — arctan [ —= | —
Tk ng (ng)? g An,

ho, B, B, i) 1 i) 1
(n1,)? ar““(Ank)‘{(Ank)?D”’“ (2 >‘Ank0’”k (22) CIEM
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1 .
+o ( 2) , 2 € (a,m).

(nk)

Let X, (L) = {x%(:k) e =1,2, ..., (ng) = Lnk} be a subsequence of the numbers

2™

obvious.

that is dense on (0,7). According to above result, the existence of such set is

Theorem 3. For xz € (0,7), let X, (L) C X (L) and klim mﬂ(}f’“) = z. Then, for any
— 00

point a € R the following limits exist and are finite:

k—o0

f1(z):= lim [nkxﬁl(k"’“) - (j (ng) — 2) 7T:| , mfl(k"’“) € (0,a),

g1 (x) = limng nkm%(k"k) -
k— o0

mjl(k”") € (0,a)

_ 1 .
fo(z) ;== lim {nka:{l(k”’“) - (j (ng) — 2) 71'} ,xZL(k"’“) € (a,m),

k—o0

92 (x) := limny [nkxfl(k W) _ j(ng) — = | # — arctan )+
2 Ap,

k—o0
. 1
J (k) — 2) ™ ()
J Nk
+ n hnk]a Ty, € ((1,7‘(),
and
f1(x) =—zh,, x€][0,a),
1 x
g1(x)=h+ i/q(t)dt —doz, x€]0,a),
0
B,
f2 (x) = —zh, + arctan <A) , =€ (a,7|,
B,\ B, 1
g2 () = —h, arctan (AQ) - A—gDo (z) + A—OC’O (z,), =€ (a,7],
where

1 1
A, =lim A,,, =1— -fBsin2ah,, B, =lim B, = = (1 + cos 2ah,),
k—o0 2 k—o00 2
1 x
C, (z) = lim C,,, (a;g;gfw) = wo (#) = dow — (1= 28?) cos 2ah, / q(t)dt+

k—oc0
0
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1
+ <wQ (z) — 2Bdox> sin 2ah,,,

. o 1
D, (z) =lim D, (xib(k ’f)> =w () + §,Bdoa:—|-

k— o0

1 [ 1
—5—1(1 —2B%)sin 2aho/q(t)dt + <wz (x) — 2Bdox) cos 2ah,,,

d, = ! {(we (7) + H) sinwh,+

1
mwcosmh, + iﬂ [rsinmh, + (2a — 7) sin (2a — 7) hy)

+ (350 =1 (m)) cosmha-+ (1o () = 3811 cos(20 =) hy o )i (20— ) oy .

Proof. Let a € ® C (0,7) any point. For each fixed z € (0,7) \ {a}, there exists a se-
quence (xfl(n)) converges to x. For ny = ¢.my, my € N, the subsequence (q:il(kn’“))
n>1 n>1

converges also to z. Therefore we get from the asymptotics in Theorem 2 (15) and (16),
the limits (19)-(21) exists and are finite. <

Let us now state a uniqueness theorem and present a constructive procedure for
solving inverse nodal problem.

Theorem 4. Let X, (L) C X (L) be a subset of nodal points which is dense in (0,7).
Then, for any a € R the specification of X, (L) uniquely determines the potential q(x)—{q)
a.e. on (0,7) and the coefficients h and H of the boundary conditions and coefficient j3.
The potential q(x) — {q) and the numbers h, H and B can be constructed via the following
algorithm.

1. For each x € (0,7), we choose a sequence {x%(kn’“)} C X, (L) such that lim 2™ =

n—oo
x.
2.From (20), we find the function g1 (x) and calculate value for g1 (z) at x =0, i.e.
h= g1 (0) . (23)
3. From (19) and (21) we find
tan (f (¢ +0) - f(a = 0))
p= . : (24)
2[cosah, + tan (f (a +0) — f (a — 0)) sin ah,] cos ah,
where

o) = {fl (), z€0,a),

fo(z), z € (a,7].

4. The function q(x) — {q) can be determined as

q(x) = (q) = 291 (z) +



52 Inverse nodal problems for pencils of singular Sturm-Liouville operators

2(H + h) {sin whe + +%5 cos who] - %5 (H — h) cos(2a — m)h,

. €0,a), (25)

1 1
™ [cos who + §ﬁ sin 7T'ho:| + 56(2@ —7)sin(2a — 7)h,

where

1
(9) = T T x
T |:COS mhe + §ﬂ sin who} + 55(2a —7)sin(2a — m)h,

1
X { {26 (sinmh, + cosh, +

| =

—|—§cos(2a—7r)ho)+ (1—,6)sm2a—7r }/q )dt+
0

T

1
+ {sin whe + Bcosmh, + 56 cos(2a — W)ho] /q(t)dt ,
0

o(z) — (g) = ! x

1 1 1
1+ 56 sin 2ah, — (2 - 62> (cos 2ah, + Eﬁ sin2aho)

2
X {2 <1 - %ﬁ sin2aho) gh(x) — (26)
2(H + h) [Sin whe + %ﬁ cos 7Tho:| - %ﬁ (H — h) cos(2a — m)h,
_ ,x € (a,7],

1 1
v {cos whe + 55 sin 7Th0:| + §ﬂ(2a — 7)sin(2a — 7)h,

where

-1
1 1 1
[1 + §ﬂ sin 2ah, — (2 - 62) (cos 2ah, + 55 sin 2aho>}
(q) = T 1 X
s {cos whe + 56 sin who] + 56(2& —7)sin(2a — 7)h,

1
X { {—2ﬂ(sin7rho +cosmh, +

1
+§ cos(2a — m)h,) + = 5 (1 —B?%)sin(2a — )

O/q )dit+
(

+ {sin whe + Bcosmh, + %B cos(2a — ﬂ')ho] /q t)dt} .
0
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Proof. Formulas (23), (24), (25) and (26) can be derived from (19), (20), (21) and (22)
step by step. We obtain the following reconstruction procedure:

i) Taking value for g; (z) at = 0, then it yields h = g4 (0) .

ii) Using the expression of the f(x) function, the coefficient of g is found with the
formula (7).

iii) After hand § are reconstructed on take derivatives of the functions g; (z), (i =
1,2), we have (25) and (26). <

Let the function ¢ (z, A) be the solution of (4) under the initial conditions ¢ (m, \)
1,9 (m,\) = —H, and discontinouty conditions (5). It is clear that (z,\n)
ﬂn‘p (xa )\n) , where ﬁn = QZ}/ (0, )\n) :

To complete the proof, consider a sequence {x#n)} C X, (L) that converges to m

and write equation (4) for ¢ (x, \,) and ¢ (mjn) as follows
" (m,Xn) + q(z)0 (:uxn) =\t (m,xn> )

—7#” ('T7 )‘n) + Q(l‘W (l‘, /\n) = )\M/) (l‘, /\n) .

If these equations are (i): Multiplied by ¢ (x, \,) and 1; (a:,xn) , respectively; (ii):

Subtracted from each other and (iii): Integrated over the interval (:c%("), 7r>, the equality

s

W (7, An) @Z (W,Xn) — 1;! (I,Xn> Y (m,A\p) = ()\n — Xn> / 1,; (I,Xn> Y (z, M) dx

o)

is obtained. Using (8), we get the following estimate for sufficiently large n

s

H—H-= {2 (dn - Jn) n o(1)} / " (xin) b (2, \p) de.

)

Since the sequences (d,,) and (c?n) are bounded, then H = H. This completes the
proof.

1 2
Corollary 1. Leta = g and H = co. Then h, = _e_ - arctan <ﬁ> . In this case,
7r ™

we get the following equalities:

AN )

j—5 ) j—g ) ;

. 2 2 - 1 1 1

1. xﬁL:T—F%T—i— —coxﬁl—i—h—i-i/q(t)dt +0(>,
0

rl € (0,%), n = 2m,
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==t — Lzl +h+

1 o1 2
Y L Sy 1 [ 1 1
= — 4o
n

1 o1 1
j—=)7m alj—z |7 aarctan | =f
, 2 2 1 1 2
! = + + —arctan ( =8 | + ——~%—
n n2 n 2 mn?
1

where

A (@) = 5 {n o) = e = (-1 sina (s (0) = 756 ) - (1) wncosa |

BW (z) = ﬁ {wl (x) — gﬁct + (=1 cosa (wg () — i xﬁct) — (=1 ws sina} ,

2
= e | P s ()
e (32) | 21+ (59)
A(t)zl—&—(—l)tcosa:l—&-(_l)tlﬁQ, t=0,1.
i (4)
2. Forw<g

7
forx > —
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and
fi@) =2, we0.7), (27)
1 xr
gt (x) = —cix + h+ f/q(t)dt, T € {0, z) , (28)
2 2
0
« 1 T
fa(z) = g + arctan (26> , TE (5,77} ,
by = & 1 ® ()~ Lgpt il
gQ(x)ﬂarctan<26>+A (x) 263 (z), xe(z,w}. (29)
3.From (28), we find the function gt (x) and calculate value for gt (z) at z = 0,i.e.
h =g (0).
From (27), we find the function fi (x) and calculate value for fi (z) at x =1, i.e.
2
R —
tan (7 fy (1))

4. From (28) and (29). The function q(z) — (q*) can be determined as

ﬂ [(—1)%— 1+(;/3)1, refol),

)
1
1+2(25
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where

y %5 (B—1)—3(-1)" 1+(;/3)2 /aq(t)dt+

+ %+ (;ﬂf - (—l)tﬁm ]Q(t)dt
0

Corollary 2. In the (1)-(3) problem, if the interval [0,1] is taken instead of the interval
[0, 7], it must be a € (0,1) NQ for the inverse nodal problem to be solvable.

Corollary 3. In the (1)-(3) problem, if the interval [0,T)] is taken instead of the interval
[0, 7], it must be % € (0,1) N Q for the inverse nodal problem to be solvable.
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