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Abstract. We consider the generalized shift operator, associated with the Laplace-Bessel
k

n
differential operator Ag = Y ;:2 + > X %, vi>0,i=1,...)k |[yY=m+ ...+ W%
=1t ‘

:1E

The maximal operator M., (B-mazimal operator), associated with the generalized shift
operator is investigated. At first, we prove that the boundedness of maximal operator
weighted Morrey spaces Lp x w, ~(Ri ) to the spaces Ly x w, ~(RE 1), where 1 < p < oo,
(wi,w2) € Fy, (R} 1), associated with the Laplace-Bessel differential operator.
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1. Introduction

For x € R™ and r > 0, let B(z,r) denote the open ball centered at z of radius r.
Let f € L'°°(R™). The maximal operator M is defined by

Vi) =suplB@ Ol [ il

>0
where |B(z,t)| is the Lebesgue measure of the ball B(x,t).
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The maximal operator play an important role in real and harmonic analysis (see, for
example [20], [21] and [16]).

In the theory of partial differential equations Morrey spaces M, (R") play an im-
portant role. They were introduced by C. Morrey in 1938 [14] (see, for example [11]) and
defined as follows: For 0 <A <n,1<p<oo, f € My(R") if f € Li>*(R") and

1 laty n = 1 aty ey = 500 7% |y e < 00
’ ! z€R™, r>0

If A =0, then M, »(R™) = L,(R"), if A = n, then M, y»(R") = Loo(R™), if A < 0 or
A > n, then M), ,(R™) = ©, where O is the set of all functions equivalent to 0 on R™.

These spaces appeared to be quite useful in the study of the local behaviour of the
solutions to elliptic partial differential equations, apriori estimates and other topics in
the theory of partial differential equations.

Also by WM, x(R™) we denote the weak Morrey space of all functions f € WL¢(R™)
for which

_a
Hf”WMW = ||f||WMp,A(Rn) = sup r P ||f||WLp(B(;c,r)) < 09,
TER™, >0
where W L,(R™) denotes the weak L,(R™)-space.
F. Chiarenza and M. Frasca [4] studied the boundedness of the maximal operator M
in Morrey spaces M, »(R™). Their results can be summarized as follows:

Theorem A. Let0<a<nand 0 <A <n, 1 <p<oo.
1) If 1 < p < oo, then M is bounded from My z(R™) to M, x(R™).
2) If p=1, then M is bounded from Mj »(R™) to WM A(R").

The maximal operator, singular integral operator and related topics associated with
the Laplace-Bessel differential operator

n k
28 i
:E E = , >0,...,7% >0
B iﬂax 1:r 71 Yk

have been investigated by many researchers, see B. Muckenhoupt and E.M. Stein [15],
I.A. Kipriyanov [10], K. Trimeche [23], L.N. Lyakhov [13], K. Stempak [22], I.A. Aliev and
A.D. Gadzhiev [1], V.S. Guliyev [5], V.S. Guliyev and J.J. Hasanov [6], [7], R. Ayazoglu
and J.J. Hasanov [2], [8], [9], A. Serbet¢i and I. Ekincioglu [18], E.L. Shishkina [19], C.
Aykol and J.J. Hasanov [3] and others.

2. Definitions, Notation and Preliminaries

Suppose that R™ is n-dimensional Euclidean space, x = (x1,...,2,) € R", |2|? = Z 22,
v = (z1,...,7%) € RE, 2" = (2py1,...,70,) ER"F 2 = (:c’,x”) eR" n>2 R"’Jr =
{z=("2") e R"z1 >0,...,2, >0}, 1 <k <n, E(x,r) ={y e RY , ; [z —y| <7},
E,=E@0,7),y=,--s%):m1 >0,...,% >0, [y =n+.. .+, (@) =z ok
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For measurable £ C R} , suppose |E|, = J(@")Vdz, then |E,|, = w(n, k,y)re,
Q =n + |y|, where

n_k k yitl
_ Ny _ﬂ— 2 F( 2 )
w(n,k,w—/El(x)dx— = 1 7oy

Denote by T* the generalized shift operator (B-shift operator) acting according to
the law

T f(y) = Cy / / (@ y)p " — o) dv(B),

Where (xmyz)ﬁq = (l’? - QICiinOSﬁi + y?)%a 1 < 1 S ka (x/ay/)ﬁ =

k
((®1,y1)8y5---» (Th, k)8 )s dv (B) = T1 sin’i ™! B; dBy ...dBk, 1 <k <n and
L

K2

[SE

k )

. F 'Y'L+1 2k

ny’k; =7 H I—'((’YQI)) = g&)(2k,k,'}/)
= 2

i=1

We remark that the generalized shift operator T'* is closely connected with the Bessel
differential operator B (for example, n = k = 1 see [12], n > 1, k = 1 see [10] and
n,k > 1 see [13] for details).

Let Ly o~ (R} ;) be the space of measurable functions on R , with finite norm

g = 1N = ( /

For p = oo the space Lo (R} ) is defined by means of the usual modification

1/p
|f($)|p30p($)(x')”dx> , 1<p<oo.

n
Ko+

1 lEar = N, = es5 sup ()| f(2)]-
z€RY |

Definition 1. The weight function (1, 2) belongs to the class I, (R} ) for1 <p,t <
o0, if

3=

1
p’t

p "y 1 —p't "y
/¢2<y><y>dy Fo / TPy | < oo

E(z,r) E(z,r)

1
sup _
zER} |, 7>0 |E(z,7)]y

The translation operator TY generates the corresponding B-convolution

(f @ g)(z) = F)IT"gW)I(') dy,

Ryt

for which the Young inequality

1 1 1
£ @l <Wls,, lols,,. 1<pa<r<on, o=+
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holds.

Lemma 1. For all x € Ry | the following equality is valid

/ Tyg(x)(y/)"/dy:/ g(\/z%—i—z%,.. 2R+ EE 2 )duz z
By E((2,0),t)

where E((z,0),t) = {(z,7/) € R" x (0,00)F : |(z —2,7)| < t}.
Lemma 2. Let 0 < 6 < 1 and ¢ positive measurable weight function. For all x € Ry +
the following equality is valid

/ - TYg(@)d(y) (Myx, (1) () dy

[ o - - = -
= /R oyt g < 22473,/ 2R+ 7, z”) W(z, 2') (MVXE((z,D),r) (z,2")) dv(z,7'),
nx(0,00)F

where E((2,0),t) = {(2,2) € R" x (0,00)* : |(z—2,2/)| <t}.
Lemmas 1 and 2 are straightforward via the following substitutions

2/ =12",z =yicosa;, Z; =y;sina;, 0<a;<m, i=1,...,k,
yeRE ., 2= (Z1,...,%Z), (2,72/) €ER" x (0,00)%, 1 <k < n.

Also, in the work [17] it was proved:

Proposition. Let 1 < p < 0o, (¢1,92) € Fp(Y). Then M, is bounded from L, ,, (Y) to
L, ,,(Y), where (Y,d,v) homogeneous type space.

Definition 2. Let 1 < p <00, 0 <\ < Q. We denote by L\ (R} ;) Morrey space
(= B-Morrey space), associated with the Laplace-Bessel differential operator the set of
locally integrable functions f(z), x € R} ,, with the finite norm

sup (M /E R0 wx)(y’)my)l/p.

t>0,z€]RZ’+

1f1l

Ay

Let w positive measurable weight function. The norm in the spaces £, w~ (R} ;)
defined in form,

1 1/1’
Iflzprnes = sup  —w—— (/ Y| f| }”(w)wp(y)(y’)”dy) :
z€RY ,t>0 P ||W||L,,(Et) E:

Consider the B-maximal operator

M, 1) = sup B 1" [ TV )@y

E’V‘
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3. Two-Weighted Inequalities B-Maximal Operator in
the Spaces £, (R} )

Theorem. Let 1 <p < 00,0 <A< Q, (wi,w2) € Fp (R} ). Then M., is bounded from
ﬁp,A,wl,v(RZ,-s-) 0 Lpxws -

Proof. We need to introduce the maximal operator defined on a space of homogeneous
type (Y, d,v). By this we mean a topological space Y = R" x (0,00)* equipped with a
continuous pseudometric d and a positive measure v satisfying

v(E((x,2),2r)) < Crv(E((x,27),7)) (1)

with a constant C) independent of (x,z) and r > 0. Here E( z,2'),r) = {(y,y) €
Y . E(((xvgi)v(%yl))f T}, dziy,y’) = (y)~ ldyidy;( )1 =) ! "(yik)vk_la
d((z,2), (y,9)) = |(z,2") = (y,9")] = (|z =y + (&7 = ¥)*)=.

Let (Y,d,v) be a space of homogeneous type. Define

M, f(z, x") =3213V(E((m,x’),r))‘1/w - )|?(y@)}dl/(y)

where f(z, ") f(\/m7~--7\/m’x”

It is well known that the fractional maximal operator M, is bounded on L, y, (Y, dv)
to Ly, (Y,dv) for 1 < p < oo, (¢1,92) € F,(Y) (see [17]). Here we are concerned with
the fractional maximal operator defined by dv(y,y’) = (y/)Y~'dy dy’. It is clear that this
measure satisfies the doubling condition (1).

It can be proved that

M, f (y/z%—l—z%...,q/z%+z%,z”) =M,f (\/z%+z%,...,\/z,%+zz,z”,0) (2)

and

Indeed, Lemma 2 and

V1(y) = w1 (y)(MyXE((«,0),r) (y))%, Ya(y) = w2(y)(MVXE((x,O),T)(y))%7

for any 0 < 6 < 1, (¢1,42) € Zp(Y)7 we have
[ P @re )0t ) ()7 dy

p
=/ ’f <\/y%+y%,-..,\/y,%+yi,y”70>
Y

wa(%?)(MuxE((x,o),r) (y,?))e dv(y,y)
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|Erly :z/E((\/z%—l—zi...,\/z,ﬁ—i—zi?z”,O) ,T)

imply (2). Furthermore, taking Z; = 0 in (2) we get (3).
Using Lemma 2 and equality (2) we have

and

/E TV (M, f())" w3 (y)(y')" dy
< / TV (Mo f (2))" wh () (Maxe, (1) ()7 dy

p
= (Mf(\/zlJrz%,...,\/ziJrz%,z"))
]R"x

)(M’YXE((w,O),T) (Z7 ?))0 dI/(Z, ?)

p
A(MJ(J%+£wwM%+£JT®>
Xo‘)g(za ?)(MVXE((I,O),T) (Za ?))9 du(z,?)

By the Proposition we have

1

(Lerﬂ» ) )
< (/Y (Muf< y%+y%,---,\/yi+yi,y",0)>p

xwh (y, ) (M X B (2,000 ¥ ¥)? dv(y,y))
( < <\/y1+y1,---,\/y,§+yi,y” 0 ) 5 (y,y) (y,y’)>;
( <\/y1 +y1,~~,\/y,§+yi,y”,0) pwi’(yﬂ) dv(y, ’))p
:C( ( Yi 75\ Uk T Ty )

wa(y,?)(MuXE((uL 0),r) (U, Yy )8 du(y, ))
o[ (Vs i)

X(")Il)(ya ?)(MVXE((I,O),T‘) (ya ?))0 dV(:Ua ?))

=@<An

k,+

=

=

Sl

1
P

TV fI 1P () () (M X E, (y))e(y’)”dy>
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< e, < / TV f] P (@)t (4) (o) "dy

r

B =

o0

S R s

=1 Eait1,\Eyj

< e, < / TV f] P (@)t (4) (o) "dy

"

S|

[e%e] . TQG ,
> V|| P2} (0) 7o ()
; Eyji1 \Eoj,. (MRS el
A
< Csre iz, @) flImy s, -
Then
1 .
My flley s, = sUP  —x 1T (M f (@)l Ly . (B2
ZERZ”+, r>01rp ||w1||Lp(ET)
< C4Hf||£'p‘k,w1,'y'
The Theorem is proved. <
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