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Abstract. In this paper we give a characterization of two-weighted inequalities for

maximal operators in generalized weighted Morrey spaces on spaces of homogeneous type

MP#(X). We prove the boundedness of mazimal operator M from the spaces /\/lf)’fl (X)
1

to the spaces MZ’S“DZ(X), where 1 < p < 00, 0 <38 <1 and (w1,ws) € Ay(X).
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1. Introduction

In the 1970s, in order to extend the theory of Calderén-Zygmund singular integrals
to a more general setting, R.R. Coifman and G. Weiss introduced certain topological
measure spaces which are equipped with a metric which is compatible with the given
measure in a sense. These spaces are called spaces of homogeneous type. In this work,
we find necessary and sufficient conditions for the boundedness of Hardy-Littlewood
operators in generalized weighted Morrey spaces on spaces of homogeneous type. As a
generalization of L,(R™), the classical Morrey spaces were introduced by Ch.B. Morrey
[18] to study the local behavior of solutions to second-order elliptic partial differential
equations. Moreover, various Morrey spaces are defined in the process of study. V.S.
Guliyev, T. Mizuhara and E. Nakai [7], [17], [20] introduced generalized Morrey spaces
MP#(R™) (see, also [8], [24]).
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Recently, Y. Komori and S. Shirai [15] defined the weighted Morrey spaces LE;"(R™)
and studied the boundedness of some classical operators such as the Hardy-Littlewood
maximal operator, the Calderén-Zygmund operator on these spaces. Also, V.S. Guliyev
in [9] first introduced the generalized weighted Morrey spaces M2#(R™) and studied the
boundedness of the sublinear operators and their higher order commutators generated
by Calderén-Zygmund operators and Riesz potentials in these spaces (see, also [1], [12],
[13]). Note that, V.S. Guliyev [9] gave the concept of generalized weighted Morrey space
which could be viewed as an extension of both M?:¥(R™) and LZ:"(R™).

In order to extend the traditional Euclidean space to build a general underlying
structure for the real harmonic analysis, the notion of spaces of homogeneous type was
introduced by R.R. Coifman and G. Weiss [3].

We say that X = (X,d, u) is a space of homogeneous type if d is a quasi-metric on
X and p is a positive measure satisfying the doubling condition, i.e. X is a topological
space endowed with a quasi-metric d and a positive measure p such that

d(z,y) =d(y,z) >0 for all z,y € X,
d(z,y) =0if and only if z =y ,
d(xz,y) < Ky (d(2,2) + d(z,y)) for all z,y, 2 € X,

the balls B(z,r) = {y € X : d(x,y) <r}, r > 0, form a basis of neighborhoods of the
point z, u is defined on a o-algebra of subsets of X which contains the balls, and

0 < p(B(z,2r)) < Kop (B(z,7)) < 00, (1)

where K; > 1 (i = 1,2) are constants independent of x,y, 2 € X and r > 0. As usual, the
dilation of a ball B = B(x,r) will be denoted by AB = B(x, Ar) for every A > 0.
Throughout this paper we always assume that pu(X) = oo, the space of compactly
supported continuous function is dense in Lq(X, 1) and that X is @-homogeneous
(@ >0), ie.
K719 < u(B(z,r)) < Kzr9,

where K3 > 1 is a constant independent of x and r. The n-dimensional Euclidean space
R"™ is n-homogeneous.

Let (X,d, u) be @Q-homogeneous, 1 < p < 0o, ¢ be a positive measurable function
on (0,00) and w be a non-negative measurable function on X. We denote by MP:¥
the generalized weighted Morrey space on spaces of homogeneous type, the space of all

functions f € LY¢ (X)) with finite norm
1

||f||M£"P = sup ||fHLpw B(z,r))»
z€X,r>0 90(5577”)HWHLP(B(M)) o (B(@r)

where the supremum is taken over all balls B(z,r) in X and L, (B(x,r)) denotes the
weighted Lj-space of measurable functions f for which

p

(z,r)

1z, B@m) = s lL,0x) = (/B [f(y)|Pw(y)dp (y)>
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Moreover, by WMP:¥ we denote the weak generalized weighted Morrey space on spaces

of homogeneous type of all functions f € WLL¢ (X) with finite norm

1
I fllwaze = sup 1 f WLy (B

z€X,r>0 %0(9377")HWHL,,(B(1,T))

where WL, ,(B(z,r)) denotes the weak weighted L,-space of measurable functions f for
which

P

1AWy o B@r) = 1 fxsenlwe, . (x) =supt / |f(y)[Pw(y)dp (y)
>0 {yeB(z,r):|f(y)|>t}

Note that if w(z) = XB(z,r), then ME#(X) = MP¥(X) is the generalized Morrey
1
space and if p(z,r) = (m) ", then MP¥(X) = L, \(X) is the classic Morrey space.
A characterization for fractional integral and its commutators in Orlicz and generalized
Orlicz-Morrey space on space of homogeneous type were investigated in [11].
Let f be a locally integrable function on X. The so-called of Hardy-Littlewood
maximal function is defined by the formula

1
M (@) = sup s /B W),

where p (B (z,r)) is measure of the ball B(z,r).

In this paper we aim to give a characterization of two-weighted inequalities for
maximal operator in generalized weighted Morrey spaces on spaces of homogeneous type.
Two-weight norm inequalities for fractional maximal operators and singular integrals
on Lebesgue spaces were widely studied (see, for example [4], [5], [6], [14], [16]). The
weighted norm inequalities with different types of weights on Morrey spaces were also
studied (see, for example [21]). The two-weight norm inequality for the Hardy-Littlewood
maximal function on Morrey spaces was obtained in [25]. Two-weight norm inequalities on
weighted Morrey spaces for fractional maximal operators and fractional integral operators
were obtained in [23].

In the sequel we use the letter C for a positive constant, independent of appropriate
parameters and not necessary the same at each occurrence. For every p € (1,00),we
denote p’ the conjugate of p, i.e., zl) + i =1. MR, ), M (R;) and MH(R;1) stand for
the set of Lebesgue-measurable functions on R, and its subspaces of nonnegative and
nonnegative non-decreasing functions, respectively.

2. Preliminaries

Let (X, d, 1) be space of @-homogeneous type as mentioned in Section 1. We now recall
the definition of A, weight functions.



116 Two-weighted inequalities for maximal operator

Definition. The weight function w belongs to the class A,(X) for 1 < p < oo,
of

1

P 1 —p’ '
/umwww> ey | e

B(z,r) B(z,r)

3=

1
sup _
zeX,r>0 | U (B (z,1))

is finite and w belongs to A1(X), if there exists a positive constant C such that for any
re€X andr >0

_ 1
w(B (z,r)) " / w(y)dp (y) < C ess sup —.
Bler) yEB(z,r) w(y)

The weight function (w1,w2) belongs to the class /L,(X) forl <p<oo,if

.
P p/

sup S / wh (y)dp (y) Wi (y)dp (y)

zeX,r>0 /,L(B (IE,’/’))
B(z,r) B(z,r)

is finite.
The following theorem was proved in [19].

Theorem 1. Let1 <p < 0.

1) Then the operator M is bounded in L, ,(X) if and only if w € A,(X).

2) Then the operator M is bounded from Li ., (X) to WL ,(X) if and only if w €
A (X).
Lemma 1. [22] Let1 < p < 00 and (w1, ws) € ZP(X), then (wy *,wit) € gp/(X), with
1,1 _
» + = 1.
Lemma 2. [22] Let1 <p < o00,0<d <1 and (wy,ws) € EP(X). If % = ¢, then
(wi,w2) € Ag (X), with & + L =1.

Theorem 2. [22] Let 1 <p <00, 0<0 <1 and (wy,ws) € gp(X), then the operator
M is bounded from Ly, ,s(X) to L, ,s(X).
Let Lo (Ry) be the weighted Loo-space with the norm
9l L o ry) = ess supw(t)g(t).
>0
We denote
— R, M T —
a={oemr @t i o0 -0},

Let u be a continuous and non-negative function on R . We define the supremal operator

Sy by

(Sug)(t) := l[ugllLoo., € (0,00).
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The following theorem was proved in [2].

Theorem 3. [2] Suppose that v1 and vy are nonnegative measurable functions such that
0 < ||v1llno0,0) < 00 for everyt > 0. Let u be a continuous nonnegative function on R.

Then the operator S, is bounded from Loo ., (Ry) t0 Log 4, (Ry) on the cone A if and
only if

Hvzgu (Hm”Z:o(Ow))HL (Ry) =
oo +

We will use the following statement on the boundedness of the weighted Hardy
operator

t oS}
Hyg(t) ::/ g(s)w(s)ds, Hg(t) ::/ g(s)w(s)ds, 0<t< oo,
0 ¢
where w is a weight.

The following theorems was proved in [10].

Theorem 4. [10] Let vy, vo and w be weights on (0,00) and v1(t) be bounded outside a
neighborhood of the origin. The inequality

sup va(t)Hy,g(t) < Csupvi(t)g(t)
>0 >0

holds for some C > 0 for all non-negative and non-decreasing g on (0,00) if and only if

oo
d
B := supvz(t)/ __wis)ds < 00
>0 . esssupwvy(7)
s<T<O0

Theorem 5. [10] Let vi, va and w be weights on (0,00) and vy (t) be bounded outside a
neighborhood of the origin. The inequality

Sup vy (t)Huwy(t) < C sup v1(t)g(t) (2)

holds for some C > 0 for all non-negative and non-decreasing g on (0,00) if and only if

t
d
B := supvg(t)/ _wls)ds < 00
t>0 0 Sup Ul(T)
0<7<s

Moreover, the value C' = B is the best constant for (2).
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3. Two-Weighted Inequalities for Maximal Operators
in Generalized Weighted Morrey Spaces on Spaces of
Homogeneous Type

In this section we prove two-weighted inequalities for maximal operators in generalized
weighted Morrey spaces on spaces of homogeneous type. The following two-weighted local
estimates are valid.

Theorem 6. Let 1 <p < oo, 0<d <1 and (w,ws2) € /L,(X). Then

IMFllz, B < Clwdlle, B sl flle, s menlwsls e (3)
Pw3 t>r Py P

for every f € Lles (X), where C' does not depend on f,x and r.
Proof. We represent f as
f=h+fy AW =FfWxBa@a W), fo(y) = FU)Xx\B@28r) (), 7> 0,
and have
IMfllz, sBem SIMAlL, e +IMelL, @)
By Theorem 2 we obtain
IMfille, s < IMAlL, o0 < Clfle, 00 =Clflle, s Baar, @)
where C' does not depend on f. From (4) we obtain

IMAllL, B < Clodlle,Bem s Iflle s eeEnloslssewo (5)
p,wqy t>r p,wq P( ’

which is easily obtained from the fact that ||f||z | (B(z2kr)) is non-decreasing in r,
P,wWy
therefore || f||z  ;(B(x,2kr)) On the right-hand side of (4) is dominated by the right-hand
p,wf

side of (5).
For y € B(x,r) we get

t>0

M/aly) = supp (B (y,£) " /B 1B

=sup u (B (y,t))_1 |f(2)]dp (2)

t>0 [}B(x,ri)ﬂB(y,t)

< supp (B (1)) /B o TGN )

t>r

< Csuppu (B (y,2kt))71 /B( 2kt)|f(2)|d,u(z)

t>r

= C sup (B (1) /B )

t>2kr
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from (1) the doubling condition.
By Holder inequality we obtain

Mfa(y) <C sup. w(B(y,t)~" Ifllz, 5(B(m,t))||XB(z,t)wf6||Lp/(X)

t>2

5
< Csupt” Q”f”Lp LB llwr ML, ()
t>r 1

< Oswflz, B w3170 o)
Then we have

1M F2lr, 5B < CllwsllL, (B sup ||fHprw(1;(B(;c,t))IIngZj(B(z’t)). (6)

From (5) and (6) we obtain (3). <

Theorem 7. Let1 <p <o0,0<d <1, (w,ws) € AP(X) and the function o1 (z, )
and pa(x, ) satisfy the condition

ess irg o1(, 5)”‘”?”%(3(%3))
sup 3
t>r ||W2||LP(B(x7t))

< Cyo(m, 1), (7)

where C does not depend on x and t.
Then the operator M is bounded from the space M”#' (X) to the space MPP*(X).
1 2

Proof. Let f € M”?'(X). By (7), Theorems 3, 6 with vy = m, ||f||L L3 (B@D);
1 ’
— §|1—1 _ 1
u = Hw2||LP(B('£,t)) and vy = 1@y By O get
”MfHMi’g”(X)
||wg||L (B(z,r))
<C sup sup £l s lwdlls) s
veX, r>0 P2(x, )|l L, (B2, t> wg NIR2N L, (B(.1)
1
<C sup 1Az s = Clfllvme x),
vex, 150 01(2, 0[Sl By et BT Moo
which completes the proof. <
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