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Abstract. In the paper, we derive sufficient conditions for well-posed and unique
solvability of a boundary-value problem with a bounded operator in the boundary
conditions for a class of fourth-order elliptic operator-differential equations. At the same
time, we make estimates for the norms of operators of intermediate derivatives closely
related to the solvability conditions, which are expressed using the properties of the
operator coefficients of the boundary-value problem.
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1. Introduction and Problem Statement

Let H be a separable Hilbert space with inner (scalar) product (z,y), z,y € H, and A
be a positive-definite self-adjoint operator in H (A = A* > ¢E, ¢ > 0, E is the identity
operator). As is known, the domain of the operator A7 (v > 0) becomes the Hilbert
space H, with respect to the inner product (z, y)7 = (A"z, Ay), z,y € D(A").

Designate by Lo (Ry; H) the Hilbert space of all vector functions defined on Ry with
values in H and with the norm

+oo
e = ([ 15O ar)

Further, let L (X,Y) designates the set of linear bounded operators acting from a Hilbert
space X into another Hilbert space Y'; o (+) is the spectrum of the operator (+); henceforth,
everywhere derivatives are understood in the sense of the theory of distributions in a
Hilbert space [17].
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98 Solvability of boundary-value problem with bounded operator in boundary conditions

Let us now introduce the following sets:
4
Wi (Ry; H) = {u(t) c W () € Ly(Ry; HY, A u(t) € Ly (R+;H)},

W24,T (R+§ H) =
- {’U, GWQ (R-hH)a (0):05 ul (O):TU’H(O)’ TGL(H3/2;H5/2)}-
Each of these sets, equipped with the norm

@ 9 . 5 1/2
e (S R T )

becomes a Hilbert space [17, Ch.1].
Let us consider the following boundary-value problem in the space H:

u® () + Atu ( +Z,4u4]> = f(t), teR,, (1)

u(0) =0, o' (0)="Tu"(0) (2)

where A = A* > cE, ¢ >0, T € L (Hz/;Hsp2), Aj, j=1,2,3,4, are linear, generally
speaking, unbounded operators, f (t) € Ly (Ry; H), u(t) € Wit (Ry; H).

Definition. If the vector-function u(t) € Wi (Ry; H) satisfies Eq. (1) almost everywhere
in Ry, and the boundary conditions (2) hold in the following sense:

. N . / . " _
lim [lu @), =0, lim [’ (t) = Tu" (t)] g, ,, = 0,
then w (t) will be called a regular solution of the boundary-value problem (1), (2).

Note that various solvability problems for second-order elliptic operator-differential
equations with operator boundary conditions are studied in detail in the works [8], [9],
[11], [13], [16], [21]-][24], [27], [28] as well as in references cited there. Similar questions
for higher-order operator-differential equations in the case when the coefficients in the
boundary conditions are only complex numbers are considered in a broad aspect in the
works [2]-[6], [12], [14], [15], [18]-[20], [25], [26] as well as in references cited there. However,
all these studies are far from complete. There are relatively few works dedicated to the
solvability of fourth-order elliptic operator-differential equations with operator boundary
conditions (see, for example, [1], [7], [10]).

In this paper, we derive sufficient conditions for the existence and uniqueness of a
regular solution to the boundary-value problem (1), (2), which are expressed by means
of the properties of its operator coefficients. Along the way, we construct an explicit
representation of the regular solution of the boundary-value problem (1), (2) for A;= 0,
j=1,2,34.

It should be stressed that boundary-value problems of the form (1), (2) have a number
of applications, in particular, in the theory of elasticity.
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2. Solvability of Boundary-Value Problem (1), (2) for
A;i=0,j=1,2,34

First, we denote by Py the operator acting from the space W247T (R4; H) into the space
Ly (Ry; H) according to the rule

Pou(t) = u™® (8) + A*u(t), u(t)e W24,T (Ry; H).
Lemma 1. The operator Py : Wi (Ry;H) — Ly (Ry; H) is bounded.

Proof. The boundedness of the operator P : W24,T (Ry; H) — Lo (Ry; H) follows di-
rectly from the following inequality using the Cauchy-Schwarz inequality:

2
P ; ; - H (4) A4 ‘ -
I Poullzs o | PRP

2
— Hu<4>‘ + 2Re(u<4>,A4u) 4%, <

LQ(R+;H)

<2 (Hu«% ’

The following lemma holds.

LQ(R+;H>

2
Ly(R4;H) + HA4UHL2(]R+;H)) = 2||UH$/V24(]R+,H)

Lemma 2. Let C = AY?TA73/2 and the point —\% ¢ o(C). Then the equation
Pou (t) =0 has a zero (trivial) solution from the space W24,T (Ry; H).

Proof. Obviously, the general solution of the equation Pyu (t) = 0 from the space
W24,T (Ry; H) is represented as follows:

ug (t) = e gy + 2 gy,

where e *4 is a strongly continuous semigroup of bounded operators generated by the
operator —A,
¥o,p1 € Hyrjo,
1 1 1 1
w1—*ﬁ+ﬁl, wgf—ﬁ—ﬁz.

From the boundary conditions (2), we have:

') + Y1 = Oa (3)
w1 Apg + waAp) = TA? (w%gao + w%cpl) .

As a result, from system (3), we obtain:
Y1 = —¥o, (4
(B+v2c) 47200 = 0. (

Since, according to the condition of the lemma, the point _\/LE ¢ o (C), then from Eq. (5
we have that @9 = 0. Then from (4) we obtain that ¢ = 0. Thus, ug (t) = 0. <

ot

)
)
)
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The following theorem holds.

Theorem 1. Let C = AS?TA=3/2 and the point —% ¢ o(C). Then the equation
Pou (t) = f(t) for any f(t) € La (Ry; H) has a unique regular solution represented in
the form

+oo
u(t) = G (t,s) f(s)ds+

—1
witA -7 3
VEAAT2(FE 2C') Az
0 4(&)17&)2)6 ( + \/_ ) x

X [—% /O+OO (e7wads —emwads ) (472 (s))ds +

w3
+oo
+T/ (wgef‘*"*As + wewsAs ) (A7 f (s))ds—
0
—+oo
—w22TA2/ (w4e_°"4‘45 + waewsAs ) (A_?’f (s))ds] —
0

_z
2

1 1 -1
—Zewﬁf‘ [7/1 (E+ ﬂc) A3 x

W1 — w2

w3

+oo

X (ﬂ/ (67W4AS — e wads ) (AiQf (s))der

0

+oo
+T/ (wg(f‘*"*A5 +wyewsAs ) (Ailf (s))ds—
0
+oo
waQTAQ/ (w4ef“’4AS + waewsAs ) (A3 f (s))ds) +
0

+oo
+/ (w467w4As + w367w3As ) (Aigf (s))ds] ,
0

where
wQAt s) wlA(t s)

G(t,s) =
( 4 ( w4A(t s) wsA(t s))
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Proof. For the convenience of further writings, we consider the operator pencil
Py(\A) = ME + A%

Then the boundary-value problem (1), (2) for 4; =0, j = 1,2,3,4, can be rewritten as
an operator equation

R (g4)u =10, )

where f (t) € Lo (Ry; H), u(t) € Wy p (Ry; H).
By Lemma 2, the homogeneous equation

P, (%;A)u(t)zo

has only a trivial solution from the space W24, r Ry H).

Let us show that Eq. (6) has a solution from the space W3 . (Ry; H) for any f(t) €
LQ (RJF, H) .

First, we construct a particular solution of Eq. (1) for 4; =0, j =1,2,3,4.

We extend the function f(t) with a zero for ¢ < 0 and consider Eq. (6) on the entire
axis. Since the operator A does not depend on ¢, this extension to the negative half-line
is well defined. Applying the direct and inverse Fourier transforms, we obtain

ug (t) = ! /+0° Pyt (i€ A) (/0+00 f (s)eigsds) etde, teR.

2r ) o

It is clear that this vector function satisfies Eq. (6) almost everywhere in R.
Let us show that ug (t) € W (R; H).
Indeed, by the Plancherel theorem we have:

2

(4) H

HUOH?/[@*(R;H) = H“O + "A4“0"i2(R;H) =

La(R;H)

R 2 R 2
= [¢%o (g)HLQ(R;H) +[|A%ao (g)HLg(R;H) S

2

<sup [l R (i A5, | £ €
€ER

La(R;H)

sup | ARy (a6 A ) @
£ER

Lo(R;H)

where o(€) and f(€) are Fourier transforms of functions ug () and f(t), respectively.
Since, from the spectral theory of self-adjoint operators, for any & € R it follows that

le' Ry g Al = sup (¢F (€ +ut) ) <1,
neo(A)

|A* Py~ (i&; A)|| = sup (u4 (¢ +u4)_1) <1,
pnea(A)
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then from (7) we obtain:
||U0||W24(1R;H) < ConStHfHLz(]R;H)'

Therefore, ug (t) € Wi (R; H).
It’s obvious that

ug (t) = /;OO < L /ﬂo (§4E+A4)_1ei§(ts)d§>f(s) ds, teR.

2r ) o

We calculate the integral

1 [t -1
Ch,5) = 5 / (1B + AN leit-9ge ¢ eR, (8)

Let p € 0 (A). Then

1 oo Lif(t—s)

First, to calculate the integral (9), we choose the integration contours on the upper
t—s > 0 and lower t — s < 0 half-planes, and then apply the residue theorem. As one can
see, the poles z; = wip and zo = wsp are in the region that is limited by the integration
contour lying in the upper half-plane ¢t — s > 0, while the poles z3 = wap and z4 = wap
are in the region that is limited by the integration contour lying in the lower half-plane
t — s < 0 (see Fig. 1 and Fig. 2).

Imz t—s>0 Imz t—s<0
T JP
Y1
. Zq .Z,

Re z Re z
o — > <3 3 >

-R R -R R

«Zg «Zy
Y2
Fig. 1. Fig. 2.

Contours on the upper half-plane Contours on the lower half-plane
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It is clear that on the upper half-plane t — s > 0, integral (9) along the contour 7, is
equal to the sum of two integrals:

1 £(t—s) 1 R ig(t—s) i&(t—s)
_/64 746 = o= 64 7A€+ / 64 7€
2r ) &+ p 2r | J_r & +p & tu
1 semi-circle ~,

Note that along the semi-circle vy, V¢ : || = R, and since

—1
)

4t > R =t |6+t < (R - )

then
ei{(tfs) ei{(tfs) 1 1
——d¢| < ——|d¢ < R —u*) d
/ £4+u4g - / 44 pt = / ( W)
semi-circle ~, semi-circle ~, semi-circle ~,
-1 TR
= (R4 — /1/4) /d€ = m-}O when R — oo.
semi-circle ~,
Thus,

) Gt
oo / arpc=0

semi-circle ~,

Therefore, when R — oo
1 ig(t—s) 1 [T eib(t—s)
_/eidgz_/ e
2m ) &+ pt 2m J_oo &+ pt
71

Since
eif(t—s) eiwlu(t—s) e‘—UZM(t—S)
res = = ,
g=woip &4+ pd dwip’ 4w
eif(t—s) eiwgu(t—s) ewlu(t—s)
res = =
t=wsn &4+ pt 4wipd 4w p3
then
1 +o0 ei{(tfs) 1 ewglu(tfs) ewl,u(tfs)
o A= < 5t 3 ) :
2 J_o &t p 4\ wip wafh

Similarly, on the lower half-plane ¢ — s < 0, the integral (9) along the contour 7, is
equal to the sum of two integrals:

1 i€ (t—s) 1 —R it(t-s) i€(t—3)
o | it = 5o / S+ / Tk | =
2 ) &+ pt 2 | Jr &t &+ pt

72 semi-circle ~-
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1 R ig(t—s) et (t—s)
-1 |- de + / i
2 I T R
semi-circle ~,
Carrying out the corresponding reasoning, we get:
i eié(t—s)
[ e
semi-circle ~,
Therefore, when R — oo
1 pi&(t—s) 1 1o ei(t—s)
= = _— Z 4
2 ) &4 4 pt 21 J_o &+ pt ¢
Y2
And since
eif(tfs) eiwg,u(tfs) ew4,u(tfs)
res = =
g=wap £ 4 pt dw3ps dwyp
eif(tfs) eiw4,u(tfs) ewg,u(tfs)
res = =
g=wap EH 4 pd 4wipd dwo i3
then

1 +o0 eif(t—s) 1 eu&;u(t—s) ewgu(t—s)
o / g A% 5+ 5 )
2 J oo &4 p 4\ wsp Wap

Thus, using the spectral expansion of the operator A, for (8) we obtain the represen-

tation
erA(t—s) ewlA(t—s)
1 ( + A73, ift—s5>0,
w w
G (ta S) = Z eL«)4A(tfls) eng(tf2s) (10)
< + >A3, if t—s<0.
w3 w4
Therefore,
+oo
uo (t) = G (t,s)f (s)ds,
0

where G (t, s) is defined in (10).
Obviously, ug (t) € Wi (Ry; H) . Then according to the Theorem on traces [17, Ch.1]

uS(0) € Hyppj,  5=0,1, 2, 3.
We are looking for the general solution to equation (6) in the form
u(t) = ug (1) + 1 + ey
where 19,11 € Hz /5. From the boundary conditions (2), we have

Uo (0)+1/}0+1/)1 :05 (11)
U/O (0) + wlA’l/JO + WQA'I/)l = T (U”O (0) + W%AQ’L/)O + QJ%AZ’L/)l) .
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System (11) can be rewritten in the following form:

Yo+ 1 = —ug (0), (12)
wlA’l/JO —+ WQA'I/)l — W12TA2’1/)07WQ2TA21/)1 = *’LL6 (0) + T’U//O (0) .

Then from system (12), taking into account that the point f% ¢ o (C), we find

__
4 (w1 — WQ)

o = A_%(E+ ﬁC)_lA%x

[ [T e ey (s +

w3

+oo
+T/ (wge_w“As + wieweAs ) (A7 f (s))ds—
0
—+oo
—w22TA2/ (w4e_°"4‘45 + wge”wsAs ) (A_3f (s))ds] ,
0

[t
Y1 =- (% +1 / (wae™ A e e ) (AT (5))"5) '
0

As a result, we obtain the desired representation of the solution of equation (6)

u(t) = +00 G (t,s) f (s)ds + b eiag-d (E+ \/50)7114%(
0 ’ 4(w1 —w2)
+oo

—+o0
+T/ (w267w4AS + wiewsAs ) (A7 f (s))ds—
0

+oo
waQTAQ/ (W4€7W4AS + waewsAs ) (A3 f (s))ds} -
0

—ie‘”m lil A (E+ ﬁC)ilA%x

z
2

w1 — w2

X (—% /+°0 (67“)4145 — g wsAs ) (A72f (s))ds+
w3 Jo

+T /+OO (wge_w“As + wiemwsAs ) (A_lf (s))ds—
0

—+o0
—W22TA2/ (wyf‘*"“45 + wye~wsAs ) (Afgf (5))d5) +
0

+oo
+/ (w4e_w4As + waewsAds ) (A_?’f (s))ds} ,
0
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where
eng(tfs) ewlA(tfs)
— + A3 if t—s5>0,
w1 w2
G(t,s) = 1 (WaA(t—=s)  pwsA(t-s)
( + )A—3, if t—s5<0,
w3 wq

and we have the inequality

lullwa e, my < constl fll, ., m-

<«

Taking into account Theorem 1 in combination with Lemmas 1 and 2, we can formu-
late the following theorem.

Theorem 2. Let C = A>2TA=3/2 and the point —% ¢ o(C). Then the operator Py
implements an isomorphism between the spaces Wy p (Ry; H) and Ly (Ry; H) .

From Theorem 2, we have

Corollary 1. The norm ||Poully, g, p) s equivalent to the norm HuHW;(]R%H) in the
space W3 (Ry; H).

Since the operators of intermediate derivatives

»
PR
dtt—i

: WQ{T(R+?H>4)L2(R+’H)7 j:17253745

are continuous [17], their norms can be estimated in terms of the norm ||Poull, g .5
based on the Corollary 1.

Theorem 3. Let C = A/?TA=3/2 and Re C > 0. Then for any u(t) € WéT (Ry; H)
the following inequalities hold:

< cillPoull g,y G=1,2, 3, 4, (13)

HAJ'U(4*J')’
LQ(R+;H> -

where
1
C1 = 17 C2 =5, C3=

=1.
9 y C4

Sl

Proof. First, multiply both sides of the equation
u® (t) + Atu (t) = f(t)

scalarly by A%u (t) in the space Ly (Ry; H) and integrate by parts taking into account
that u (t) € Wiy (Ry; H) . Then, taking into account the condition Re C' > 0, we have:

Re (Pou, A4“)L2(R+;H) = e (u(4) + A% A4U)L2(R+;H) -
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2
_ A3/2 7" A3/2 " HA2 7"
Re (C u (0), u (0)) + u S

+ HA4“HZ(R+;H) =z

" 2 2
L R R i

Applying the classical Cauchy-Schwartz and Young inequalities sequentially to the left
side of (14), we obtain:

2
2, 4,12 4
20y 1Ay < Iy 1%,y <
e 2 1 4 2
< Z —
- ||POU||L2(R+;H) 25||A u||L2(R+;H)’ £>0. (15)
Choosing £ = 1 in (15), we have:
"2 1 2
|42 < £ 1wl ,
Lo(Ry;H) — 4 Lo(Ry;H)
therefore,
1" 1
|42 < = || Poul . (16)
Lo(Ry;H) — 2 Lo(Ry;H)

On the other hand, from (15) we obtain

2
HA4U‘HL2(]R+;H) <N Poull w5y HA4’UJ||L2(]R+;H) g

whence
HA4U||L2(]R+;H) < 1 Poull sy - (17)

Let us pass to the estimation of the norm HA3u’HL2(R+‘H). Taking into account u(t) €

WéT (Ry; H), we integrate by parts and apply the Cauchy-Schwartz inequality:

| A% = (A3UI,A3“I)L2(R+;H) - *(A4U’A2UI/)L2(R+;H) =

2,1
" HLZ(R%H). (18)

2
||L2(R+;H)
< A% ey 14

Taking into account inequalities (16) and (17) in (18), we have

3,./]|2 1 i
A u/||L2(R+;H) =3 ||POUHL2(R+;H)’
therefore,
1
3
HA “IHLz(R+;H) = ﬁ ||POU||L2(R+;H)

Finally, let us estimate the norm [|Au"| g, ). It was shown in [20] that for any
u (t) € Wi (Ry; H) the following inequality holds

||Au///||iz(R+;H) < QHAQUII Hu(ﬁl)‘

"LQ(R+;H) La(RysH)' (19)
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Again, taking into account the operation of integration by parts for u (t) € W247T (Ry; H),
it is easy to see that

2
2 — {|@® 4,11 (€] 4 -
IR0tz ey = H“ ‘Lz(R+§H) A% g + 28 <u A U)LQ(R+;H) -
=[O,y + 140 s+
= ||« Lo(Ry ;H) u La(Ry;H)
1" 1" 1" 2
+2Re (CA?’/Qu (0), A3%y (0)) —|—2HA2u } .
La(Ry;H)
Hence, taking into account the condition Re C > 0, we obtain
P > H <4>‘ . 20
[ OUHL2(]R+,H) = ||U Lo(R,:H) (20)
Then, taking into account (16) and (20) in inequality (19), we have
2 2
HA’U’/HHLQ(]R+;H) < HPOU||L2(R+;H)’
therefore,
||AUIHHL2(R+;H) < HPOUHLQ(R+;H)'
<

3. Solvability of Boundary-Value Problem (1), (2) for
A;#0,j=1,234

Denote by P; the operator acting from the space W247T (Ry; H) into the space Lg (Ry; H)
according to the rule

4
Piu(t) = Z A= (1), u(t) € Wi (Ry; H).
j=1

The following lemma holds.

Lemma 3. Let AjA~7 € L(H, H),j=1,2,3,4. Then the operator P : W;{T (Ry; H)
— Lo (Ry; H) is bounded.

Proof. For any u (t) € Wy (Ry; H), there holds

4
P < HA <4*J'>‘ <
[1Prull e s _; i Lo(Ry:H) —
4
<S4, A HAJ’ (47]-)‘ . 21
—;H J HH%H u La(Rs:H) (21)
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Then, taking into account the theorem on intermediate derivatives [17, Ch. 1], from (21)
we obtain

||P1u||L2(R+;H) < const Hu||W24(R+;H) :
<

The results obtained allow us to find conditions for the existence and uniqueness of
a regular solution to the boundary-value problem (1), (2).

Denote by P the operator acting from the space W;{T (Ry; H) into the space
Ly (Ry; H) according to the rule

Pu(t) =u® (t) + A'u(t) + Y A9 (), u(t) e Wiy (R H).

Taking into account Lemmas 1 and 3, we have:

HPU||L2(R+;H) < ||P0u||L2(R+;H) + HP1U|‘L2(R+;H) < const HUHW24(1R+;H) :
Thus, the following theorem holds.

Theorem 4. Let Ainj € L(Ha H)a j = 1,2,3,4. Then the Ope’r’ator P
Wi (Rys H) — Lo (Ry; H) is bounded.

The following main theorem holds.

Theorem 5. Let O = AY?TA3/2 ReC >0 and A;A~7 € L(H, H), j = 1,2,3,4.
Then, if the inequality holds

4
chHAjA_jHH%H <1

j=1

where the numbers c;j, j = 1,2,3,4, are defined in Theorem 3, then the boundary-value
problem (1), (2) for any f(t) € L, (R4; H) has a unique regular solution.

Proof. We write the boundary-value problem (1), (2) in the form of an operator equation
Pu(t) = Pou(t) + Piu(t) = f(¢),

where f(t) € Ly (Ry; H), u(t) € Wyp (R H).

It should be stressed that the conditions C' = A%/2TA=3/2, Re C' > 0 ensure the
existence of a bounded inverse operator PO_1 acting from the space Lo (Ry; H) into the
space Wy (Ry; H). After replacing u () = Py v (t), where v (t) € L, (Ry; H), we obtain
the following equation in the space Lo (R4; H):

v(t)+ PPy v (t) = £ (t).
In this case, for any v (t) € L, (Ry; H), taking into account inequalities (13), we have:

||P1P071v||L2(]R+;H) = ||P1U||L2(R+;H) <
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4
A-i ., (4—3)
<3l P ] P
4 _ 4 .
< chHAinjHH%H”POUHLz(]RMH) - chHAinjHH%HHUHLZ(R%H)-
=1 =1

Since by the condition of the theorem

4
el A ALy < 1

j=1
then the operator E + P; P, ! has an inverse in the space Lo (Ry; H). Then
u(t)=Pa (E+ PPyt f (1),

at that

lellvws iy <

<||Py (B+ PRt

1
[F—— i <

L2(R+;H)‘)L2(R+;H

< const HfHLQ(R+;H)'

From Theorem 5, we have

Corollary 2. Under the conditions of Theorem 5, the operator P implements an iso-
morphism between the spaces W247T (Ry;H) and Le (R4 H) .

Remark. Note that in Theorem 5 the condition Re C' > 0 allows us to omit the
condition f% ¢ o (C), where C = A>/?TA=3/2,

The case when Re C' is not a non-negative operator requires a separate study.
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