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Abstract. The Hilbert transform plays an important role in the theory and practice of
signal processing operations in continuous system theory. The Hilbert transform was the
motivation for the development of modern harmonic analysis. Its discrete version is also
widely used in many areas of science and technology and plays an important role in digital
signal processing. The essential motivation behind thinking about discrete transforms is
that experimental data are most frequently not taken in a continuous manner but sampled
at discrete time values. Since much of the data collected in both the physical sciences and
engineering are discrete, the discrete Hilbert transform is a rather useful tool in these
areas for the general analysis of this type of data. The Hilbert transform has been well
studied on classical function spaces such as Hölder, Lebesgue, Morrey, etc. But its discrete
version, which also has numerous applications, has not been fully studied in discrete
analogues of these spaces. In this paper, we discuss the discrete Hilbert transform in
discrete Hölder spaces and obtain its boundedness in these spaces.
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1. Introduction

Let the function f be defined on the real axis and α ∈ (0, 1]. If there exists a number
M > 0 such that for any x, y ∈ R

|f(x)− f(y)| ≤ M · |x− y|α (1)
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and for any x, y ∈ R\{0}

|f(x)− f(y)| ≤ M ·
∣∣∣∣ 1x − 1

y

∣∣∣∣α , (2)

then the function f is said to be Hölder continuous with the exponent α on the real axis
(see [9], [17]). The class of Hölder continuous functions with the exponent α on the real
axis together with norm

∥f∥α = max
x∈R

|f(x)|+ sup
x,y∈R,x̸=y

|f(x)− f(y)|
|x− y|α

+ sup
x,y∈R\{0},x̸=y

|f(x)− f(y)|
|1/x− 1/y|α

forms a Banach space and is denoted by Hα(R).
It follows from (1) and (2) that for any f ∈ Hα(R) there exists f(∞) = lim

x→±∞
f(x)

and for any x ̸= 0

|f(x)− f(∞)| ≤ ∥f∥α
|x|α

.

Denote
H0

α(R) = {f ∈ Hα(R) : f(∞) = 0} ⊂ Hα(R).

The Hilbert transform of a function f ∈ H0
α(R), α ∈ (0, 1] is defined as the Cauchy

principle value integral

(Hf)(t) =
1

π

∫
R

f(τ)

t− τ
dτ ≡ 1

π
lim

ε→0+

∫
R\(t−ε,t+ε)

f(τ)

t− τ
dτ, t ∈ R.

It is well known (see [9], [18]) that the Hilbert transform of the function f ∈ H0
α(R),

α ∈ (0, 1], exists for any t ∈ R . In case α ∈ (0, 1), the Hilbert transform is a bounded
map in the space H0

α(R).
For a numerical sequence b = {bn}n∈Z , the sequence H(b) = {(Hb)n}n∈Z , where

(Hb)n =
∑

m∈Z,m̸=n

bm
n−m

,n ∈ Z,

is called the discrete Hilbert transform of the sequence b = {bn}n∈Z .
The Hilbert transform plays an important role in the theory and practice of signal

processing operations in continuous system theory. The Hilbert transform was the
motivation for the development of modern harmonic analysis. Its discrete version is also
widely used in many areas of science and technology and plays an important role in digital
signal processing. The essential motivation behind thinking about discrete transforms
is that experimental data are most frequently not taken in a continuous manner but
sampled at discrete time values. Since much of the data collected in both the physical
sciences and engineering are discrete, the discrete Hilbert transform is a rather useful
tool in these areas for the general analysis of this type of data. The Hilbert transform
has been well studied on classical function spaces such as Hölder, Lebesgue, Morrey,
Campanato, Besov, Lorentz, Sobolev, etc. (see [1], [6]–[10], [12]–[14], [16], [17], [21]–[23]).
But its discrete version, which also has numerous applications, has not been fully studied
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in discrete analogues of these spaces. M. Riesz proved (see [20]) that the discrete Hilbert
transform is a bounded map in the space lp, 1 < p < ∞, that is if b ∈ lp, 1 < p < ∞,
then H(b) ∈ lp and the inequality

∥Hb∥lp ≤ cp · ∥b∥lp

holds, where cp is an absolute constant. Weighted analogues of (1) are investigated
in the works [5], [15], [19], [24]. If b ∈ l1 then the sequence H(b) belongs to the
class

∩
p>1

lp, but, generally speaking, it does not belong to the class l1. In this case,

R.Hunt, B.Muckenhoupt and R.Wheeden (see [11]) proved that the distribution function
(Hb)(λ) :=

∑
{n∈Z: |(Hb)n|>λ}

1 of the Hilbert transform of the sequence b satisfies the

weak condition

∀λ > 0 |(Hb)(λ)| ≤ c0
λ
∥b∥l1 ,

where c0 is an absolute constant.
In [2]–[5], [19], [24], they studied the properties of the discrete Hilbert transform in

the discrete Lebesgue and Morrey spaces. In this paper we discuss the discrete Hilbert
transform on discrete Hölder spaces and obtain its boundedness in these spaces.

2. Discrete Hölder Spaces

Let b = {bn}n∈Z be a numerical sequence and α > 0. If there exists a number M > 0
such that for any m,n ∈ Z\{0}

|bm − bn| ≤ M ·
∣∣∣∣ 1m − 1

n

∣∣∣∣α , (3)

then the sequence b = {bn}n∈Z is called a sequence satisfying the Hölder condition with
the exponent α. The class of sequences satisfying the Hölder condition with the exponent
α with norm

∥b∥α = max
n∈Z

|bn|+ sup
m,n∈Z\{0},m̸=n

|bm − bn|
|1/m− 1/n|α

forms a Banach space and is denoted by hα(Z).
It follows from (3) that for any b ∈ hα(Z) there exist b∞ = lim

n→±∞
bn and for any

m ̸= 0

|bm − b∞| ≤ ∥b∥α
|m|α

. (4)

Denote

h0
α(Z) = {b ∈ hα(R) : b(∞) = 0} ⊂ hα(Z).

Note that in case α > 1 the space hα(Z) does not consist only of stationary sequences.
Therefore, in this case, the discrete Hölder transform is also of interest.
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3. Boundedness of the Discrete Hilbert Transform in
Discrete Hölder Spaces

Theorem. For any 0 < α < 1, the discrete Hilbert transform is a bounded map in the
space h0

α(Z), that is, there exists a constant cα > 0 depending only on α ∈ (0, 1) such
that for any b ∈ h0

α(Z)
∥Hb∥α ≤ cα · ∥b∥α. (5)

Proof. Let b ∈ h0
α(Z). First we proof that for any n ̸= 0

|(Hb)n| ≤
6

α(1− α)
· ∥b∥α
|n|α

. (6)

Assume, without loss of generality, that n ≥ 1 (the case n ≤ −1 is studied similarly).

Let n0 be the integer part of the number
n

2
. Then

|(Hb)n| ≤
∞∑
k=1

1

k
|bn+k−bn−k| =

n0∑
k=1

1

k
|bn+k−bn−k|+

∞∑
k=n0+1

1

k
|bn+k−bn−k| = J1+J2, (7)

where in case n0 = 0 we take J1 = 0. In case n0 ≥ 1 it follows from b ∈ h0
α(Z) that

J1 ≤
n0∑
k=1

∥b∥α
k

∣∣∣∣ 1

n+ k
− 1

n− k

∣∣∣∣α =

= ∥b∥α
n0∑
k=1

1

k

∣∣∣∣ 2k

n2 − k2

∣∣∣∣α ≤ 2α∥b∥α
n0∑
k=1

kα−1

|n2 − n2/4|α
=

=

(
8

3n2

)α

∥b∥α
n0∑
k=1

1

k1−α
≤

(
8

3n2

)α

∥b∥α
∫ n/2

0

1

x1−α
dx ≤ 4

3α
· ∥b∥α

nα
.

Thus for any n ≥ 1

J1 ≤ 4

3α
· ∥b∥α

nα
. (8)

Let us estimate the sum J2:

J2 ≤
∞∑

k=n0+1

1

k
|bn+k|+

n−1∑
k=n0+1

1

k
|bn−k|+

∞∑
k=n+1

1

k
|bn−k| = J

(1)
2 + J

(2)
2 + J

(3)
2 , (9)

where in cases n = 1, 2 we take J
(2)
2 = 0. It follows from (4) that for any k ̸= 0

|bk| ≤
∥b∥α
|k|α

.

Therefore for any n ≥ 3

J
(2)
2 ≤

n−1∑
k=n0+1

1

k
· ∥b∥α
(n− k)α

≤
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≤ 2∥b∥α
n

n−1∑
k=n0+1

1

(n− k)α
≤ 2∥b∥α

n
·
∫ n/2

0

dx

xα
=

2α∥b∥α
(1− α)nα

.

Thus for any n ≥ 1

J
(2)
2 ≤ 2α∥b∥α

(1− α)nα
. (10)

Let us estimate the sums J
(1)
2 and J

(3)
2 :

J
(1)
2 ≤

∞∑
k=n0+1

1

k
· ∥b∥α
(n+ k)α

≤ ∥b∥α ·
∞∑

k=n0+1

1

k1+α
≤ ∥b∥α ·

∫ ∞

n/2

dx

x1+α
=

2α∥b∥α
αnα

,

J
(3)
2 ≤

∞∑
k=n+1

1

k
· ∥b∥α
|n− k|α

= ∥b∥α ·
∞∑
k=1

1

(k + n)kα
≤ ∥b∥α ·

∫ ∞

0

dx

(x+ n)xα
≤

≤ ∥b∥α ·
[∫ n

0

dx

n · xα
+

∫ ∞

n

dx

x1+α

]
=

[
1

α
+

1

1− α

]
· ∥b∥α

nα
.

It follows from the last inequalities here and from (9), (10) that for any n ≥ 1

J2 ≤ 21+α

α(1− α)
· ∥b∥α

nα
. (11)

From (7), (8), and (11) we obtain (6). Hence from the inequality

|(Hb)0| =

∣∣∣∣∣∣
∑

m∈Z,m ̸=0

bm
m

∣∣∣∣∣∣ ≤ 2
∞∑

m=1

∥b∥α
m1+α

≤ 2

(
1 +

1

α

)
∥b∥α

we obtain

max
n∈Z

|(Hb)n| ≤
6

α(1− α)
· ∥b∥α. (12)

Now we show that for any m,n ∈ Z\{0}

|(Hb)m − (Hb)n| ≤
(
42

α
+

101

1− α

)
∥b∥α ·

∣∣∣∣ 1m − 1

n

∣∣∣∣α . (13)

Consider the following cases:
1) m ≥ 1, n ≤ −1 (or m ≤ −1, n ≥ 1). In this case it follows from (6) that

|(Hb)m − (Hb)n| ≤
6∥b∥α

α(1− α)

[
1

|m|α
+

1

|n|α

]
≤

≤ 12∥b∥α
α(1− α)

[
1

|m|
+

1

|n|

]α
=

12∥b∥α
α(1− α)

[
1

m
− 1

n

]α
.

This shows that in this case (13) is satisfied.
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2)m ≥ 1, n ≥ 1. Without loss of generality, we assume thatm > n. Denote k = m−n.
If k ≥ n/3, then

|(Hb)n+k − (Hb)n| ≤
6∥b∥α

α(1− α)

[
1

|n+ k|α
+

1

|n|α

]
≤ 42∥b∥α

α(1− α)

[
1

n
− 1

n+ k

]α
,

that is, in this case (13) is satisfied. Let k < n/3. Then

(Hb)n − (Hb)n+k =
k∑

p=1

bn−p − bn+p

p
−

k∑
p=1

bn+k−p − bn+k+p

p
+

+

∞∑
p=k+1

(
bn−p

p
− bn+p

p
+

bn+k+p

p
− bn+k−p

p

)
=

=
k∑

p=1

bn−p − bn+p

p
−

k∑
p=1

bn+k−p − bn+k+p

p
−

2k∑
p=k+1

bn+k−p

p
−

2k∑
p=k+1

bn+p

p
+

+
∞∑

p=k+1

(
1

p
− 1

p+ k

)
bn+k+p +

∞∑
p=k+1

(
1

p
− 1

p+ k

)
bn−p =

=
k∑

p=1

bn−p − bn+p

p
+

k∑
p=1

bn+k+p − bn+k−p

p
+

+
k∑

l=1

∞∑
s=1

(
1

sk + l
− 1

(s+ 1)k + l

)
[bn+(s+1)k+l − bn+k+l]+

+
k∑

l=1

∞∑
s=1

(
1

sk + l
− 1

(s+ 1)k + l

)
[bn−sk−l − bn−l] = I1 + I2 + I3 + I4. (14)

Let us estimate the sums I1, I2, I3 and I4:

|I1| ≤ ∥b∥α ·
k∑

p=1

1

p

∣∣∣∣ 1

n− p
− 1

n+ p

∣∣∣∣α =

= ∥b∥α ·
k∑

p=1

1

p

∣∣∣∣ 2p

n2 − p2

∣∣∣∣α ≤
(

2

n2 − k2

)α

∥b∥α ·
k∑

p=1

1

p1−α
≤

≤
(

2

n2 − k2

)α

∥b∥α ·
∫ k

0

dx

x1−α
=

(
2

n2 − k2

)α

∥b∥α ·
kα

α
≤ 4α

α
∥b∥α ·

∣∣∣∣ 1n − 1

n+ k

∣∣∣∣α ; (15)

|I2| ≤ ∥b∥α ·
k∑

p=1

1

p

∣∣∣∣ 1

n+ k − p
− 1

n+ k + p

∣∣∣∣α =
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= ∥b∥α ·
k∑

p=1

1

p

∣∣∣∣ 2p

(n+ k)2 − p2

∣∣∣∣α ≤ 4α

α
∥b∥α ·

∣∣∣∣ 1n − 1

n+ k

∣∣∣∣α ; (16)

|I3| ≤ ∥b∥α ·
k∑

l=1

∞∑
s=1

k

(sk + l)(sk + k + l)

(
sk

(n+ sk + k + l)(n+ k + l)

)α

≤

≤ k∥b∥α ·
∞∑
s=1

k

(sk)(sk + l)

(
sk

(n+ sk + k)(n+ k)

)α

=

=

(
k

n+ k

)α

∥b∥α ·
∞∑
s=1

1

s1−α(s+ 1)(n+ sk + k)α
≤

≤ 2

(
k

n+ k

)α

∥b∥α ·
∫ ∞

1

dx

x2−α(n+ kx)α
=

= 2

(
k

n+ k

)α

∥b∥α · k
1−α

n
·
∫ ∞

k/n

dt

t2−α(1 + t)α

≤ 2k∥b∥α
n(n+ k)α

·
∫ ∞

k/n

dt

t2−α
=

2kα

(1− α)nα(n+ k)α
· ∥b∥α =

2

1− α
∥b∥α ·

∣∣∣∣ 1n − 1

n+ k

∣∣∣∣α . (17)

To estimate the sum I4, suppose that n = p0k + l0, 0 < l0 ≤ k. Let us write the sum
I4 in the form

I4 =
k∑

l=1

p0−2∑
s=1

(
1

sk + l
− 1

(s+ 1)k + l

)
[bn−sk−l − bn−l]+

+
k∑

l=1

(
1

(p0 − 1)k + l
− 1

p0k + l

)
[bn−(p0−1)k−l − bn−l]+

+
k∑

l=1

(
1

p0k + l
− 1

(p0 + 1)k + l

)
[bn−p0k−l − bn−l]+

+
k∑

l=1

(
1

(p0 + 1)k + l
− 1

(p0 + 2)k + l

)
[bn−(p0+1)k−l − bn−l]+

+

k∑
l=1

∞∑
s=p0−2

(
1

sk + l
− 1

(s+ 1)k + l

)
[bn−sk−l − bn−l] =

= I
(1)
4 + I

(2)
4 + I

(3)
4 + I

(4)
4 + I

(5)
4 .

Then it follows from the following estimates:

I
(1)
4 ≤ ∥b∥α

k∑
l=1

p0−2∑
s=1

k

(sk + l)(sk + k + l)
·
(

sk

(n− sk − l)(n− l)

)α

≤
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≤ k∥b∥α
p0−2∑
s=1

k

(sk)(sk + k)
·
(

sk

(p0k − sk − k)(n− k)

)α

=

=
∥b∥α

(n− k)α

p0−2∑
s=1

1

s1−α(1 + s)(p0 − s− 1)α
≤

≤ 2∥b∥α
(n− k)α

[∫ p0−2

1

dx

x2−α(p0 − 2− x)α
+

1

2(p0 − 2)α

]
≤

≤ 2∥b∥α
(n− k)α

[∫ p0−2
2

1

dx

x2−α
(
p0−2

2

)α +

∫ p0−2

p0−2
2

dx(
p0−2

2

)2−α
(p0 − 2− x)α

+
1

2(p0 − 2)α

]
≤

≤ 2∥b∥α
(n− k)α

[(
2

p0 − 2

)α

· 1

1− α
+

1

1− α
· 2

p0 − 2
+

1

2(p0 − 2)α

]
≤

≤ ∥b∥α
(n− k)α

· 9

(1− α)(p0 − 2)α
≤

(
2

n+ k

)α

· 9∥b∥α
(1− α)(p0 − 2)α

≤

≤
(

2

n+ k

)α

· 9∥b∥α
(1− α)

·
(
4k

n

)α

≤ 72∥b∥α
1− α

∣∣∣∣ 1n − 1

n+ k

∣∣∣∣α ;

I
(2)
4 ≤ ∥b∥α

k∑
l=1

k

((p0 − 1)k + l)(p0k + l)
·
(

(p0 − 1)k

(n− (p0 − 1)k − l)(n− l)

)α

≤

≤ ∥b∥α
k∑

l=1

k

(n− 2k)(n− k)
·
(

n

(l0 + k − l)(n− k)

)α

≤

≤ k∥b∥α
(n− 2k)(n− k)

·
(

n

n− k

)α k∑
s=1

1

sα
≤

≤ k∥b∥α
n
3 · 2n

3

·
(

2n

n+ k

)α

· k
1−α

1− α
≤ 9∥b∥α

1− α

∣∣∣∣ 1n − 1

n+ k

∣∣∣∣α ;

I
(3)
4 ≤ ∥b∥α

k∑
l=1
l̸=l0

k

(p0k + l)(p0k + k + l)
·
(

p0k

|n− p0k − l|(n− l)

)α

+

+
k(|b0|+ |bn−l0 |)

(p0k + l0)(p0k + k + l0)
≤ ∥b∥α

k∑
l=1
l̸=l0

k

(n− k)n
·
(

n

|l − l0|(n− k)

)α

+

+
2k∥b∥α
n(n+ k)

≤ 2∥b∥α
k

(n− k)n
·
(

n

n− k

)α k∑
s=1

1

sα
+

+

(
k

n(n+ k)

)α

· 2∥b∥α ≤ 8∥b∥α
1− α

∣∣∣∣ 1n − 1

n+ k

∣∣∣∣α ;



R.A. Aliev, L.G. Samadova 55

I
(4)
4 ≤ ∥b∥α

k∑
l=1

k

((p0 + 1)k + l)((p0 + 2)k + l)
·
(

(p0 + 1)k

|n− (p0 + 1)k − l|(n− l)

)α

≤

≤ k∥b∥α
(n+ k)n

·
(

n

n− k

)α k∑
s=1

1

sα
≤ 2∥b∥α

1− α

∣∣∣∣ 1n − 1

n+ k

∣∣∣∣α ;

I
(5)
4 ≤ ∥b∥α

k∑
l=1

∞∑
s=p0+2

k

(sk + l)(sk + k + l)
·
(

sk

(sk + l − n)(n− l)

)α

≤

≤ k∥b∥α
∞∑

s=p0+2

k

(sk)2
·
(

sk

(sk − (p0 + 1)k)(n− k)

)α

=

=
∥b∥α

(n− k)α

∞∑
s=p0+2

1

s2−α(s− (p0 + 1))α
=

=
∥b∥α

(n− k)α

∞∑
q=1

1

qα(p0 + q + 1)2−α
≤ 2∥b∥α

(n− k)α

∫ ∞

1

dx

xα(x+ p0)2−α
=

=
2∥b∥α

(n− k)αp0

∫ ∞

1/p0

dt

tα(1 + t)2−α
≤ 2∥b∥α

(n− k)αp0

[∫ 1

1/p0

dt

tα
+

∫ ∞

1

dt

t2

]
≤

≤ 2∥b∥α
(n− k)αp0

· 2− α

1− α
≤ 4∥b∥α

1− α
·
(

2

n+ k

)α

· k
n
≤ 8∥b∥α

1− α

∣∣∣∣ 1n − 1

n+ k

∣∣∣∣α
that

|I4| ≤
99∥b∥α
1− α

·
∣∣∣∣ 1n − 1

n+ k

∣∣∣∣α . (18)

The estimates (14), (15), (16), (17), (18) show that (13) is satisfied in this case.
3) m ≤ −1, n ≤ −1. This case is studied in a similar way.
Thus we obtain that for any m,n ∈ Z\{0} (13) is satisfied. It follows from (12) and

(13) that the inequality (5) holds. This completes the proof of the theorem. J
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