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Abstract. We consider the generalized shift operator, associated with the Laplace-

Bessel differential operator ∆B =
n∑
i=1

∂2

∂x2
i
+

k∑
i=1

γi
xi

∂
∂xi

. The maximal commutators Mb,γ ,

associated with the generalized shift operator are investigated. At first, we prove that
the maximal commutators is bounded from the modified Morrey space L̃p,λ,φ1,γ(Rnk,+)
to L̃p,λ,φ1,γ(Rnk,+) for all 1 < p <∞, b ∈ BMOγ(Rnk,+), (φ1, φ2) ∈ Ãp,γ(Rnk,+).

Keywords: generalized shift operator, commutator, maximal function, singular integral
operator, modified Morrey space, BMOγ space
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1. Introduction

F. Chiarenza and M. Frasca [5] studied the boundedness of the maximal operator M in
Morrey spaces.

Let b be a locally integrable function on Rn and T be a Calderon-Zygmund operator.
The commutator is defined for smooth functions f by [b, T ]f = bT (f)−T (bf). Coifman,
Rochberg and Weiss [6] stated that [b, T ] is a bounded operator on Lp(Rn), 1 < p < ∞,
when b is a BMO function. Chanillo [4] proved that commutators with Reisz potentials
characterize the function space BMO.
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In the theory of partial differential equations Morrey spaces Lp,λ(Rn) play an
important role. They were introduced by C. Morrey in 1938 [21] and defined as follows:
For 0 ≤ λ ≤ n, 1 ≤ p <∞, f ∈ Lp,λ(Rn) if f ∈ Llocp (Rn) and

∥f∥Lp,λ
≡ ∥f∥Lp,λ(Rn) = sup

x∈Rn, r>0
r−

λ
p ∥f∥Lp(B(x,r)) <∞.

If λ = 0, then Lp,λ(Rn) = Lp(Rn), if λ = n, then Lp,λ(Rn) = L∞(Rn), if λ < 0 or
λ > n, then Lp,λ(Rn) = Θ, where Θ is the set of all functions equivalent to 0 on Rn.

These spaces appeared to be quite useful in the study of the local behaviour of the
solutions to elliptic partial differential equations, apriori estimates and other topics in
the theory of partial differential equations.

Also byWLp,λ(Rn) we denote the weak Morrey space of all functions f ∈WLlocp (Rn)
for which

∥f∥WLp,λ
≡ ∥f∥WLp,λ(Rn) = sup

x∈Rn, r>0
r−

λ
p ∥f∥WLp(B(x,r)) <∞,

where WLp(Rn) denotes the weak Lp-space.
The maximal operator, potential and related topics associated with the Laplace-Bessel

differential operator

∆B =
n∑
i=1

∂2

∂x2i
+

k∑
i=1

γi
xi

∂

∂xi
, γ1 > 0, . . . , γk > 0

have been investigated by many researchers, see [1]-[3], [8]-[12], [14], [16], [19], [22], [23].

2. Preliminaries

Let 1 ≤ k ≤ n, Rnk,+ = {x = (x1, ..., xn) ∈ Rn : x1 > 0, . . . , xk > 0} and E(x, r) =
{y ∈ Rnk,+ ; |x − y| < r}, γ = (γ1, . . . , γk), γ1 > 0, . . . , γk > 0, |γ| = γ1 + . . . + γk,

(x′)γ = xγ11 · · ·xγkk . For a measurable set E ⊂ Rnk,+ suppose |E|γ =
∫
E
(x′)γdx, then

|E(0, r)|γ = ω(n, k, γ)rQ, Q = n+ |γ|, where

ω(n, k, γ) =

∫
E(0,1)

(x′)γdx =
π

n−k
2

2k
Γ−1

(
Q+ 2

2

) k∏
i=1

Γ

(
γi + 1

2

)
.

Lp,γ ≡ Lp,γ(Rnk,+) is the space of all classes of measurable functions f with finite
norm

∥f∥Lp,γ
=

 ∫
Rn

k,+

|f(x)|p(x′)γdx


1
p

, 1 ≤ p <∞
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and WLp,γ(Rnk,+), the weak Lp,γ space defined as the set of all measurable functions f
on Rnk,+ with the following finite norm

∥f∥WLp,γ
= sup

r>0
r
∣∣{x ∈ Rnk,+ : |f(x)| > r

}∣∣1/p
γ

, 1 ≤ p <∞.

For p = ∞ the space L∞,γ(Rnk,+) is defined by means of the usual modification

∥f∥L∞,γ = ∥f∥L∞ = ess sup
x∈Rn

k,+

|f(x)|.

Let Lp,ω,γ(Rnk,+) be the space of measurable functions on Rnk,+ with finite norm

∥f∥Lp,ω,γ = ∥f∥Lp,ω,γ(Rn
k,+) =

 ∫
Rn

k,+

|f(x)|pω(x)(x′)γdx


1/p

, 1 ≤ p <∞

and for p = ∞ the space L∞,ω,γ(Rnk,+) = L∞(Rnk,+).

Definition 1. The weight function φ belongs to the class Ap,γ(Rnk,+) for 1 ≤ p <∞, if

sup
x∈Rn

k,+, r>0

 1

|E(x, r)|γ

∫
E(x,r)

φp(y)(y′)γdy


1
p
 1

|E(x, r)|γ

∫
E(x,r)

φ−p′(y)(y′)γdy


1
p′

<∞.

Definition 2. The weight function (φ1, φ2) belongs to the class Ãp,γ(Rnk,+) for 1 < p <
∞, if

sup
x∈Rn

k,+, r>0

 1

|E(x, r)|γ

∫
E(x,r)

φp2(y)(y
′)γdy


1
p
 1

|E(x, r)|γ

∫
E(x,r)

φ−p′
1 (y)(y′)γdy


1
p′

<∞.

The generalized shift operator T y is defined by (see, for example [16], [18])

T yf(x) = Cγ,k

π∫
0

. . .

π∫
0

f ((x′, y′)β , x
′′ − y′′) dν(β),

where dν (β) =
k∏
i=1

sinγi−1 βi dβ1 . . . dβk, x′ = (x1, . . . , xk) ∈ Rn, x′′ =

(xk+1, . . . , xn) ∈ Rn−k, (xi, yi)βi = (x2i − 2xiyi cosβi + y2i )
1
2 , 1 ≤ i ≤ k, (x′, y′)β =

((x1, y1)β1 , . . . , (xk, yk)βk
) and

Cγ,k = π− k
2 Γ−1

(
|γ|
2

) k∏
i=1

Γ

(
γi + 1

2

)
=

2k−1|γ|
π

(
|γ|
2

+ 1

)
ω(2, k, γ).
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It is well known that T y is closely related to the Laplace-Bessel differential operator

∆Bk,n
=

k∑
i=1

Bi +
n∑

i=k+1

∂2

∂x2
i
, where Bi = ∂2

∂x2
i
+ γi

xi

∂
∂xi

, i = 1, . . . , k. Furthermore, T y

generates the corresponding B -convolution

(f ⊗ g)(x) =

∫
Rn

k,+

f(y) T yg(x)(y′)γdy.

Lemma 1. Let 1 < p < ∞, φ ∈ Ap,γ(Rnk,+), g ∈ Lp,φ,γ(Rnk,+). For all x ∈ Rnk,+ the
following equality is valid. ∫

Rn
k,+

T y|g(x)|pφ(y)(y′)γdy =

=

∫
Rn×(0,∞)k

∣∣∣∣g(√z21 + z21, . . . ,
√
z2k + z2k, z

′′
)∣∣∣∣p φ(z, z′)dν(z, z′).

Lemma 2. Let g ∈ Lloc1,γ(Rnk,+). For all x ∈ Rnk,+ the following equality∫
E(0,r)

T yg(x)(y′)γdy =

∫
E((x,0),r)

g

(√
z21 + z21, . . . ,

√
z2k + z2k, z

′′
)
dν(z, z′),

holds, where E((x, 0), r) = {(z, z′) ∈ Rn × (0,∞)k :
∣∣(x− z, z′

)∣∣ < r}.

The proof of Lemmas 1 and 2 is done straightforwardly via the following substitutions

z′′ = y′′, zi = yi cosαi, zi = yi sinαi, 0 ≤ αi < π, i = 1, . . . , k,
y ∈ Rnk,+, z′ = (z1, . . . , zk), (z, z′) ∈ Rn × (0,∞)k, 1 ≤ k ≤ n.

Definition 3. Let 1 ≤ p < ∞, 0 ≤ λ ≤ Q and [t]1 = min{1, t}. We denote by

L̃p,λ,γ(Rnk,+) the modified B-Morrey space and L̃p,λ,φ,γ(Rnk,+) the modified weighted B-
Morrey space, associated to the Laplace-Bessel differential operator as the set of locally
integrable functions f(x), x ∈ Rnk,+, with finite norm

∥f∥L̃p,λ,γ
= sup
t>0, x∈Rn

k,+

(
[t]−λ1

∫
Et

T y|f(x)|p(y′)γdy
)1/p

,

∥f∥L̃p,λ,φ,γ
= sup
t>0, x∈Rn

k,+

(
[t]−λ1

∫
Et

T y|f(x)|pφ(y)(y′)γdy
)1/p

.

Note that

WLp,γ(Rnk,+) =WL̃p,0,γ(Rnk,+),

L̃p,λ,γ(Rnk,+) ⊂WL̃p,λ,γ(Rnk,+) and ∥f∥WL̃p,λ,γ
≤ ∥f∥L̃p,λ,γ

.
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The sharp maximal function M ♯
γ is defined by

M ♯
γf(x) = sup

t>0
|E(0, t)|−1

γ

∫
E(0,t)

|T yf(x)− fE(0,t)(x)|(y′)γdy,

where fE(0,t)(x) = |E(0, t)|−1
γ

∫
E(0,t)

T yf(x)(y′)γdy.

B − BMO space, BMOγ(Rnk,+), defined as the space of locally integrable functions
f with finite norm

∥f∥BMOγ = sup
t>0, x∈Rn

k,+

|E(0, t)|−1
γ

∫
E(0,t)

|T yf(x)− fE(0,t)(x)|(y′)γdy

or

∥f∥BMOγ
= inf

C
sup

t>0, x∈Rn
k,+

|E(0, t)|−1
γ

∫
E(0,t)

|T yf(x)− C|(y′)γdy.

The following theorem holds.

Theorem 1. [13] 1) Let f ∈ Lloc1,γ(Rnk,+). If

sup
t>0, x∈Rn

k,+

|E(0, t)|−1
γ

∫
E(0,t)

|T yf(x)− fE(0,t)(x)|p(y′)γdy


1/p

= ∥f∥BMOp,γ <∞,

then for any 1 < p <∞

∥f∥BMOγ ≤ ∥f∥BMOp,γ ≤ Ap∥f∥BMOγ ,

where the constant Ap depends only on p.

2) Let f ∈ BMOγ(Rnk,+). Then, there is a constant C > 0 such that

|fE(0,r) − fE(0,t)| ≤ C∥f∥BMOγ ln
t

r
, 0 < 2r < t,

where C is independent of f, x, r and t.

Lemma 3. Let 1 < p <∞, φ ∈ Ap,γ(Rnk,+), b ∈ BMOγ(Rnk,+). Then

∥b∥BMOγ ≈ sup
x∈Rn

k,+,r>0

∥∥T ·b(x)− bE(0,r)

∥∥
Lp,φ,γ(E(0,r))

∥φ∥Lp,γ(E(0,r))

.
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Proof. From Hölder’s inequality, we get

∥b∥BMOγ . sup
x∈Rn

k,+,r>0

∥∥T ·b(x)− bE(0,r)

∥∥
Lp,φ,γ(E(0,r))

∥φ∥Lp,γ(E(0,r))

.

Now we obtain that

sup
x∈Rn,r>0

∥∥T ·b(x)− bE(0,r)

∥∥
Lp,φ,γ(E(0,r))

∥φ∥Lp,γ(E(0,r))

. ∥b∥BMOγ .

We can assume without loss of generality that ∥b∥BMOγ = 1; otherwise, we replace b by
b/∥b∥BMOγ

it follows that

∫
E(0,r)

( |T ·b(x)− bE(0,r)|φ(y)
∥b∥BMOγ

)p
dy =

=

∫
E(0,r)

(
|T ·b(x)− bB(x,r)|φ(y)

)p
dy . 1.

J

Now we define the B-maximal operator by

Mγf(x) = sup
r>0

|E(0, r)|−1
γ

∫
E(0,r)

T y[|f |](x)(y′)γdy.

The following theorem is about the boundedness of the B-maximal operator in
Lp,ω,γ(Rnk,+) spaces which was proved in [7].

Theorem 2. 1. If f ∈ L1,ω,γ(Rnk,+), ω ∈ A1,γ(Rnk,+), then Mγf ∈WL1,ω,γ(Rnk,+) and

∥Mγf∥WL1,ω,γ ≤ C1∥f∥L1,ω,γ ,

where C1 depends only on ω, γ and n.

2. If f ∈ Lp,ω,γ(Rnk,+), ω ∈ Ap,γ(Rnk,+), 1 < p <∞, then Mγf ∈ Lp,ω,γ(Rnk,+) and

∥Mγf∥Lp,ω,γ
≤ C2∥f∥Lp,ω,γ

,

where C2 depends only on p, ω, γ and n.
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3. Main Results

Also, in the works [17], [20] it was proved:

Proposition. Let 1 ≤ p <∞, (φ,φ1) ∈ Ãp(Y ). Then Mν is bounded from f ∈ Lp,φ1(Y )
to f ∈ Lp,φ2(Y ), where (Y, d, ν) homogeneous type space.

Theorem 3. Let 1 < p <∞, 0 ≤ λ < Q and (φ1, φ2) ∈ Ãp,γ(Rnk,+). Then Mγ is bounded

from L̃p,λ,φ1,γ(Rnk,+) to L̃p,λ,φ2,γ .

Proof. We need to introduce the maximal operator defined on a space of homogeneous
type (Y, d, ν). By this we mean a topological space Y = Rn × (0,∞)k equipped with a
continuous pseudometric d and a positive measure ν satisfying

ν(E((x, x′), 2r)) ≤ C1ν(E((x, x′), r)) (1)

with a constant C1 independent of (x, x′) and r > 0. Here E((x, x′), r) = {(y, y′) ∈
Y : d(((x, x′), (y, y′)) < r}, dν(y, y′) = (y′)γ−1dy dy′, (y′)γ−1 = (y1)

γ1−1 · · · (yk)γk−1,

d((x, x′), (y, y′)) = |(x, x′)− (y, y′)| ≡ (|x− y|2 + (x′ − y′)2)
1
2 .

Let (Y, d, ν) be a space of homogeneous type. Define

Mνf(x, x′) = sup
r>0

ν(E((x, x′), r))−1

∫
E((x,x′),r)

∣∣f(y, y′)∣∣ dν(y),
where f(x, x′) = f

(√
x21 + x21, . . . ,

√
x2k + x2k, x

′′
)
.

It is well known that the fractional maximal operator Mν is bounded on Lp,ψ1(Y, dν)

to Lp,ψ2(Y, dν) for 1 < p < ∞, (ψ1, ψ2) ∈ Ãp(Y ) (see [15]). Here we are concerned with
the fractional maximal operator defined by dν(y, y′) = (y′)γ−1dy dy′. It is clear that this
measure satisfies the doubling condition (1).

It can be proved that

Mγf

(√
z21 + z21, . . . ,

√
z2k + z2k, z

′′
)

=Mνf

(√
z21 + z21, . . . ,

√
z2k + z2k, z

′′, 0

)
(2)

and

Mγf(x) =Mνf(x, 0). (3)

Indeed, Lemma 1 and ψ1(y) = φ1(y)(MνχE((x,0),r)(y))
θ,

ψ2(y) = φ2(y)(MνχE((x,0),r)(y))
θ, for any 0 < θ < 1, (ψ1, ψ2) ∈ Ãp(Y ), we have∫

Rn
k,+

T y|f(x)|pφ1(y)(MγχEr (y))
θ(y′)γ dy =

=

∫
Y

∣∣∣∣f (√y21 + y21, . . . ,
√
y2k + y2k, y

′′, 0

)∣∣∣∣p φ1(y, y′)(MνχE((x,0),r)(y, y′))
θ dν(y, y′)
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and

|Er|γ = νE

((√
z21 + z21, . . . ,

√
z2k + z2k, z

′′, 0

)
, r

)
imply (2). Furthermore, taking zk = 0 in (2) we get (3).

Using Lemma 1 and equality (2) we have∫
Er

T y (Mγf(x))
p
φ2(y)(y

′)γ dy ≤

≤
∫
Rn

k,+

T y (Mγf(x))
p
φ2(y)(MγχEr (y))

θ(y′)γ dy =

=

∫
Rn×(0,∞)k

(
Mγf

(√
z21 + z21, . . . ,

√
z2k + z2k, z

′′
))p

×

×φ2(z, z′)(MγχE((x,0),r)(z, z′))
θ dν(z, z′) =

=

∫
Y

(
Mνf

(√
z21 + z21, . . . ,

√
z2k + z2k, z

′′, 0

))p
×

×φ2(z, z′)(MνχE((x,0),r)(z, z′))
θ dν(z, z′).

By the Proposition we have(∫
Er

T y (Mγf(x))
p
φ2(y)(y

′)γdy

) 1
p

≤

≤
(∫

Y

(
Mνf

(√
y21 + y21, . . . ,

√
y2k + y2k, y

′′, 0

))p
×

×φ2(y, y′)(MνχE((x,0),r)(y, y′))
θ dν(y, y′)

) 1
p

=

=

(∫
Y

(
Mνf

(√
y21 + y21, . . . ,

√
y2k + y2k, y

′′, 0

))p
ψ2(y, y′) dν(y, y′)

) 1
p

≤

≤ C2

(∫
Y

∣∣∣∣f (√y21 + y21, . . . ,
√
y2k + y2k, y

′′, 0

)∣∣∣∣p ψ1(y, y′) dν(y, y′)

) 1
p

=

= C2

(∫
Y

∣∣∣∣f (√y21 + y21, . . . ,
√
y2k + y2k, y

′′, 0

)∣∣∣∣p×
×φ1(y, y′)(MνχE((x,0),r)(y, y′))

θ dν(y, y′)
) 1

p

=

= C2

(∫
Y

∣∣∣∣f (√y21 + y21, . . . ,
√
y2k + y2k, y

′′
)∣∣∣∣p×

×φ1(y, y′)(MνχE((x,0),r)(y, y′))
θ dν(y, y′)

) 1
p=
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= C2

(∫
Rn

k,+

T y[|f | ]p(x)φ1(y)(MγχEr (y))
θ(y′)γdy

) 1
p

≤

≤ C2

(∫
Er

T y[|f | ]p(x)φ1(y)(y
′)γdy+

+
∞∑
j=1

∫
E2j+1r\E2jr

T y[|f | ]p(x)φ1(y)(MγχEr (y))
θ(y′)γdy

) 1
p ≤

≤ C2

(∫
Er

T y[|f | ]p(x)φ1(y)(y
′)γdy+

+
∞∑
j=1

∫
E2j+1r\E2jr

T y[|f | ]p(x)φ1(y)
rQθ

(|y|+ r)Qθ
(y′)γdy

) 1
p ≤

≤ C3 ∥f∥L̃p,ω1,φ1,γ

[r]λ1 +

∞∑
j=1

1

(2j + 1)Qθ
[2j+1r]λ1

 1
p

≤ C3 [r]
λ
p

1 ∥f∥L̃p,ω1,φ1,γ
.

Then

∥Mγf∥L̃p,λ,φ2,γ
= sup
x∈Rn

k,+, t>0
t−

λ
p ∥T ·(Mγf(x))∥Lp,φ2,γ(Et) ≤ C4∥f∥L̃p,λ,φ1,γ

.

J

If λ = 0, then we get the following result from Theorem 3:

Corollary. Let 1 < p <∞ and (φ1, φ2) ∈ Ãp,γ(Rnk,+), then the operator Mγ is bounded
from Lp,φ1,γ(Rnk,+) to Lp,φ2,γ(Rnk,+).

The commutator generated by the B-maximal operator Mγ for a given measurable
function b is formally defined by

[Mγ , b]f =Mγ(bf)− bMγ(f)

and for a given measurable function b, the B-maximal commutator is defined by

Mb,γ(f)(x) := sup
r>0

|E(0, r)|−1
γ

∫
E(0,r)

T y|(b(x)− b(y))f(x)|(y′)γdy

for all x ∈ Rnk,+.

Lemma 4. [13] Let 1 < s < ∞ and b ∈ BMO(Rnk,+). Then there exists C > 0 such
that for all x ∈ Rnk,+

Mγ(Mb,γf)(x) ≤ C∥b∥BMOγ

(
(Mγ(Mγf)

s)
1
s (x) +Mγ (Mγ |f |s)

1
s (x)

)
holds.

Theorem 4. Let b ∈ BMOγ(Rnk,+), 1 < p < ∞ and (φ1, φ2) ∈ Ãp,γ(Rnk,+), φ1 ∈
Ap,γ(Rnk,+). Then Mb,γ is bounded from Lp,φ1,γ(Rnk,+) to Lp,φ2,γ .
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Proof. By using Lemma 4 and Corollary, we have Mb,γ is bounded from Lp,φ1,γ(Rnk,+)
to Lp,φ2,γ . J

Operators Mb,γ and [Mγ , b] are essentially different from each other. For example,
Mb,γ is a positive and sublinear operator, but [Mγ , b] is neither positive nor sublinear.
However, if b satisfies some additional conditions, then the operator Mb,γ is controlled
by [Mγ , b].

Theorem 5. Let 1 < p <∞, 0 ≤ λ < Q, b ∈ BMOγ(Rnk,+) and (φ1, φ2) ∈ Ãp,γ(Rnk,+),
φ1 ∈ Ap,γ(Rnk,+). Then the commutatorMb,γ is bounded from L̃p,λ,φ1,γ(Rnk,+) to L̃p,λ,φ2,γ .

Proof. Sufficiency: Let 1 < p <∞, 0 ≤ λ < Q, f ∈ L̃p,λ,φ1,γ(Rnk,+). We have∫
E(0,t)

T y [Mb,γf ]
p
(x)φ2(y)(y

′)γdy ≤

≤
∫

Rn
k,+

T y [Mb,γf ]
p
(x)φ2(y)(MγχE(0,t)(y))

δ(y′)γdy, x ∈ Rnk,+.

Taking into account the properties of Ãp,γ(Rnk,+) we can easily see that

φ1(y)(MνχE((x,0),r)(y))
θ, φ2(y)(MνχE((x,0),r)(y))

θ, for any 0 < θ < 1. Then by using
Theorem 4 we obtain ∫

E(0,t)

T y [Mb,γf ]
p
(x)φ2(y)(y

′)γdy ≤

≤ C ∥b∥pBMOγ

∫
Rn

k,+

T y[|f | ]p(x)φ1(y)(MγχE(0,r)(y))
δ(y′)γdy ≤

≤ C ∥b∥pBMOγ

∫
E(0,r)

T y[|f | ]p(x)φ1(y)(y
′)γdy +

+C ∥b∥pBMOγ

∞∑
j=1

∫
E(0,2j+1r)\E(0,2jr)

T y[|f | ]p(x)φ1(y)(MγχE(0,r)(y))
θ(y′)γdy ≤

≤ C ∥b∥pBMOγ

∫
E(0,r)

T y[|f | ]p(x)φ1(y)(y
′)γdy+

+C ∥b∥pBMOγ

∞∑
j=1

∫
E(0,2j+1r)\E(0,2jr)

T y[|f | ]p(x)φ1(y)
rQθ

(|y|+ r)Qθ
(y′)γdy ≤

≤ C ∥b∥pBMOγ
∥f∥p

L̃p,λ,φ1,γ

[r]λ1 +

∞∑
j=1

1

(2j + 1)Qθ
[2j+1r]λ1

 ≤

≤ C [r]λ1 ∥b∥
p
BMOγ

∥f∥p
L̃p,λ,φ1,γ

.
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