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Abstract. The present paper studies the boundary-value problem in a finite segment
generating with the discontinuous Sturm-Liouville equation and periodic(antiperiodic)
boundary conditions. We prove completeness of the system of eigenfunctions and
generalized eigenfunctions in the space L2(0,7;p), obtain the asymptotic formulas for
the solution and prove the asymptotic formulas for the eigenvalues of the periodic and
antiperiodic boundary value problems.
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1. Introduction

We consider two boundary value problems generated by the Sturm-Liouville equation
—y" +qlx)y = Np(a)y, 0<z<m, (1)
subject to the boundary conditions

y(0) = +y(n), ¥'(0) = +y'(n), (2)
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where ¢(z) is a complex valued function in Lo (0,7), A is a spectral parameter,

() = 1 ,0<x<a,
P\T) = a?,a<z<m,

with @ € (0,7), @ > 0, @ # 1. Note that the boundary conditions (2) is called periodic
for the plus sign and antiperiodic for the minus sign.

Boundary value problems for the Sturm-Liouville equation with discontinuous leading
coefficients arise in geophysics, electromagnetics, elasticity and other fields of engineering
and physics; for example, modelling toroidal vibrations and free vibrations of the earth,
reconstructing the discontinuous material properties of a nonabsorbing media, as a rule
leads to direct and inverse problems for the Sturm-Liouville equation with discontinuous
coefficients (see [4], [9], [19]).

Sturm-Liouville operators with periodic and antiperiodic boundary conditions were
investigated by Stankevich [16], Sadovnichii [14], Marchenko and Ostrovskiy [10], [11].
The inverse problems for the Sturm-Liouville operators with nonseparated boundary
conditions were investigated by Sadovnichii [13], Plaksina [17], [18], Yurko [20] and other
authors. For an instance, in the studies of Gasymov et. al., [5], Guseinov and Nabiev
[6]-[8], the spectral properties were investigated, the uniqueness theorems were proved,
necessary and sufficient conditions were obtained for the solution of the inverse problem
for the Sturm-Liouville operators with nonseparated boundary conditions . In the studies
of Sadovnichii et. al., [15] and Akhtyamov [1] the the uniqueness of the inverse problem
were investigated for the general operators by different approach. A direct and inverse
scattering problem for the one-dimensional perturbed Hill operator was investigated in
2], 3].

In the present paper investigating the boundary-value problem (1) — (2), in Section
2 we prove completeness of the system of eigenfunctions and generalized eigenfunctions
in the space Lo(0,7; p). In Section 3 we obtain the asymptotic formulas for the solution
of Eq. (1) and in the Section 4 we prove the asymptotic formulas for the eigenvalues of
the periodic and antiperiodic boundary value problems for the Eq. (1).

2. Completeness of the System of Eigenfunctions of
the Boundary Value Problem

Consider the boundary value problem (1) — (2). The values of the parameter p = A2 for
which the boundary value problem has a non-trivial solution, are called eigenvalues and
corresponding solutions are called eigenfunctions.
Let s(xz,\) and c¢(z,\) be linearly-independent solutions of Eq. (1) with initial
conditions
s(0,\)=c (0,A) =0, s (0,\)=c(0,))=1.

Then any solution y(z,\) of Eq. (1) can be represented as a linear combination of
solutions s (x, A) and ¢(z, ) :

y(z, A) = Ac(z, \) + Bs(z, A).
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Boundary conditions (2) give the following relations:
A(e(m,A\) F1) + Bs(m, \) =0,
Al (m,\) + B (s'(m,\) F1)=0.

Hence eigenvalues of the boundary value problem (1) — (2) coincide with squares of the
roots of the characteristic function

e(m,AN)F1  s(m )
d(m ) §(mA)F1|°

Ar (A) =
Since the Wronskian W (¢, s) = ¢(x, A)s'(z, ) — ¢/ (z, \)s(x, A) = 1 we have
AL (N) =2Fc(m,\) Fs'(m, ).

Now consider the solutions wi (z,\) and wi (z, \) defined as

wi (z,\) = Fs(m, Ne(z,\) — (1F e(m, \) s(z, \), (3)

wi (z,\) = (1 F 8 (m,\) ez, \) £ ¢ (7, \)s(z, ). (4)
It is easy to compute that

wi (0,2) = #wi (m,2), wi (0,0) Fwi (m,4) = —Ax (W)

and
in (0,\) F wét (m,A) = AL (N, wzi’ (0,A) = iw%’ (m, ).

An eigenvalue p of the boundary value problem (1) — (2) is called an eigenvalue with
multiplicity p if p is a root of multiplicity p of the function A (\/ﬁ) . It is easy to see
that the functions

. (-)* 9% 2 .
wi’k(x): o 6—ﬂkwi (xz,\) (u:)\), k=0,p—-1, ¢=1,2,...,

satisfy the boundary conditions (2) for A2 = pu,,. Clearly wfo (), ..., wfp_l (z) (i>1,2)
form a chain in which the first nonzero element wzt& (z) is an eigenfunction, and the
elements following this eigenfunction are the corresponding generalized eigenfunctions.
Differentiating the equation (1) k times with respect to u = A%, we see that
the eigenfunction and generalized eigenfunctions of the chain wj, (a:),...,wfwl (z),
(i > 1,2) satisfy the equation

"

—w E (2) + a2y, (@) = p(@) (pwd, (@) — v, @)

and boundary conditions (2). It is important to note that two chains
wfo (33),...,10%1)71 (z) and wzi,o (gc),...,wzi’pfl (z) can consist of the same functions.
Beside it we mention that together with eigenvalues and generalized eigenvalues each
chain may contain only zero functions.

Let us consider the question of completeness in Lo(0,7;p) of the system of

eigenfunction and generalized eigenfunctions of the boundary value problem (1) — (2).
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As it is known a system of vectors is complete in a Hilbert space if and only if the only
vector orthogonal to all elements of this system is the null element. Let M is the set of
all eigenvalues i, i.e the spectrum of the boundary value problem (1) — (2) and denote
the multiplicity of u;= by pi. As we have mentioned above, the functions

(-)F ok .
K ok

/)| (0<k<pi—1, pteM* i=1,2
H=pn n n

either are identically zero, or are the eigenfunction and generalized eigenfunctions of the
problem (1) — (2). Let us show that if f(z) € L2(0,7) and

[ o)zt (Vo) fadal, s =0 (5)
0

for all uf € M*, k =0,1,....pF — 1,7 = 1,2, then f(z) = 0 a.e. It is clear that the
characteristic function A4 (y/z) and the function

x

wE(f, /) = / playw (2, F) fa)de (i=1,2)

0

are entire functions of p. From the formula (5) We have that each p fold root u;- of the
function Ay (\/ﬁ) is also a root of functions w; ( fiv/m) (i =1,2) with multiplicity at
least pE . Therefore, the equality (5) holds if and only if wX(f, ) [Ax (V)] (i =1,2)
are entire functions of X\. Consequently, for proving the completeness of the system of the
system of eigenfunctions and generalized eigenfunctions of the boundary value problem
(1) — (2) it is enough to prove that f(z) = 0 a.e. if and only if w(f, \)[A+ (A ]
(i = 1,2) are an entire functions of the parameter .

Note that for g(z) = 0 the characteristic function AZ (\) of the boundary value
problem (1) — (2) has the form

A(? (A) =2 + 56(7T7A) + CO(ﬂ-a)‘)v

where
1 1 1 1
co(z,\) = = —— | cos apt(z) + = — ——— ] cosAu” (x),
ofa, \) 2<1+m> u()+2<1 p(x)> b (@)
1 1 sin Apt(z ) 1 1 sin Ap~ ()
so(x, \) = 5 <1 + p(a:)) X 5 (1 — p(a:)) 3 ,
P (z) = +z/p(a +a(1$\/ )
Since

% (\/7 + 1) cos A\t () — ( plx) — 1) cos A~ (z)
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we have ) ) ) )
— - + - _ -
co(m, ) = 5 (1+ oz) cos A\u™(m) + 3 (1 a) cos A\p~ (m),
so(m )\)—g 1—|—l cos \ +(7r)—g 1—l cos A\~ (mr)
S D) o K 2 o a

which implies

1)° 1-a)’
AE(N) =27F % cos \uT () £ % cos A\~ ().

Now let us prove that the system of eigenfunctions and generalized eigenfunctions of the
boundary value problem (1) — (2) is complete in Lo(0, 7; p).
Let o(x,\) and 9(x, \) are solutions of Eq. (1) with conditions
¢'(m, ) = p(m, A) = 0.
The following lemma is obtained from the integral representations of the solutions

c(z, N), s(x, A) and p(z, N), ¥(x, A) in [12] and the similar fact in [10] (see Lemma 1.3.1).

Lemma 1. For all f(z) € L1(0,7) the following equalities are held.

T

lim efllm)‘“ﬂ“)l/f(x)c(x, A)dz = lim efllm)‘“ﬂ”)l/f(:c)(p(x, A)dz =0,
0

[A] =00 |A][— 00
0

™ T

lim e_‘IIII’\“+(”)|/)\f(x)s(gc, A)dz = lim e_llm)“ﬁ(ﬂ)l/)\f(m)w(x,)\)dw =0.
[A]—=o00 [A] =00
0 0

Corollary 1. For all f(x) € L1(0,7) the equality

Jim e AT Ol () =0, =12,

holds.
Proof. From formulas (3) and (4) it is obtained that
wE (2, \) = F (s(m, Ne(z, ) — e(m, \)s(z, N)) — s(z, \)
= FY(z, A) — sz, A),
wi (z,\) = £ (< (7, \)s(z, \) F 8 (7, Ne(z, N) + ez, )
= to(z, A) + c(z, A).
Hence, the assertion is obtained from the Lemma 1. <«

Lemma 2. There exists a constant number C > 0 and a sequence of unboundely
expanding contours K, on which

[AL(N)] = [N Celtman @I, (6)
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Proof. Using representations

pt(z)

s ) = sol@ N+ [ N (@ pSBA

—dt
A i

c(z,\) = cox,\) + Ny (z,t) cos Atdt

o\} O\
2

(see [12]), where the kernel Ny (z,t) and it is first order partial derivatives belong to
L1(0, u*(z)) for Vz € [0, m] we have

sin A\t |H7 (m)+0
2\ t=eT (m)—0

C(7r, /\) =Co (7T, /\) + Ny (7T7 t)
ut ()

in A\t in At
sinyit(m) / DtN+(7r,1t)—SmA dt,
0

N (0 () 2L

¢(m,\) = ch(m, A) — aNy (m, 1) cos M|, =" (D0

(m)—0
put(m)
+aN, (7, pF (7)) cos A\u™ () + / D, N, (7, t) cos Atdt,
0
put () )
s(m, \) = s0(m, A) + / N,(mt)&;\tdt, (7)

0

sin A\t |t=H7 (m)4+0
Y t=p—(7)—0

s'(m, X)) = so(m, ) — aN_(m,t)

ut(m)
in A\t in At
+aN_(, ;ﬁ(w))w + / DxN_(w,t)%dt. 8)
0
Consequently,
Ar(N) =2F e(m,\) F s'(m, )
= 2F co(m, A) F sf(m, ) + A7 Lelme T Ml (),

where lim|y|5o £(A) = 0. Using the corresponding expressions for co(m, A) and sy(7, A)
we obtain

AL(N) =2F[1+ Alcos At () F [1 — Al cos A~ () + A~ el @lg (), (9)
where A = % (a + é) . The function

APV (N =25 [1+ Al cos Aut () F [1 — A] cos A~ ()
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will be called the main part of the characteristic function AL ()\) and it defines the
behavior of Ay () as |A| — co.

Since Agg )()\) is an entire function it has a countable set of zeros {)\2} , where

)\0 + nm

n= +05
pt ()

and the sequence {6} is bounded. Let Z, (where r > 0 is arbitrary small number) is
the domain which is obtained by removing balls of radius r centred at the zeros of the
function A(io)()\), i.e. at points A2 (n = 0,41,42,...). Since the even function Agg)()\) is
a quasipolinomial, i.e.

1 . 1 . 1 R 1 o
AP () = 255 (1 AN M (14 A)em Mo (1= AT O (14 A)e N,
then the function .
{Ag?) ()\)} e—z’A;ﬁ(n)

is holomorphic in the domain Z, N {ImA > 0}, tends to :FHLA when ImA — 400 and it
is continuous on the boundary of this domain. Then by the maximum modulus principle,
the supremum of the modulus is finite. Consequently there is C,. > 0 such that

‘Af)()\)‘ > Gl @I\ ez,

Hence, any sequence K,, of expanding contours contained in the domain Z,. can be taken
as contours on which the inequality (6) satisfies. Lemma is proved. |

We now turn to the proof of the main results of this section.

Theorem 1. The system of eigenfunctions and generalized eigenfunctions of the
boundary value problem (1) — (2) is complete in the space La(0,; p).

Proof. We will show that the functions w (f, \) [A+(A\)] " (i = 1,2) are entire functions
if and only if f(z) = 0 a.e. Suppose f(z) € Ly(0,7) and the functions w (f, \) [A+(A)] "
are entire. By Lemma 2, there exists a constant C' > 0 and a sequence of unboundely
expanding contours K, such that

[wE (N AL | < Ol (£, A" ()

satisfies on K.
From this inequality and the Corollary 1 it follows that

lim max
n—oo A\e K,

(AN [AsW] T =0 (i=1,2)

Therefore when |A| — oo, the entire functions wi (f, A) [A+(A\)]™" grow slower than
|Al, and as a result they are identically equal to constants which we denote by fi.

Consequently, w (f,\) = A4 (\) which implies (together with (3), (4))
Fs(m, Ae(f;2) = (LF e(m 0)s(f,0) = fi7A+(V),
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(LF ' (m Ne(f,A) £/ (1, N)s(f,0) = f3 Ax(N),
where ¢(f, \) grp c(x, Ndzx, s(f,\) = O}p(a:)f(x)s(x,)\)dx.
Hence
s(fiA) = £s(m N f3 £ (m N = fi° (10)

Consider the identity (10) for real values A — +00.Using Lemma 1 and formulas (7), (8)
we can express the identity (10) as

AN = —fE £ fEN ! (ag sin Adpt () + asin Adp” (w) +e1(N))

+fi ( —2'—1cos)\,u (m )+1_acos>\u_(7r)+52()\)),

where the functions §(A), e1(A) and e2(A) tend to zero as A — +oo which is possible if
and only if f£ =0, f5- = 0. Consequently, s(f,\) = 0, i.e.
*(

™ ()

/ p(2)£(2) 4 s0(2, \) + / N_(x,t)SiIi\)\tdt ~0.
0

0

We immediately have

pt(m) A\
/ A Mf(n)+ / N (@ 0)f(z)dz b =0,
a a+\;;(%
where the operator M is defined as
I 0 <t <p(m),
MF@) = F() +a fla+ 2=t) u(m) < t <a,
ot fla+£2) ya <t < pt(m).

Hence, the Fourier sin-transform of the function

/ N_(z,t)f(z)dz (0<t < pt(m)

p(t

vanishes identically, and therefore by the uniqueness theorem for Fourier transform

/Nxt (z)dz =0 (11)
m

a.e. on the segment [0, ut(7)].
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It is easy to show that the operator M is a linear and bounded on the space
Lo (0, u*()). Moreover it has the inverse operator

o) 0 <t < p(n),
M7Uf(t) =14 f(t) - 2 f(2a—t) ,u~(r) <t <a,
Pt (2) a<t<m,

which is also bounded on the space Lo (0, 7; p). Then the homogenous equation (11) with
the kernel N_(z,.) € L2(0, " (7)) has only the trivial solution. We conclude that f(z) =
0 for a.e. z € [0, 7] as asserted. <

3. Asymptotic Formulas for the Solution of the
Sturm-Liouville Equation

We consider the Sturm-Liouville equation (1) where

oo ={ 5 SI5"
o, x> a,
A is a complex parameter, q(z) € W20, 7n]. Here WJ[0,n] is the Sobolev’s space of
the complex valued functions that have the square summable absolutely continuous
derivatives of (n — 1) order and the derivative of n order on the segment [0, 7].

We need the following lemma(see Lemma 1.4.1 in [10]).

Lemma 3. The equation

—" 4 q(x)z =a?\2, a<z<m, (12)
has the solution
2(z, \) = el @ma) l (2iaX) " ug (@) + (2iaN) " Ty (2, 0) ] (13)
k=0
where
ug(r) =1, ug(z) = / (—up_1(t) + g up—1(t)) dt, k=1,2,.n+1 (14)
and

x

2 () = 1 (0) + (200N) ™" [ alt)un (0

a

r—a

- / {u; +1(x—t)+(2mA)—1K£L°+>1(x,t)}e*%a”dt, (15)

(=)
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r—a

uh o (2, A) = 2ia) / {u;lﬂ(:r — )+ (2ia)) ™" Kfl{gl(x,t)} e~ 2ioNt gy (16)
0

in which the kernels Kr(gzl(x,t), Kﬁzl(x,t) are square summable with Tespect to t for
each © € [a, 7).

It is very difficult to compute the functions wug(x) (k :1,771) by the recurrence
formulas (14), since these formulas have undesirable integration operations. To remove
these difficulties we put

o(\ ) = % In (1 - 1;—2’2 et (;;(f))” " ?;;;;"fo "

and then we have the following representation for the solution of the equation (12) :

z(x,\) = exp { taX (z —a) + /(T()\,t)dt ,

a

where the function o(\, ) also satisfies the equation
o'\, ) + 2ia o\, z) + o2 (N, z) — g(z) = 0. (18)

Let us set

P,(\z)=1+ Z(Zia)\)_kuk(x),
k=1

Qn(A\, ) = Py(A\2) + (2ia)) ™" tup 1 (A, ).
Then the formulas (13) and (17) take the forms
2(z,\) = e NETDQL (2, \),
PiA ) A 2)Pa(X @) — un (A 2) By (A, )
P,(\ ) (2iaN)" TP, (A, 2)Qn (A, x)

As in [10] we can show that

oA\ z)=

n

or(x on(A T
o) = k; (2@le§1€ * (2z'(a)\)’3’ (19)

where
o1(x) = q(x), o2(x) = —¢'(2), o3(x) = ¢"(x) — ¢* (), ...,

k—1
or1(x) = =04 (x) = Y _op—j(@)oy(z) (k=2,3,..,n), (20)
j=1
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r—a r—a

2N [ o (x — e 2oNdg + [ _;}fllil(xé)e—ma,\gdg

0 0
= 21
O'n()\yl') QZQAQn(A,LE) y X > a, ( )

with the kernel K ,(11_21(37, &) which is square summable with respect to the variable .
Now let us return to our problem (1). Using Lemma 3 we can write the following
solution of Eq. (1):
i)\erf o(At)dt
yle,\)=e 0 , 0<z<a, (22)
and

i +(r)+za(k,t)dt i f(z)+wa(—)\,t)dt
ylz,\) = A(N)e " ! Ae l ! , T >a, (23)

where
pE(z) = ar F aa + a,

04+1i)\+0)\,a_ _U—)\,G,+ "
AN) = ( Qia/\)+g()\,(a+) )0((/\’(#) ) exp /a(/\,t)dt 7
0
_(a—1Dix+o(hat) —o(Na) “
B(\) = 2ial 4+ o(\,at) — o(—=\, at) exp /U()\,t)dt
0

Here o(\,a™) and o(\,a™) indicate the right and the left limits at point x = a.

We see that by using the formulas (22), (23) it can be obtained two solutions y(x, \)
and y(xz,—A) of equation (1) for A # 0. By the formula (22), (23) we have for the
Wronskian the following formula:

[0t 4o (=, b)]dt
Wiy(e, A), y(e, —A)] = Dew(A,z)ch ,

where D =1 ingxSa,D:fJEi’Z;; if x > a and

whz) = =2ix/p(z) + o(—A,z) —o(N\z), 0 <z <m.

Since the Wronskian of two solutions of Eq. (1) doesn’t depend on a we have

Wiy(z, N), y(a, =) = Wly(z, X), y(@, =N)]ls=o = w(X,0),
7["(>\>‘)+0(—>\,t)]dt

W[y(m, )‘)7 y(l', _)\)”mzo = W[y(x7 )‘)7 y(!L‘, _A)]IIZG = UJ()\, a_)eo ’

i.e.
- [{[U(Ayt)+o(*%t)]dt

w(ha")=e w(A,0). (24)

Hence,
jm'[a(k,t)Jra(—)\,t)]dt

¢’ =w(\,0) (Dw(,z) " . (25)
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We conclude that the solutions y(z, A) and y(x, —X) are defined for all values of A which
isn’t a zero of the polynomial A"w(\,0) and these solutions are linearly independent
when ) is distinct from zeros of the polynomial \*w(\,0). Therefore we have proved the
following theorem.

Theorem 2. Equation (1) has a solution of the form (22), (23) where the function
o(\, z) is defined by the formula

o) = i ox(x) on(A )
M) =2 Ty @i 26)

in which the functions o(x) (k=1,2,....,n), are defined by the formulas (20), op(A, x)
is represented as (21).

Remark. The function o, (), x) is defined by the formula (22) for z > a. When0 <z < a
we put @ = 1,a = 0 in the formula (22) and other related formulas (see [10]).

4. Asymptotic Formulas for the Eigenvalues

Consider the characteristic function of the boundary value problem (1), (2). Using the
representation (22), (23) of the solutions y(z, A), y(x,—A) we can find the following
expressions for the solutions c¢(x, \) and s(x, \) :

y(x, /\) — y(I, 7)‘)

s A) == w(A,0) ’
y(a, A — o (=X, 0)] + y(x, —A)[iA + (X, 0)]
c(z,\) = — w0 0) . (27)

Recall that the characteristic function Ay (X) of the boundary value problem (1), (2) is
AL(\) =2 Ec(m, N\) £5' (7, N).

From the formulas (27) we have

WA, 0)AL(N) =2+ y(m, A[iX — o (=X, 0)] + y(m, =A)[iX + o(N,0)] £ ¢/ (7, A) — ¢/ (7, = A).

From Eq. (22), (23) it is obtained that the equation Ay (A) = 0 is equivalent to the
equation

y(m, N [EA — o (=X, 0)] + y(m, = A [ix + (A, 0)]y (7, X)) — ¢/ (7, = X) = F2w(A, 0)

which can be written as

. . [ o(At)dt
(Gl()\)e’)‘“+(“) + Ga(\)e P (W)) ebf _

. o [ o(=At)dt
_ (Gl(_)\)e—z,\,ﬁ(w) + GQ(—)\)e”‘” (rr)) eof = F2w(\,0), (28)
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where
G1(A) = [(a+1)ixd + o(A, ) = a(=A, 0)]Ag(A),
Go(A) =[(1 —a)ix+a(A\,0) —a(A,m)]Bo(—N),
a(=Nat)—o(\a”) — (a+1)ix
Ag(A) =
o oA a?) |
oA a~) — o\ at) — (a—1)ix Jlon—o(-Anldl
B = 0 .
o oOna) ‘
fo()\,t)dt
Multiplying the equation (28) by ed and taking into our account the formulas

(25), (26) we find

it )+ feundt w(A, 0) HNH(=)) w(\at)
0 = 1+ 1 R 29
¢ HOY | oL 0w ) W a) (29)
where
H(\) = G1(\) + Ga(N)e %A,
Clearly, the formula (29) is written as
i (1)L flo(nt)—o(=Ab)]dt
e 0 =
- H(MNH(— +
w0 fometna) [ [ HOEEY 0] o
HA) | w\,0)w(A,at) WA, 0w\, ) w(A, a™)
By the formula (9) of the previous section
AL(N) = AP () + A teltmanT Mgy, (30)
where
AD(N) =2+ (1+ A)cos A\ut () £ (1 — A) cos Ap™ ().
A=1(a+1), |)\l‘im €(A) = 0 and the zeros of the function Agg)(/\) are
—00
A9 o 7 + 6%, sup |0F| < +oo.
() = o
with n = 2k for '+’ case an n = 2k + 1 for ’—’ case. As it is mentioned in the previous
section
AL (V)] 2 Cpeltmie () (31)

for some C, > 0 and A € Z, where Z,. denotes the domain which is obtained by removing
balls of radius r (r > 0) centered at the zeros (A%)i . Therefore, using Rouche’s theorem
and the inequalities (30), (31) we can formulate the following theorem.
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Theorem 3. The asymptotic formula

+ 2k‘71' + +
V )‘2k - i,LL+(7I') + 92k te (2k) (32)

is held for the eigenvalues 1/)@1 of the periodic problem (1), (24) and the asymptotic

formula
2(k+1
VA = j:(/ﬁ—tﬂ))ﬂ 05 T2k + 1) (33)

is held for the eigenvalues /AL of the antiperiodic problem (1), (2—). Here
2k+1

i et () —
nh_)rrgos (n) =0.

Now we will improve the asymptotic formulas (32), (33) by using smoothness of the
function g(x). We can write

H(\) = —w(X,0) [14+mN)] Ag(N) + w(X, 0)m(X) By (—\)e 2,

where
_o(X0) —o(A )+ (1 —a)i)
m) = w(X, 0) ’
Then
H (X)) = -w(A,0)40(A) (1 +7(N)),
where

r() = m(\) (1 - li‘;(f&?) ez,

Further, since

wX,a”) ==2ix+0o(=XNa") —o(=Xa?) = (c(A\,a”) —o(Xa™)) +w(X a’) + 2iar

we have
wAa”) oAat)—o(Na™)  o(=Xat)—o(=Aa") 2ix(a—1)
what) L+ w(,at) w(=\,at) + what)

If we denote
o\ at)—ao(N\a)  iNa-—1)

SO = w(A, at) + wA,at)’
then ( )
w( a
SO a®) =14+ S\)+ S(=N).
Similarly
w(A,m)
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and we also have
Ao(N) = 1+ S(V), Bo(A) = —S(A) exp(/[a()\,t) ~ o(=A, B]db).
0

The following lemmas is proved similarly to the Lemma 1.4.3 in [10].

Lemma 4. Let f(z) € Lo(0,7) and A\, = A} + &, (k=1,2,...) where g, = O (%),
n — 0o and \) = Mfi?ﬂ) + 0, sup |0;| < oo. Then

/f(x)efzi)‘”dx:f()\g)-kgl}ik), f(/\g):/f(x)e*%\g“ﬂdm,
0 0
where
2
‘ < 00.

Sl <00, S[FO)
k=1 k=1
Lemma 5. Let g(x) € W3 [0,7] and the number sequence A\, = \) + ¢, satisfies the
condition e, = O (% , k— oco. Then
on (A, ) = 5n+1()\g) + k_lgl(k)’
n n+2
l pt(m)

/J(Ak,x)dx =2 i) -

0 j=1

Tnt1,0(A0) + k2 ga(k),

where

djz/ %) e 12 ni2,
0

plx)
a 1 T™T—a
Goiro(AR) = /U,H_l(a — t)efﬂ)‘gtdt +— / Opt1 (T — t)efma)‘gtdt,
: !
0 0

> |gj(k)|2 < 00, j =1,2, and the coefficients d; (j = 1,2,...n+ 1) doesn’t depend on n
k=1
and k, the coefficient d,, 42 doesn’t depend on k and d,, 12 =0 if n = 0.

Let us denote by W2[0, 7] the subspace of the space W2'[0, 7] such that f*)(0) =
F®(r) (k=0,1,2,...,n — 1) for every f(z) € W[0,7] C W2[0,7]. Clearly, WI[0, ] =
Ly(0,7). Now let q(z) € W2[0,7] and Img(z) = 0. Because o (z) is a polynomial with
respect to q(z), ¢'(z), ¢" (x), ..., "~ () then q(x) € W[0, 7] implies that o (0) = o ()
(k=1,2,...n). Consequently, according to Eq. (33) we have

" ou(m) (1 1 ) oA

oA 0) —o(hm) =3, 20 \" oF ) T (2iaN)"
k=1
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Let q(x) € L2(0, ) is real. Since (A, 0) —o (A, 7) = O (%) o\ at)—o(N\a”)=0 (%) ,
w(X,0) = —2iA+ 0 (5), w(X,a™) = —2iaX + O () we easily compute that

m(\) = [1+O (;)} lagl +zi: (o}k - 1) (2?;()21 + a:zg(;\x;;)ﬂ] ,

_ 1 l—a /1 1 oy(a) an(Aa”)
)= {1 o (A?) } [ 220 5 <a’“ ) 1) a @i a<2M>”“] ’
r(A) = m()) (1 + ﬂ;’(\i) y;?a_;))) . (34)
From Eq. (24) and (27) we have that

o =Awla, ) = S0 yfa,-3) = y(a. ) = o\ D)s(a. ).

Multiplying the second equality by y(a, \) and taking into account the first one we obtain

4
y(a,A) = —w(A,0)s(a,\) [1F \/1 + w(A, 0)w(A a™)S%(a, )\)| .

Since w(—A\,0) = —w(A,0) and s(a, —A) = —s(a, ) we have
y(a,=A) = —y(a, ).

= (1 S5 o0 o )

From equations (34) we also have

Consequently,

L+ m\) +m(=\) = a+0 (;2) (35)
1450\ +8(=\) = é +0 (;) (36)
L4+S(0) = S(=\) =140 (;) , (37)
(1+ (V) (14 SO) = 0‘22;‘ Lo (;) . (38)
e (L+S(A) X +7r(A) =1+ S5A) +m(A)s(N),
where

S(A) =1+ S(\) — S(=N), (39)
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the formula (29) takes the form of

vt 0+ o —o(xnlir /L4 m(N) +m(=N][L+ SO + S(-N)]
¢ T 14+ 5(\) +m(\)s(n)

(SN =m(N)d(=A)) (S(=A) = m(=A)é(N))
Tl ’\/ [+ m) + m— N[+ S0) + SN | (40)

X

Since square roots of the eigenvalues are zeros of the equation (40) we have

T

. . 1
(165 + ie™ (k) u* (m) + 5 /[U(A»t) - 0(_)‘7t)]dt|)\:u+k7?ﬂ)+9ki+si(k)
0

= {; In[(1+ m(X) + m(=A)) (1 + SA) +S(—=N)] —In(1 + S(A) +m(N)d(N))

(SO = m(N)S(=N)) (S(=A) — m(—A)é(M)} }
1+ SO) + SN+ m(\) +m(=N)]

as |A| = +o00. According to equations (34) from Eq. (41) we obtain that
B

pt(m)

)
[ =arctan [ ——— | .
2a

Using the Lemma 5 and the asymptotic formulas (35) — (39) in the equation (41) by the
elementary asymptotic methods (see [10]) we have that

k k
DE= T gy = AT P

(41)

+In|l—1 ik g*
|)\7iu_f(ﬂ)+9k +e(+k)?

(k) 4 0% = +0(]1€>, k — +o0,

where

pt(m) ~opt(m) ()
+Y L ag(2k)TI T £ e (2k)] (2k) T kT, (42)
1<y+1<n+2
where
i ‘ :I:’Q _ ), 20Nt 1 o\, —2iaANt
TolT < oo, en(2k)= [ qla—t)e dt + - g(m—t)e dt,
k=0 0 A

4
aq :/ Q( )t dt
J V(1)
and the numbers as;41 do not depend on k. Therefore we have proved the following
theorem.
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Theorem 4. If q(z) € W2[0,7] and Img(z) = 0 the eigenvalues AL, of the periodic
bound, ! bl d the ei lues A% th tiperiodic bound l
oundary value problem and the eigenvalues \3; ., of the antiperiodic boundary value
problem have the asymptotic formula (42).

From this theorem and the formula (42) we have the following corollary.
Corollary 2. Let q(z) € Ly[0,7]. Then q(z) € W20, 7] if and only if

k=1

2
< o0.
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