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Abstract. An nonself-adjoint Sturm—Liouville problem with two polynomials in nonsep-
arated boundary conditions are considered. It is shown that this problem have an infinite
countable spectrum. The corresponding inverse problems is solved. Criterions for unique
reconstruction of the nonself-adjoint Sturm-Liouville problem by eigenvalues of this prob-
lem and the spectral data of an additional problem with separated boundary conditions
are proved. Schemes for unique reconstruction of the Sturm-Liouville problems with poly-
nomials in nonseparated boundary conditions and corresponding examples are given.
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1. Introduction

Let L denote the Sturm—Liouville problem
ly=—y" +q(x)y =y =s"y, (1)

Ur(y) = —hy(0) +4'(0) + a(X) y(r) = 0, (2)

* Corresponding author.

[ Azamat M. Akhtyamov ]

Bashkir State University, Ufa, Russia;
Mavlutov Institute of Mechanics, Ufa, Russia
E-mail: AkhtyamovAM®@mail.ru

Khanlar R. Mamedov
Igdir University, Igdir, Tirkiye
E-mail: hanlar.residoglu@igdir.edu.tr

Yaudat T. Sultanaev
M. Akmullah Bashkir State Pedagogical University, Ufa, Russia
E-mail: sultanaevYT@gmail.com



180 Inverse Sturm-Liouville problems with polynomials

Us(y) = b(A\) y(0) + (—Ha + HX\) y(r) + (A — Hy) y/(n) = 0, 3)
where g(z) € Ly(0,7) is a real-valued function; h, H, Hy, Hy € R;

pZZHH17H2>O; (4)

the functions a(A) and b(\) are polynomials.

The inverse Sturm-Liouville problem for L in the case of separated boundary condi-
tions without polinomials have been well studied (see [5], [8], [9]). The inverse Sturm-
Liouville problem for L with spectral parameter in separated boundary conditions have
been studied in [1], [3], [6], [7], [10]. The inverse Sturm-Liouville problem with unknown
coefficients in nonseparated boundary conditions was studied by V.A. Sadovnichii, V.A.
Yurko, V.A. Marchenko, O.A. Plaksina, M.G. Gasymov, .M. Guseinov, .M. Nabiev, and
other authors (see [2], [4], [11]-[14], [16]-[18]). For nonself-adjoint SturmLiouville prob-
lem with polinomials in nonseparated boundary conditions no uniqueness theorems have
been obtained.

The analysis of the inverse nonself-adjoint problem Sturm-Liouville with nonsepa-
rated boundary conditions was initiated in [13]. It was shown there that three spectra
and two sets of weight numbers and residues of certain functions are sufficient for the
unique reconstruction of a nonself-adjoint Sturm-Liouville problem with nonseparated
boundary conditions. Moreover, these spectral data were used essentially [15]. Later, there
were attempts to choose the problem to be reconstructed or auxiliary problems so as to
use less spectral data for the reconstruction [2], [11]-[14], [16]-[18]. In particular, in [11] a
nonself-adjoint problem was replaced by a self-adjoint one, and it was shown that, for its
unique reconstruction, as spectral data it suffices to use three spectra, some sequence of
signs, and some real number. In [2], an auxiliary problem was chosen so as to reduce the
number of spectral data required for the reconstruction of a self-adjoint problem by only
two spectra, some sequence of signs, and some real number were used as spectral data.
In [16] a nonself-adjoint Sturm-Liouville problem was uniquely reconstructed by three
spectrum. In the present paper, we consider a nonself-adjoint Sturm-Liouville problem
with polinomials in nonseparated boundary conditions. We show that, for its unique re-
construction, one can use also less spectral data as compared with the reconstruction
of a self-adjoint problem in [2], [11], [13]; more precisely, we need finite eigenvalues of
the nonself-adjoint Sturm-Liouville problem, and, in addition, a spectrum and norming
constants of an additional problem with separated boundary conditions.

2. Spectrum of L

We denote the matrix composed of the coefficients a;;; in the boundary conditions (2),
(3) by A:

aiil @iz ai13 ai4
a21 G22 23 A24

A:

and its minors composed of the i-th and j-th columns by M;;:

ai; aij
az; az;

M;; =

i )
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where
a1 =—h, a2=1, aiz=a()), as=0,

a1 :b(A), 0,22:0, a23:*H2+H/\, a24:)\7H1.
Note that rank A = 2, since Moy = A — Hy # 0.

Theorem 1. If condition (4) holds, then problem L have an infinite countable spectrum.

Proof. The eigenvalues of Problem L are the roots of the entire function [8, pp. 26-27],
[9, pp. 14-15]
A(X) = Mg + M3y + Mo yr (7, ) + Mo 9/ (7, A)+

+M13 y?(ﬂ-v )‘) + M14 yé(’n—v >\)7

where y1(x,\) y2(x,\) are linearly independent solutions to differential equation (1)
satisfying the conditions

y1(0, \) =1, 51(0,A) =0, 2(0,\) =0, u5(0,\)=1. (5)
Therefore,
AN) = =b(A\) +a(N\) (N — Hy) + (Hy — HX) y1(m, A) + (Hy — \) yy(m, \)+
H(hHy — hHX—a(A) b(N) ya(m, A) + h (Hy — X) gh(m, A).

For problem L we have the following alternatives [9, p. 14].

1. Every number A is an eigenvalue for L;

2. Problem L has at most denumerably many eigenvalues (in particular cases, none
at all), and these eigenvalues can have no finite limit-point.

Let us to prove the zero set of the all eigenvalues of problem L can not be C, finite
or empty.

The following asymptotic relations hold [9, pp. 52-54]:

y1(z, A) fcosstr Lu(z) sinsz 4+ O (%),

ya(x, \) = < sinsx — % u(z) cossz+ O (%), 6
y’l(x, A) = Zs smsx—i—u( )cossx—i—(’)(l), (6)
y4(z, ) = cos sz + L u(z) sinsz + O (2 3

q(t) dt, for sufficiently large A € R (]9, pp. 62-65]).

1(m, A) = y4(m, A) holds if and only if g(z) = ¢(x — 7) [17, Lemma 4].
x), then

where u(z) = 1

@ O—g

The relation

If g(x) = (7
A(X) = =b(A\) +a(X) (A — Hy) + (Hy — HX+ h (Hy — X)) y1 (7, A+

+(Hy = A) yi(m, A) + (hHzy — h H X — a(X) b(A)) y2 (7, ). (7)

It follows from (6) and (7) that the zero set of the function A()) is finite iff the following
conditions hold:
—b(A\) + a(A\) (A — Hy) # C = const, (8)
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(H2 - H)\+ h(Hl - )‘))yl(ﬂ-’ )‘) + (Hl - )\) yi(ﬂ-’ )‘)+
+(hHy —hHX—a(X\)b(N\)) y2(m, A) = 0. 9)

It follows from (6) and (7) that the zero set of the function A()\) is C or empty if the
following conditions hold: (9) and

—b(A\) + a(A\) (A — Hy) = C = const. (10)

Since condition (4) holds we see that (Hy — H A+ h(Hy — \)) # 0. Indeed, if (Hy —
HX+h(Hy—)\)) =0, then h+ H =0 and Hy + h H; = 0. From this we obtain h = —H
and Ho — H H; = 0. This contradicts condition (4). The contradiction proves inequalities
(H2 7H)\+h(H1 7)\)) #0 and (HQ 7H)\+h(H1 7/\))y1(ﬂ', A) §_é0

Since (Hy — H A+ h (Hy — X)) y1(m, A) # 0 and asymptotic relations (6) hold, we see
that identity (9) is not true. So for case g(z) = g(m — ) the zero set of the function A(N)
can not be C, finite or empty. This completes the proof of Theorem 1. <

Let be ¢(x) # gq(m — x). Tt follows from (6) and (7) that the zero set of the function
A(N) is finite iff the following conditions hold: (8) and

(Hz — HX\)y1(m, ) + (H1 = A) yi(m, A) + (h Hy — h H A — a(X) b(A)) ya(7, M)+
+h (Hy — \) yh(m, ) = 0. (11)

If condition (4) holds, then (Hy — H A) y1(m, A)+h (Hy —A) y4(m, A) # 0. Assume the
converse. Then we have (Hy — H \) y1(m, A) + h (Hy — X) y4(7, A) = 0. From asymptotic
relations (6) it follows h + H = 0 (the elder coefficient must be zero). If h+ H = 0, then
the elder coefficient is Hy + h H7. It must be zero too. From this we obtain h = —H and
H; — H Hy = 0. This contradicts condition (4). As above the contradiction proves the
zero set of the function A(A) can not be C, finite or empty.

From the proof we see that Theorem 1 will be true if we replace condition (4) by the
following condition:

HH, — Hy #0.

3. Inverse Problem for L

Together with problem L, we consider the following problem with separated boundary
conditions.

Problem L;. The Equation (1) with separated boundary conditions
Ui(y) = —hy(0) +y'(0) =0,

Uz(y) = (—Hz + HA) y(m) + (A — H1)y'(m) = 0.

Let the functions ¢(x, A) and 1(z, A) be the solutions of equation (1) under the initial
conditions
e(0,0) =1, ¢'(0,\) =h,

W(m ) =Hy — A, (7, \) = \H — Hy.
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By definition, put

X(A) = p(z,A) w/(x’ A)— SDl(xv)\)iﬁ(%)\),

which is independent of z €[0,7]. The function x(A) is entire and has zeros at the eigen-
values p,, of Problem L;. The set of eigenvalues pu,, of Problem L; is countable, consists
of real numbers and for each eigenvalue p,there exists such a number k, # 0 that
1#(% Mn) =kn <p(m, :U/n)'

Numbers =, are norming constants if [3]:

(@' (7, pn) + Hw(mun))?
p

Vn:/ 902(90aﬂn)d93+
0

The numbers {u,, v, } are called spectral data of problem L.
For problem L, we pose the inverse problem.

Inverse problem. Suppose that the potential function g(x) and the coefficients in
the boundary conditions of problem L are unknown, while the spectral data {z,, v, } of
problem L; and eigenvalues )\, of problem L are known. It is required to find ¢(x) and
boundary conditions of problem L from the spectral data {p,, 7, } of problem L; and
eigenvalues \,, of problem L.

4. A Criterion for Unique Reconstruction of Problem
L by the Spectral Data of Problem L; and All
Eigenvalues of Problem L

Theorem 2. Suppose condition (4) holds. Then problem L can be uniquely reconstructed
from the spectral data {pn, vn} of problem Ly and all eigenvalues A, of problem L if
and only if the polynomials a(\) and b(\) have the form

a(/\) =ag A" + a1 N+ A AT b(/\) =bg AP0 + b1 APV o by AP

where
mi +1#p; forall i,j=1,2,...,n—1 (12)

Proof. Tt follows from [3] that if H H; — Hs > 0, then the function ¢(x) and the numbers
h, H, Hy, and Hs is uniquely determined by the spectral data {f,, v} of problem L.

It remains to check that the polynomials a(\) and b(\) are uniquely reconstructed
from the eigenvalues A, of problem L if condition (12) holds, and the polynomials a(\)
and b(A) can not be uniquely reconstructed from the eigenvalues A, of problem L if
condition (12) does not hold.

Suppose there exist polynomials a(\) and g(/\) for which the spectrum of problem L
have the same eigenvalues \,,.

Since spectrum of Problem L is countable we see that according to Hadamards theo-
rem, the function A(\) (which is entire of order 1/2) can be reconstructed from its zeros
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up to a factor C' # 0. Therefore, the functions A(A) for the polynomials a(\) and b(\),
and A()A) polynomials a@(\) and b(\) are related by the identity
AN = C AN, (13)

where C is a nonzero constant.
If g(z) = q(w — z), then from (13) and (7) we obtain the following identity

AN —CAN) = — (5()\) - Ob(/\)) n (Zi(/\) - Ca()\)) (A — Hi)+

+(1=C)(Ha — HX+h(Hy — \) yi (7, M)+
+(1 = C) (H1 = A) 9i(m, A) + (1 = C) (hHzy — h H \) y2(m, A)—

- (a(A)Z(A) —Ca(\) b(/\)) Yo (7, A). (14)

If condition (4) holds, then (Hy — HX+ h(H; — A))yi(m, A) # 0. (See the proof
of theorem 1.) Since (Hy — HA + h(H1 — A))yi(m, A) Z 0 and asymptotic relations
(6) hold, we see that the functions 1, (Ho — HA 4+ h(Hy — N)) y1(m, A), and ya(m, N)
are polynomially independent. (We say that the functions fi1(\), f2(A), ..., fn()) are
polynomially independent if their combination

Pi(A) f1(A) + Pa(A) fa(A) + -+ + Pa(A) fu(N)

with the arbitrary polynomials P;(A), Py(A), ..., P,(A) is identically equal to zero only
in the case when Py(A\) =0 (k=1, 2, ..., n).) From this, (12) and (14) we have

1-C=0, a(X)=a(N), bA) =0b), (15)
A(A) = =b(A) + a(N) (A = Hy) + (Hy — HX) y1(m, A) + (H1 = A) yy(m, )+
(B Hy — WA~ () b(N) ya(m, A) + B (Hy — A)i(m, A). (16)
If () # q(m — z), from (11) and (13) we get

AN —CAN) = — (’E(A) - Cb(A)) + (E(/\) - Oa()\)) (A — Hi)+

+(1=C) ((Ha = HA) ya(m, ) + b (Hy = A y(m, 2) )+
+(1—=C)(Hy — N yi(m, \)+ (1= C)(hHy — h H\) yo(m, \)—

= (@B = Can) b)) pa(m, A), (17)

If condition (4) holds, then (Ho — H A) y1(m, A) + h (H1 — ) yh(m, A) #Z 0. (See the
proof of theorem 1.) Since (He — H X) y1(m, ) +h (H1 — \) y5(m, A) #Z 0 and asymptotic
relations (6) hold, we see that the functions 1, (Hy — H A) y1 (7, A) +h (Hy — X) yh(m, N),
and ys(m, A) are polynomially independent. From this, (12) and (17) we get (15). Thus,
Problem L can be uniquely reconstructed from the spectral data {u,,, v, } of problem L,
and all eigenvalues A, of problem L. If condition (12) holds the theorem is proved. <«
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Suppose condition (12) does not hold. It follows from linear independence of core-
sponding functions that C' = 1 (see above). If condition (12) does not hold there exist
i =1y and j = jo such that m;, +1 = p;,. Then for all a;, and b, such that a;, —b;, =0
identity (14) or (17) holds (as C' = 1). This proves that in this case the problem of
reconstructing the polinomials a(A) and b(\) has nonunique solution.

Remark 1. If problem L is a spectral problem with separated boundary conditions
(a(X) = b(A\) = 0), then it coincides with problem L. By taking the values py, for i, we
find that N.J. Guliyev’s Theorem 4.1 [3] is a special case of Theorem 2.

Example 1. If H; = 0, a(\) = a, b(\) = b A, then from (14) we see that Problem L
have the same eigenvalues for all a and b, such that a = b.

In next two sections we consider special cases of Condition (12):

(i) the polynomial a()) is unknown, the polynomial b()) is known;

(ii) the polynomial a(A) is known, the polynomial b()) is unknown;

(iii) B(A) = bg + b1 A+ as A2 + - + by 1 A" L a(\) = ap A" + apyg AV 4+
Gon—1 )\anl'

For unique reconstruction of Problem L in these cases we use and the spectral data
of problem L, and only a finite set of eigenvalues of Problem L.

5. Criterions for Uniquely Reconstruction Problem L
with One Unknown Polinomial by the Spectral Data
of Problem L, and Finite Set of Eigenvalues of
Problem L

In this section we consider the following special cases of Condition (12):

(i) the polynomial a()) is unknown, the polynomial b(\) is known;

(ii) the polynomial a(X) is known, the polynomial b()) is unknown.

For unique reconstruction of Problem L in these cases we use and the spectral data
of problem L, and only a finite set of eigenvalues of Problem L.

Theorem 3. Suppose condition (4) holds, the polynomial b(X) and the eigenvalues g,
(k=1,2,...,n) of problem L are known; and the potential function q(x), the numbers
h, H, Hy, Hy, and polynomial

a()\):a0+a1)\+a2/\2+---—|—an,1)\”_1

are unknown. Then problem L is uniquely reconstructed from the spectral data {fi,, vn}

of problem Ly and n non-zero mutually different eigenvalues N\, (k=1,2, ..., n)if and
only if the following condition
b(Ak)yZ(ﬂ-a )‘k)_>\k+H1 7&07 kzlv 2a sy T (18)

holds (The procedure for constructing the function yo(w, A) from the spectral data
{ttn, Yn} of problem Ly is clear from proof the theorem.).
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Proof. 1t follows from [3] that if H H; — Ho > 0, then the function ¢(x) and the numbers
h, H, Hy, and Hs is uniquely determined by the spectral data {u,, v,} of problem L.
The procedure for recovering the function ¢(z) and the numbers h, H, Hy, and H, is given
in [3]. Since the function ¢(z) is known, we can find the solution yo (7, ) to differential
equation (1) satisfying the conditions (5) and consider condition (18).

It remains to check that the polynomials a()\) is uniquely reconstructed from the
eigenvalues Ay, (k =1, 2, ..., n) of problem L if condition (18) holds, and the polynomials
a()) is not uniquely reconstructed from the eigenvalues Ay (k =1, 2, ..., n) of problem
L if condition (18) does not hold.

Suppose condition (18) holds. Substituting the known eigenvalues of problem L into
(16), we obtain a system of algebraic equations for unknown coefficients ag, a1, ag, ...,
Qp—1-

A(Ak) = =b(Ak) + a(Ag) (A — Hy) + (Ho — H Xg) ya (7w, i) + (Hr — M) y1(m, M)+

—‘r(hHQ —hHMN, — a(/\k) b()\k)) yg(ﬂ', /\k) + h(Hl — )\k) y’2(7r, )\k) =0,

or
ao+a1)\;€+a2)\i—|—-~-+an_1/\2_1:

— (b(\g) Y2, M) — Ao + H1) 7L ( b\ + (Ha — H AR w1 (0, A+

+(Hy = M) yy (7, A) + (R Ha — h H Ap) ya (7, i) +h (H1 — Ag) yo(, )\k)); (19)

where k=1, 2, ..., n.
The determinant of system (19) w.r.t. unknowns ag, a1, asa, ..., a,—1, is the Vander-
monde determinant

D VIR Vo
LAy ... A0t

A= 2“_2 =M= A1) = A1) ... (A2 — A1) #0.
1A, ...t

Hence, system of equations (10) has the unique solution determined, for example, by
Cramers formulae:
Al An
= Za"'vanfl = A
where the determinants A, (k =1, ..., n) are obtained from determinant A by replacing

1th column by the column of the right hand sides in system of equations (19). For case
condition (18) holds the theorem is proved. <

agp

Suppose condition (18) does not hold. Then among n non-zero mutually different
eigenvalues A\ (k =1, 2, ..., n) there exists the eigenvalue Ay = v such that

b(v)ya(m, v) —v+ Hy =0.
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Without loss of generality, we can assume that v = A;. Substituting the known eigen-
values of problem L into (16), we obtain a system of algebraic equations for unknown
coefficients aq, a1, as, ..., Gn_1:

(b(M\k) y2(m, Ak) — A+ Hi) (ap + a1 A +ag A2+ -+ + a1 Ap 1) =
= (— b(Ae) + (Hz — H Ar) ya(m, Ar)+ (20)
+(H1 — )\k) y'1(7r, )\k) + (hHQ — hH)\k) y2(7r7 /\k> + h(Hl — )\k) y'2(7r, )\k)),

where k=1,2, ..., n.

Since (b(A1)y2(m, A1) — A\ + Hy) = 0, we see that the first equation of this system
does not consist (ag+ay A1 +as )\%—H et ap—1 )\?_1). System of linear algebraic equations
(20) has n unknowns and n— 1 equations. So the system of equations (20) has nonunique
solution. This completes the proof of Theorem 3.

Theorem 4. Suppose condition (4) holds, the polynomial a()\) and the eigenvalues Ay
(k=1,2,...,n) of problem L are known; and the potential function q(z), the numbers
h, H, Hy, Hs, and polynomial

B(A) = by + b1 A+ ba A2+ -+ by AT

are unknown. Then problem L can be uniquely reconstructed from the spectral data
{tbn, v} of problem Ly and n non-zero mutually different eigenvalues Ay if and only
if the following condition

1+a()\k)y2(7r, )\k)#07 kzl, 2, ey Ny (21)
holds.

Proof. Tt follows from [3] that if H H; — Hy > 0, then the function ¢(x) and the numbers
h, H, Hy, and Hj is uniquely determined by the spectral data {f,, 7} of problem L.
The procedure for recovering the function ¢(z) and the numbers h, H, H;, and Hj is
given in [3]. Since the function ¢(z) is known, we can find the solutions y; (w, A) and
ya(m, A) to differential equation (1) satisfying the conditions (5) and consider condition
(21).

It remains to check that the polynomials b(\) is uniquely reconstructed from the
eigenvalues A\, (k =1, 2, ..., n) of problem L if condition (21) holds, and the polynomials
b(A) is not uniquely reconstructed from the eigenvalues Ay (k =1, 2, ..., n) of problem
L if condition (21) does not hold.

Suppose condition (21) holds. Substituting the known eigenvalues of problem L into
(16), we obtain a system of algebraic equations for unknown coefficients by, by, b, ...,
bn_li

bo+bi Ak +boAp+ o+ by AP =

— (1 + a(\s) y2(m, \p)) "2 (a(Ak) Ak — Hy) + (Ha — HAR) ya(m, M)+

+(H1 — )\k) y/1(7r, )\k) + (hHQ — hH)\k) yg(w, )\k) + h(Hl — >\k:) y/2(7r, )\k)) =0, (22)
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where k=1,2, ..., n.
The determinant of system (22) w.r.t. unknowns by, by, be, ..., b,_1, is the Vander-
monde determinant

LA A
[PV Vo

A= 2 2 == A1) = A1) o (Aa = A1) #0.
1A ... A2t

Hence, system of equations (10) has the unique solution determined, for example, by
Cramers formulae:

Al An
o= 2L by = 2n
0 A ) s Un—1 A
where the determinants A, (k =1, ..., n) are obtained from determinant A by replacing

1th column by the column of the right hand sides in system of equations (22). For case
condition (21) holds the theorem is proved.

Suppose condition (21) does not hold. Then among n non-zero mutually different
eigenvalues A\, (k =1, 2, ..., n) there exists the eigenvalue A\ = v such that

14+ a(v)ye(m, v)=0.

Without loss of generality, we can assume that v = A;. Substituting the known eigen-
values of problem L into (16), we obtain a system of algebraic equations for unknown
coefficients bg, b1, ba, ..., bp_1:

(14 a(A) y2(m, M) (bo + b1 Mg + b2 A7 4+ + b1 AP 1) =

=a(A\r) M — Hy) + (Hy — H M) ya(m, ) + (Hi = M) vy (7, Ak)+
+(h Hy = h H Xg) y2(m, A) 4+ h (Hi = A) y5 (7, Ax), (23)

where k=1,2, ..., n.

Since 1+a(A1) y2(m, A1) = 0, we see that the first equation of this system does not con-
sist (bo+b1 Ag+ba A2+ - ~+b,_1 Af ™). System of linear algebraic equations (20) has n un-
knowns and n—1 equations. So the system of equations (23) has nonunique solution. This
completes the proof of Theorem 4. <

6. A Unique Reconstruction of Problem L by a Finite
Set of Its Eigenvalues and the Spectral Data of
Problem [,

In this section we consider the following special case of Condition (12):

(111) b()\) = b0+b1 /\—|—a2 /\2+' : '+bn—1 )\n—l, a()\) = Qp, )\”+an+1 /\n+1_~_. st aop—1 /\Qn_l.
For unique reconstruction of Problem L in these cases we use and the spectral data

of problem L, and only a finite set of eigenvalues of Problem L.
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Theorem 5. Suppose condition (4) holds, the polynomial b(\) and the eigenvalues Ay
(k=1,2,...,n) of problem L are known; and the potential function q(x), the numbers
h, H, Hy, Hy, and polynomials

b(A) =bo+bi A+ ag A2+ b, 1 A" a(N) = ap NV gt A ag, o AP

are unknown. Then problem L can be uniquely reconstructed from the spectral data
{tbn, Yo} of problem Ly and n non-zero mutually different eigenvalues A\, (k =
1,2, ..., n) such that the determinant

1L AT AR e = Hi)y oo A T2 (N = Ha)y g2 (M) s A2 o (0, Ak =t 30— 1.
s mot equal to zero.

Proof. Tt follows from [3] that if H Hy — Hy > 0, then the function ¢(x) and the numbers
h, H, Hy, and Hy is uniquely determined by the spectral data {p,, v,} of problem L;.
It remains to check that the polynomials a()A) is uniquely reconstructed from the
eigenvalues Ay, (k =1, 2, ..., n) of problem L.
Denote by

Zi, t=1,2,...,n,
the unknown coefficients b; (i =0,1,...,n — 1) of the polynomial a()); denote by
T4, i=n+1,n+2,...,2n,
the unknown coefficients —a; (i = 0,1,...,n — 1) of the polynomial b(A). Denote by
i, 1=2n+1,2n+2,...,3n—1,

the different coefficients of the polynomial a(A) b(\).
Substituting the 3n — 1 known eigenvalues of problem L into (16), we obtain a system
of algebraic equations for unknown coefficients z; (i =2n+1,2n+2,...,3n — 1):

T+ Do N+ T3 AR+ T AT

+(=Tn+1 AZ + Tn42 AZ+1 + Tn43 )\Z+2 + -+ Top )\inil) ()\k: - H1)+
F(@ont1 AF + Tanse AT+ 2003 A2+ o+ 2301 AT o (m, Ag) =
= (Hy — HXg) yi(m, A) + (H1 — M) y1(m, M)+

+(h Hy — h HX\g) y2(m, Mg) + h (Hy — M) yh(m, M), k=1,2,...3n—1.  (25)

The determinant of system (25) w.r.t. unknowns x;, i = 1,...,3n—1, is (24). If this deter-
minant is not equal to zero the system of equations (25) has a unique solution. This com-
pletes the proof of Theorem 5. |
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7. Examples
We consider using theorems 3, 4 and 5.

Procedure of identification of Problem L. On the basis of the proofs of Theorem
3, 4 and 5 one can construct an algorithm for the unique identification of problem L:

1. On the basis of spectral data {u,, yn} of problem L, we find an function g(x)
and numbers h, H, Hy, and Hs; i.e., we construct problems L. It is found with the
use of well-known method of identification of a SturmLiouville problem with separated
boundary conditions [3].

2. For the found function ¢(z), we find linearly independent solutions y;(m, A) and
ya(m, A) to differential equation (1) satisfying the conditions (5).

3. For the found polinomials a(A) and (or) b(A), we use methods from the proofs of
theorems 3, 4 or 5. We thereby completely reconstruct problem L.

In all three examples, we assume that the spectral data of eigenvalue problem I,
are the following:

/’L(J:Oa M1:i7 Hie =
— _
Yo=T, Ve= 3 k> 1

In this case, we have
2(m + x)sinx + 4(1 + cos x) 2 1 1
= , h=——, H=0, Hi=-, Hy=——.
a(w) (m+ 2 +sinx)? ™ Ty 2 8w

It follows from [3]. Below, for simplicity, we assume that these values have already been
found at the step for the identification of problems L;. In addition, we assume that
linearly independent solutions y;(x,A) and y2(x, ) of Equation (1) with condition (5)
have been found. Then, in this case, we have (16).

Example 2. Suppose a()\) = ag + a1 A+ az A2 + az A3, b(A\) = 0 and the eigenvalues of
Problem L are the following:

A1 = —17.768; Ay = 1.9118 — 1.0160¢; A3 = 1.9118 + 1.01604; A4 = 9.2515 — 29.228i.
Then the system of equations (19) has the following form
—18.018aq + 320.15a; — 5688.4as + 1.0107 - 10°a3 = 3.878510°,

(1.6618 — 1.01607) ag + (2.1448 — 3.63084) a1 + (0.41148 — 9.12044) ay—
—(8.4796 + 17.8541) a3 = —26.733 — 107.06 4,
(1.6618 + 1.016017) ag + (2.1448 + 3.6308 ) a1 + (0.41148 + 9.12044) az+
+(—8.4796 + 17.854 1) az = —26.733 + 107.064,
(9.0015 — 29.228 1) ag + (—771.00 — 533.504) a; + (—22726 + 175994) ag+
+(3.0414 - 10° + 8.2706 - 10° i) a3 = 1.1468 - 10° + 3.3599 - 10° 4. (26)
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System of equations (26) has the unique solution ag = 1.0000, a; = 2.0000, ay =
3.0000, a3 = 4.0000. Consequently, a(\) = 1+2X+3 A2 +4 A3 and problem L is following:

an 2(r+x) sinz 4+ 4 (1 + cosx)

=y = 52
Tt ot sma)? y=Ay=sy,

ly=—

%y(O)—i—y’(O) +(1+2X 4322 +4X%) y(m) =0, 8i7ry(7r) + (/\— i) y'(m) = 0.

Example 3. Suppose a()\) =0, b(\) = by + by A + ba A2 + b3 A3 and the eigenvalues of
problem L are the following:

A= —17.978; Ay =0.25345; A3 =1.9411; Ay =5.0550 + 3.7554 4.
Then system of equations (22) has the following form
—bo + 17.978 by — 323.22 b, + 5810.9 b3 = 11333,

—by — 0.25345 b, — 0.064237 by — 0.016281 bs = —1.60370),
—by — 1.9411 by — 3.7680 by — 7.3140 by = —23.278,
—by — (5.0549 + 3.75547) by — (11.450 + 37.966 i) by+
+(84.698 — 234.9217) by = 146.83 — 515.31 . (27)

System of equations (27) has the unique solution by = 1.0000, b; = 2.0000, b = 1.0000,
bz = 2.0000. Consequently, b(A) = 1+ 2\ + A% + 2 A3 and problem L is following:

o 2(m+ ) sinz +4 (1 + cosz)

=y = 52
(m +x +sinz)? Y y=s5y

ly=—

%y(0)+y’(0) =0, (1+2/\+/\2+2/\3)y(0)+8%y(7r)+ (A— i) y'(m) = 0.

Example 4. Suppose a(\) = az A2 + az A3, b(\) = by + by A and the eigenvalues of
problem L are the following:

A1 =0.29110; A9 =0.66347; A3 =2.7751; Ay =7.6014 — 2.22754;
A5 = 7.6014 4+ 2.22754;  Ag = 10.666 — 50.9944; A7 = 10.666 — 50.994 1.
Then the system of equations (25) has the following form
—x1 — 0.29109 25 + 0.0034822 3 + 0.0010137 z4—
—1.3315 25 — 0.38759 x6 — 0.11283 z7 = —10.341,
—z1 — 0.66348 x5 + 0.18201 23 + 0.12076 24—

—4.8617 x5 — 3.2256 x5 — 2.1401 x7 = —65.260,
—x1 — 2.7751 x9 + 19.447 z3 4 53.968 x4 — 2.4411 x5 — 6.7743 26 — 18.800 x7 = 42.199,
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—x1 + (=7.6013 + 2.22757) x5 + (312.85 — 366.6147) 23 + (1561.5 — 3483.714) x4+
+(—23.986 + 16.0721) x5 + (—146.52 + 175.604) 26+
+(—722.61 + 1661.217) 27 = —149.57 + 63.846 1,
—x1 + (—7.6013 — 2.22754) 29 + (312.85 + 366.61 1) x3 + (1561.5 + 3483.74) x4+
+(—23.986 — 16.07214) x5 + (—146.52 — 175.6014) z6+
+(—722.61 — 1661.214) 7 = —149.57 — 63.846 1,
—x1 + (—10.666 + 50.994i) 9 + (—81374 + 11547 - 10i)x3 + (5.0204 + 5.38124) - 10° 24+
+(—30020 + 48413 7) x5 + (2.1485 4 2.047214) - 10° 26+
+(12.731 — 8.772914) - 107 7 = (1.0597 — 0.65934 ) - 10°,
—x1 + (—10.666 — 50.9947) x5 + (—81374 — 11547 - 10) x5+
+(5.0204 — 5.38124) - 10% 4+
+(—30020 — 4841314) x5 + (2.1485 — 2.047214) - 10° 26+

+(12.731 4 8.77294) - 107 7 = (1.0597 + 0.659347) - 10°.

This system of equations has the unique solution z; = 1.0000, zo = 2.0000, x3 = 3.0000,
x4 = 4.0000, x5 = 3.0000, 26 = 10.0000, 27 = 8.0000. Consequently, a(\) = 3% + 4 A3,
b(A) = 1+ 2\ and problem L is following:

2(m+x) sinz +4(1+ cosz)

ly = —y" = Ay =s°
4 vt (m+z +sinx)? 4 y=9

25(0) +5/(0) + (BN + D)y(m) =0, (1+22)(0) + o_y(m) + ()\ - i) y'(m) = 0.
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