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Abstract. The reqularized trace formula of first order for the "weighted” Sturm-Liouville
equation with point d-interaction is obtained.
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1. Introduction

In a finite dimensional space, an operator has a finite trace. It is well known that it is
easy to compute the sum of the eigenvalues for a matrix, trace of the matrix, i.e. to the
sum of the elements in the principal diagonal.

However, in an infinite-dimensional space, in general, ordinary differential operators
do not have a finite trace. In 1953, Gel'fand and Levitan [7], assuming the continuous
differentiability of the function ¢(z), obtained the following remarkable formula for the
regularized trace:

oo

Z[)\n —n? - 71T/07T q(z)dz) = M — % /O7r q(z)dz.

n=0

Here, A, are eigenvalues of the operator

—y" +q(x) =Xy, ¥'(0)=1y'(7)=0.
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This formula gave rise to a large and very important theory, which started from the
investigation of specific operators and further embraced the analysis of regularized traces
of discrete operators in general form. In a short time, a number of authors turned their
attention to trace theory and obtained interesting results. This work was continued by
many authors. The current situation of this subject and studies related to it are presented
in the comprehensive survey paper [15]. The reqularized trace for differential equations
are found in [5]-[11]. However, there is a small numbers of words on the regularized trace
for Sturm-Liouville operators with singular potentials (see [2], [13], [15]-[18]). The trace
identity of a differential operator deeply reveals spectral structure of the differential
operator and has important applications in the numerical calculation of eigenvalues,
inverse problem, theory of solutions, and theory of integrable system (see [12], [14]).
We consider the boundary value problem for the differential equation

Ly = r(lix)[*y” + q(gj)y] =Xy, T€ (O’ a) U (a77r)7 (1)

with the boundary conditions
Uly) ==y'(0)=0, V(y):=y(m)=0 (2)
and conditions at the point x = a,

1) = { yla+0) =y(a—0) = y(a),

a y'(a+0) -1y (a—0)=—a)y(a), (3)

where ¢(z) is real-valued function in W3 (0,7) and a > 0, A is spectral parameter, 7(x)
is piecewise constant function:

r2, 0<z<a,
r(z) =
1, a<z<m 0O0<r#l.
Notice that, we can understand (1),(3) as studying the equation
=" +q(x)y = Ap(z)y, € (0,m), (4)

when p(x) = r(z) + ad(z — a), where () is the Dirac function (see [1]).

In the present paper, after construction of the Hilbert space related to (4), we obtain
the formula of the first order reqularized trace for ”weighted” Sturm-Liouville equation
with point d-interaction.

2. Construction of the Hilbert Space Related of the
Problem and Some Properties of Its Spectral
Characteristics

Problem (1)-(3) reduced to the eigenvalue problem for the linear operator L in the Hilbert
space H = Lo(0,7) @ C with inner product

<fvg>7'l = <flagl>L2 + 0571f2§2
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(). - 08)

Lf:= <f{(a - O)Eflf{(a + 0)>

for

Consider the operator

with the domain

D(L) == A{f € Hlf1, fi € AC[(0,m) \ {a}], £fr € L2[(0,7) \{a}], f2 = afs(a),
U(f1) =V(f1) =0}

Here AC(-) denotes the set of all absolutely continuous functions on related interval. In
particular, those functions have limits at the point a.

Theorem 1. The operator L is symmetric.

Proof. Since f and g satisfy the same boundary conditions (2) and from the conditions
at the point = a, we obtain (Lf, g}y = (f, Lg)w for f,g € D(L). So L is symmetric.
<

Corollary. The function W (f,g;x) = f(z)g'(x) — f'(x)g(x) is contionus on (0, 7).
Let o(x, ), ¥(x,N),C(x,N), S(x, A) be solutions of (1) under the initial conditions

C(Oa )‘) = SI(O’)‘) = @(07)‘) = ¢(7T7)\) =1,
mA) =

C'(0,2) = S(0,A) = ¢'(0,A) = ¢'(m, A) =0,
and under the conditions (3).
Clearly,
Ulp) =V() =0
Denote
AX) =W(p,¢;z). (5)

By virtue of Corollary and Ostrogradskii-Liouville theorem (see [3, p. 83]), A(A) does
not depend on x. The function A(A) is called characteristic function of L. Substituting
x =0 and z = 7 into (5), we get

AA) =V(e) =U(Y). (6)

The function A()N) is entire in A, and it has an at most countable set of zeros
{An}n:1,2,3...-

Now, consider the solution (z, A). Let Cy(x, A) and Sp(x, A) be smooth solutions of
(1) on the interval (0,7) under the initial conditions Cy(0, A) = S{(0,A) = 1, C{(0, ) =
So(0,A) = 0. Then

C(x,\) = Co(z,rVN), S(z,\) = So(z,7VA), z<a, (7)
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C(z,\) = A1Co(x, VX) + B1So(z, VN),
S(z,A) = AyCo(z, VN) + BoSo(2, V), > a,

= Co(a,rVN)Sh(a, V) — Ch(a, V) So(a, V) + ak?Co(a, 7V X)So(a, VA,
= Cola, VN)Ch(a,rVN) = Chla, VX)Cola, V) — ak?Co(a, rvVA)Co(a, VN),
= So(a, VNS (a, VA) = S5(a, 7V X)So(a, VA) + ak?So(a, rvV/A)So(a, VA),

= Co(a, VA)Sh(a, V) — Ch(a, VN)So(a, 7V X) — ak?Co(a, VX)So(a, rVA).

(9)

It is easy to verify that function Cy(z, \) satisfies the following integral equation:

Co(z,\) = cos VAz + /O ' M\/(;_t)g(t)co(t,A)dt. (10)

Solving the equation (10) by the method of successive approximations, we obtain

Co, \) = cos Vi 4 SV /0 " byt + YN {q(x) — 4(0)—

/N 4
ool ()

Ch(x,\) = — VAsin VAz + e ;ﬂx /01‘ q(t)dt + sin4\§x {q(x) +q(0)+
N % {/090 q(t)dtr} +O<i exp < ’Im\&’ x))

Sofe ) =TT AL [Ty D {q<z> +a(0)-

Analogously,

5N 2\

—i[/oxmdtr}m( oo ()

2{? / (bt + f { —ql) +q(0)-

Aol oot

By virtue of (9) and (11)-(14)

Ay = av/Acos VArasin VAa + cos VAra cos Vaa {1 - % / q(t)dt} +
0

Sh(x, ) = cos V Az +
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+sin vV Ara sin vVia {7’ + 22 / q(t)dt} +
rJo

2

Q\fsm\fmcosfa[(—r> /an(t)dt—;(/oaq(t)dt) }Jr
cos VArasin vV ia Kl + :2>q(a) + (1 _ 7}2>q(0)_
2[00

a
By = —aXcos VAra cos VAa — VAsin VAra cos vV a [r + ; / q(t)dt] +
™ Jo

L@
4v/X

+v A cos VArasin vVa [1 - % /Oa q(t)dt] +

smfmsmfa[(r) /an(t)dt;(/oaq(t)dt)Q]Jr
+Zcosxf)\racosxf)\a(1+:2> [q(a) — q(0) - ;</an(t)dt>2] _5_0()\121)))

Ay = %sin Vrasin vV a + sin V/Ara cos Vha [1 - %/ Q(t)dt} -
0

r\f

T cosVarasm Vil + 2 [ +o(5

\F/\COb ras “ 272 1 v
By = ——VAsin VAra cos VAa + cos vV Ara cos Va1 2?2/ att ]

0

1. : a [ !
—|—rsm\[\rasmﬁa[1—2/ q(t) } (1)

0 2

Since p(x,\) = C(x, A), we calculate using (7)-(14)

sinvVrz (" cos VAre 1 v 2
o, \) = cos VArz + W/o q(t)dt + 4/\712{q(a:) —q(0) — 3 [/0 q(t)dt} }+

+O()\3/2 exp (‘Im\f‘ rx)) ¢ <a,
(2, ) = —av/Acos Varasin VA(z — a) + cosv/Ara cos VA(z — a) [1 +2 / ' q(t)dt] _

—sinVArasin VA(z — a) [7" + % /Oa q(t)dt] + \% sin VAra cos VA(z — a)x

x[;r /0 q(t)dt+;/:q(t)dt+ fr/oaq(t)dt/: q(t)dt]+
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—I—% cos VArasin VA(z — a) x { - M +;{/O£q(t)dt} +

-|-i ’ <t)dt_411/0a dt/ }—&-cosxfrasm\f( a)x

2
y {i<1 + :2> {q(a) — q(0) - ;(/an(t)dt>2] } +
+O(i exp (‘Imﬁ‘ x)) x> a. (15)

It follows from (6) and (15) that at Tmv/A — +o0

1 17, .
AR = p(m,A) = [Coﬁ +14n)+ 0+ G e VAT omiVA(T—a) 4

7]
+0 (ie—iﬁra . e—iﬁ(ﬂ—@)) ,

where
o

Co= - Clzé{f/oa ()dt—&-a/w ()dt]

c2=;{j[q<w>+q<o>]—§/0 it g, [ awa+ 5 [ ot

+Z/0a dt/ dt+— dt/ dt—{/oﬂq(t)dtr}

Denote by ¢g(z, A) the solution of equation (1) for ¢(z) = 0, that satisfies the initial
conditions ¢o(0,\) = 1,¢[(0,A) = 0. Then it is obvious that the eigenvalues of the
boundary value problem (1)-(3) for g(z) = 0 coincide with the roots of the entire function

po(m, A):
©o(z,\) = —av/Acos VArasin VA(z — a) 4 cos VAra cos VA(z — a)—
—rsinVrasin VA(z — a).
Equation ¢g(m, A) = 0 takes the form
oV Atan VA(r — a) 4 rtan vV ra - tan VA (r — a) = 1. (16)

The roots of the function ¢o(m, \), and hence the eigenvalues A, A9, -+ A0 ... are
determined from the equation (16). Then

_ i —ivra —ivVA(r—a) l
o(m,\) = @o(m, A) + <C’1 + \f/\Cb)e e +0 3 )
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3. Trace of the Problem

The goal of this paper obtained some formulas for the regularized traces of first order for
the problem (1)-(3).

Theorem 2. Suppose that g(z) € W3 (0,7) and

/ dt—I—a/wq(t)dt:O.

i A= A2) [q<o>+q<w>}+;<1—1) / " (tyder

21Oé(r—1)/ﬂq(t)dt+i/a dt/ t)dt+
+41T/0 dt/ dt—[/o ()dt}.

Proof. By the residue theorem (see [4], p. 125) for R — 400 we have

I Lo Loom N,
|A§;R()\ )= 2mi ij:R){ o(m, ) wo(m, A) ]d)‘_

_7Lﬁ7{ @7L@]{ a1 O<1>d)\
27Ti00 Ml:R\/X 27Ti00 IA|=R A 211 [A|=R A '

Given that

d
———4\/> ——2m f d)\
fMR\f IAN=R A | A|I=R

4\/>RC 2mi C

§ : 0 1 2
- = — — — =4+ 0(1).
|A |<R()\n An) 2mi Cy 21 Cy ( )

Substituting the values here Cy, Cy,Cy for R — 400 we obtain

50— = 3100 ot + 5 (5 1) [ty

+i(r—1)/wq(t)dt+i/a dt/ Pdt+
+41T/0 dt/ dt—[/o q(t)dt} ,

completing the proof of theorem.

2R

Then it holds

»-b\»—‘

< O(1),

we get
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