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Abstract. In a rectangle we consider a boundary value problem for a second order quasi-
linear elliptic equation degenerating into a parabolic equation construct total asymptotics
of the generalized solution of the problem under consideration and estimate the residual.
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1. Introduction

There are a number of works devoted to the construction of the asympotics of the so-
lution of various boundary value problems for nonlinear elliptic equations with a small
parameter at higher derivatives. Note some of them [1]-[7], [9], [10]. In [1]-[3], [7] input
equations are degenerate into functional ones, or into ordinary differential equations.
Boundary value problems for a quasiliniear elliptic equation degenerating into a hyper-
bolic equation in a rectangular domain, in a curvilinear trapezoid, in a semi-infinite and
finite strip were studied in [4]-[6], [9], [10].

In the present, in D = {(z,y)|0<z<a, 0<y<1} we consider the following
boundary value problem
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Ulpeg=Ulyee =0 (0<y<1), Ulg=Ul,.;, =0 (0<2<0), (2)
where € > 0 is a small parameter, p = 2k + 1, k is an arbitrary natural number,
02 0?
A=——+ —, ¢c>0is aconstant, f(z,y) is a given smooth function.
0x2 = Oy?

In this paper our goal is to construct asymptotic expansion of the generalized solution
[e]

of problem (1), (2) from the class W 1 (D). When constructing it we follow the M. I.
Vishik and L. A. Lyusternik technique [11]. For constructing the asymptotics we carry
out iterative processes.

2. Main Results

In the first iterative process we will look for the appropriate solution of the equation (1)
in the from

W =Wy +eWi+..+"W,, (3)
and the functions W;(x,y), i =0, 1, ...,n, will be chosen in such a way that
LW =o(e"t). (4)

Substituting (3) in (4), expanding nonlinear terms in powers of ¢ and equating the
terms with the same powers of ¢, for determining W;;7 = 0, 1, ..., n we obtain the following
recurrently connected equations :

or oy +aW; = fi(x,y),i =0,1,...,n, (5)
where fo(x,y) = f(x,y),fi(z,y) are the known functions dependent on

Wo, Wi, ... Wi_1, © = 1,2,....,n. For example, the function f; (z,y) is of the form:
fi(z,y) = AW,
Equations (5) will be solved under the following boundary conditions:

Wil,_o=0 (0<y<1), Wi‘y:O = Wi‘y:l =0 (0<z<a),i=0,1,...n. (6)
The following lemma is valid.
Lemma 1. Let f (x,y) € C"T1246 (D) and the condition

OFf (2,0)  0*f(x,1)
dy2k = dy2k

=0, k=0,1,...,n+2, (7)

be fulfilled. Then the solution of problem (5), (6) for i = 0 is contained into the space
Cn 2204 (D) and satisfies the relation

oWy (2,0) 9" TR W, (2, 1)
amil 8y212 - axil alez
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Proof. Obviously, the solution of problem (5), (6) for ¢ = 0 can be represented by the
formula

Mg

9)

k=1
where by Wox (z,y) we denoted the function

W (o) = [ [0 1) sy, (10)
0
moreover fi (z) = 2 fo (x,&) sin kwéd¢. Taking into account condition (7), we can get
the estimate:
i 2M2 2n+4
‘fk S wntagrs L= 0 Leant x € [0,d], (11)
61,271,-&-4
where M; 9544 = (mr%aécD W , t=0,1,...,n+1. Based on (11) from it follows
from (10) that
8iW0k (J}, y) C
’ Ori1dyiz | = k2ntd—2i—izg2ntd—2i iy’ C = const, (z,y) € D. (12)

o0
Denoting r = 2n+4—2i1 —iy, from (12) we obtain that the number series T is majo-

k=1
s 5”W0k (:L' y)

rant for the functional series, > , obtained by term by term differentiation

—  Oxh10yiz

k=1 Y

of (9). And this number series converges for r > 2, i.e. for 21 +1i5 < 2n+ 4. This implies
that Wy belongs to the space C"*2:27+4 (D) and that (8) is valid. <

By lemma 1 the function fi(z,y) which is the right hand side of equation (5) for
i = 1 satisfies condition (7) for £ = 0,1,...,n + 1. Then by the same lemma the function
W1 which is the solution of problem (5), (6) for ¢ = 1 will satisfy condition (8) for
i1 +i2 < n+ 1. Continuing this process, we construct all the functions W;, i =0,1,...,n,
included in the right hand side of (3).

If follows from (3) and (6) that the structured function W satisfies the following
boundary conditions:

Wlo=0 0<y<1); W[_o=W|[_, =0 (0<z<a). (13)

This function, generally speaking, does not satisfy the boundary condition from (2) for
T =a.

Therefore we should construct such a boundary layer type function near the boundary
x = a that the obtained sum W + V satisfies the boundary condition

W+V)|,_,=0.
Furthermore, when choosing V' it is necessary to ensure the fulfillment of the equality

Lei(W+V)—L. 1 W=o0 (5”“) . (14)
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In (14) denotes a L. ; new splitting of the operator L. near the boundary = = a. In order

to write a new splitting of the operator L. near the boundary x = a, we make a change
n+1

of variables: @ — x = e7,y = y. Let us consider the auxiliary function r = )" r; (7,y),
j=0

where r; (7,y) are some smooth functions. The expansion of L. () in powers of ¢ in the

coordinates (7,y) is of the form

d (dro\ Y 92ry  or
_ 0 0 0
Lear=—¢ {87’(5‘7’) +872+8T+

n+1 2k 2

; 0 org or; or;  Or;

j J J J )
+E € [(2k+1)87 ((87’) 8T>+37’2+8T+H]

j=1

+o (€"+2)} . (15)

where H; (rg,71,...,7j—1) are known functions dependent on rg, 71, ...,7;_1 and their first
and second derivatives.
We look for a boundary layer type function V', near the boundary x = a in the form

V=Vo(r,y) +eVi(1,y) + ... + " Vi1 (1,9). (16)

Expanding each function W; (a — e7,y) at the point (a,y) by the Taylor formula, we get
a new expansion of the function W in powers of € in the coordinates (7,y) in the form

n+1

W = Z elwj (1,y) + o ("?). (17)
j=0

Here wy = wp (a,y) is independent of 7, and the rest of the functions are determined by
W
the formula wy, = Y (—1)' M
iti=k ox'
Substituting the expressions (16), (17) for the functions V, W in (14) and taking into
account (15), we get the following equations for determining the functions Vo, Vi, ..., Vi 41:

™ k=1,2,...,n+1.

O (M PV oV 18)
or \ Ot or2 or
r iy L[ (PRN W] PV Vs o i )
or or or or? or P I T A )

Here @; are the known functions dependent on 7.y, Vp, Vi, ..., Vj_1, wo,w1,...,w; and
their first and second derivatives. Formulas for (); can be written explicitly, but they are
rather bulky. We here indicate the explicit from only of the function Qy:

2k 2
Qi=-@k+1) L ((8%) 8w1> ~ 0% o,

or o or oy?



M.M. Sabzaliyev, I.M. Sabzaliyeva 115

The boundary conditions for the equations (18), (19) are obtained from the require-
ment that the sum W + V satisfies the boundary condition
W+V)|,_, =0. (20)

Substituting the expressions for W in from (3) and for V from (16) in (20) and
taking into account that we are looking for V;, j = 0,1,...,n + 1 as a boundary layer
type function, we have

%‘T:O = %o (y) ) TBEI}OO‘/O = Oa (21)
Vil._o = @i (), TEIEOOW =0, j=1,2,...,n+1, (22)

where ¢; (y) = -W,; (1,y) for i =0,1,..,n; @,11 =0.
The following lemma is valid.

Lemma 2. For every y € [0,1] the problem (18), (21) has a unique solution that is
infinitely differentiable with respect to T, and with respect to y has continuous derivatives
to the (2n + 4)-th order inclusively. Therewith the estimation

82% (Ta y) (i2) —T
\aﬂlayiz 5 w)) e, (23)

is valid, where i =iy +i2; i2 = 0,1,...,2n 4+ 4;g; (t1,t2, ..., tiy41) are some known poly-
nomaals of their own arguments with non-negative coefficients, and free terms of these
polynomials equal zero, and even at least one of other coefficients is non-zero.

< g (leo®) b @)

Proof. The existence and uniqueness of the solution of problem (18), (21) was proved
in [8]. The solution of the problem (18), (21) for y = 0 and y = 1 is redefined by an
identity zero, and for y € (0, 1) the solution in the parametric form is represented by the
following formulas:

2%+
TT ok

q
2V = —¢* g (24)

(qgk - qzk) +In

Here ¢ is a parameter, ¢o (y) is a real root of the algebraic equation

@+ qo + poly) = 0. (25)

The smoothness of the solution of the problem (18), (21) was also proved in [8].
Therefore, here we derive only the estimation (23). From the first equality of (24) one
can obtain the estimation

S W] ew o). (26)

2
gl < lao(y)| exp [

Transforming the equation (25) we have: qo(y) = [¢3*(y) + 1}_1 ©o(y), hence if fol-

1
Z}: ag* (y)} is bounded, i.e.

2
lows |qo(y)] < J|¢o(y)|- Hence we have that exp{

% +1
o 1o

exp { (y)} < Cp. Consequently, from (26) we get the estimation

lg| < Colpo(y)|exp (—7). (27)
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Taking into account (27) in the second equality of (24) we have
Vol < Clgpo(y)|exp (=7), € > 0. (28)

Recalling that the parametric from (24) of the solution of the problem (18), (21) was

oV
obtained by means of the substitution — = ¢, from (27) we obtain an estimation for

or
ovi
or
oV,
S| < Coleo(w) exp (7). (29)
-
*Vo
The function 5.2 can be represented in the form
T
0%V, oy
—_p1 el
or? (r.9) or’ (30)
where B (7,y) denotes the function
v\ 2
B(r,y) = (2k +1) <8T°> +1. (31)

Considering that 0 < B~!(r,y) < 1 from (29) and (30) we get an estimation for
0*Vy
T2’
be obtained by differentiating the both hand sides of (30) with respect to 7 and each
time considering the estimations for previous derivatives. These estimations will be of
the form (29), i.e.

The estimations for the derivatives Vy(7,y) with respect to 7 of higher orders can

o'V, ,
’ 01 < Colpo(y)|exp (=7),i=2,3,... . (32)

ort

We pass to the proof of the estimations for the derivatives Vy(7,y) with respect to

. o A% . L L
y and for mixed derivatives. The function a—o = z satisfies the equation in variations

obtained from the equation (18) by differentiation with respect to y:

0 0z 0z
— |B — |+ =0 33
or { (7:9) 87] or (33)
From (21) we obtain that the function z should satisfy the boundary conditions
zl_o =¢o(y), lim z=0. (34)

T—+00

The solution of the problem (33), (34) is of the form

2 = g (y) exp [— [ 5w dﬁ] | (35)
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Using (31) and estimation (29) in (35) we get the estimation

A%
2l = |5, < Cleh W)l exp (=7). (36)
Y
0z 4 N .
It follows from (35) that = —B~!(7,y) z. Considering (36), hence we obtain an
T
estimation for the mixed derivative
0z R
—| = < Clyy —7). 37
| = o | < cleblenn - (37)
2VO

We now can obtain an estimation for . Differentiating the both hand sides of

0y?
(35) with respect to , we have

= [ e e |- [ 5 e ey

It follows from (31)

, 2k—1 09
) = - eernen e (52)

A%

Obviously 0 < B~% < 1 for any natural number i. Knowing the estimation for (29) 3
-

2 ’

% we estimate (B~ (1,9)] o

and estimation (37) for ayor

(B (9)] 4| < Cloow)l Ieb(w) exp (7). (39)

Taking into account (36) and (39) in (38), we have

9z
dy

0%V,
Oy?

< [0 ) + Calet ()] exp(—7): (40)

In the same way we prove the validity of the estimate (23) for the subsequent deriva~
tives Vo (7,y).
Lemma 2 is proved. |

It follows from (8) that the function g (y) and all its even derivatives vanish for
y = 0. Hence and from the estimations that were obtained in the proof of lemma 2,
it follows that the function Vj (7,y), all its derivatives with respect to 7 and all even
derivatives with respect to y vanish for y = 0 (see.(29), (32), (40)).

Lemma 3. The problems (19), (22) have unique solutions and the functions V; (1,y),
7 =1,2,...,n 4+ 1, with respect to T are infinitely differentiable, and with respect to y
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have continuous derivatives to the (2n + 2 — 2j)-th order inclusively. And the following
estimations of the from

oV (ry)| _ [E
—— < E . s — 41
‘ oroy2 | — fort |q]5 W) 7° | exp(=7), (41)

are valid, where io = 0,1,...,.2n+2—74,5 =1,2,...,n+1, ¢;5s (y) are the known functions.
Proof. In [8] the existence, uniqueness and smoothness of the solution of problems (19),
(22) is proved, and the representation of these solutions is obtained in the following way:

—+oo

Vi (r,y) = {my) -[ [B-l ) e= [ Q) df} dz} exp[-v (1,y)]. (42)

z

Here, v (7,y) denotes the function

v (ry) = /O "B (e, y)de.

Substituting j = 1 in (42), we obtain a formula for V; (7, y). Using explicit expressions
M 0"V
or’ oy?’

Q1 (7,9)| < |q1(y)| exp(—7), (43)

Q1 (1,y) ,w1 (1,y), and considering known estimations for V;, we obtain

where g1 (y) is a known function and moreover qg%) (0) = qg%) ()=0,k=0,1,....n+1.

Following (43), from (42) (for j = 1) we can obtain the following estimation:

Vi (7 9)| < C(ler (W) + 7l (y)]) exp(=7). (44)
Differentiating the both hand sides of (42) (for j = 1) with respect to 7, we have
+oo

or

T

M _Bt(ry) [vl [T oy dg} . (45)

)%
Using the estimations (43) and (44) in (45), we obtain an estimation for —. The esti-

-
mation for higher derivatives with respect to 7 are obtained from the formulas obtained
by successive differentiation of both hand sides of (45) and from the estimations for
pervious derivatives V; (7,y). Note that threes estimations are of the form

’ o'V (1,y)

S <l )1+l ) P exp(). = 1,20

where g2 (y) is a known function, and qfk) (0) = qé%) (1)=0, k=0,1,...,n+ 1.
We now derive estimations for the derivatives V; (7,y) with respect to y and for mixed

derivatives. The function ? can be defined as the solution of a boundary value problem

for an equation in variations that is obtained from (19) (for j = 1) by differentiation with
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oV
respect to y. One can notice that the function 2L also is defined by formula (42), but

dy
in it the function ¢;(y) should be replaced by ¢} (y), the function fjoo Q; (& y)d¢ by
the following function:

too Vi (z,y)

Consequently this time when obtaining estimations, instead of (43), we have to use the
estimation

+o0 Py
Quy (€9 de + B, (2.9) LD < (10,4 4 )] 2) exp(—2).

z

%
As a result, we obtain an estimation for a—l in the form
Y

i

3y < (ln@)| + |2 W) 7+ las(y) 72) exp(=7). (46)

If to differentiate the both hand sides of the formula for ? with respect to 7, we again

obtain an estimation of the form (46). It should be noted that for each differentiation of
Vi (7, y) with respect to 7, the degree of the polynomial with respect to V; (7,y) standing
in the right hand side of the estimation increases by one unit. The estimation for V; (7, )
in the general case is of the form

ai Vl (Ta y)

Bri gz < (lg1o@)] + lau ()| 7+ oo + |quiz1 (y)| 727) exp(—7).

Continuing this process and considering each time the exploit form of the right hand
side of the equation for Vj, we obtain the estimation (41).
Lemma 3 is proved. <

We multiply all the functions V;, j = 0,1,...,n + 1, by a smoothing factor and for
the obtained new functions we leave previous denotation. An the expense of smoothing
factors all the functions V;, j = 0,1,...,n41, vanish for z = 0. Therefore, hence and from
(13) it follows that the constructed sum W + V, in addition to the boundary condition
(20), satisfies also the condition

(W4+V)|,_,=0. (47)

It is known from the construction process that all the functions V; (7,y),j =0,1,...,n+1,
vanish for y = 0 and y = 1. Hence and from (13) if follows that the sum W +V alongside
with the conditions (20), (47) satisfies the following boundary conditions as well:

(W+V)],o =0, (W+V)|,_, =0. (48)
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Thus, the constructed sum (:] = W + V satisfies the boundary conditions (20), (47)
and (48). Having denoted U — U = z, we have the following asymptotic expansion in a
small parameter of the solution of the problem (1), (2):

n n+1
U=> Wi+ Y &Vi+z (49)
i=0 j=0

where z is a residual.
We have the following lemma.

Lemma 4. For the residual z the following estimation is valid

0z\" 0z\" 92\ 0z\°

P htad 7= had hded

 J[1(5) + (5) Jamaree [[[(5) +(5) | oo

D D
0z\* 2 2(n+1)
+ ay dxdy + C z2dxdy < Coe , (50)
D D

where C7 > 0,Cy > 0 are constants independent of €.

Proof. Adding (4) and (14), we have::

L. (0) =o(emt). (51)

Subtracting the equation (51) from (1), we obtain

o [N a0\, o [rouN" (a0
oz oz Ox Oy dy 0y
0z 0%z nal
—5A2+%+afy2+cz—a F(e,z,y), (52)

where |[F (¢, 2,9)ll,p) < C for any € € [0,&9) , and C > 0 is independent of &.
If follows from (2), (20), (47), (48) and (49) that z satisfies the boundary conditions

Z|m:0 = Z|.’1c:a = O’ Z|y:0 = Z|y:1 =0. (53)

Multiplying the both hand sides of (52) by z = U — U, and integrating by parts
allowing for boundary conditions (53), after certain transformations we get the estimation
(50).

Lemma 4 is proved. <

Combining the obtained results, we arrive at the following statement.
Theorem. Let f(z,y) € C" 1216 (D) and condition (7) be fulfilled. Then for the
generalized solution of the problem (1), (2) we have the asymptotic expansion, (50) where
the functions W; are defined by the first iterative process, V; are boundary layer type
functions near the boundary x = 1, and z is a residual, moreover the estimation (50) is

valid for it (49).
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