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Abstract. The problem of a longitudinal impact on a piecewise homogeneous semi-
infinite rod consisting of viscoelastic parts is studied. Introducing non-stationary dynamic
reqularization under conjugation conditions, we prove the well-posedness of the problem
under consideration
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1. Introduction

The study of the dynamics of wave propagation arising from a longitudinal impact on a
piecewise-homogeneous semi-infinite rod, is an urgent problem, which is of great practical
interest [2]-[4], [6], [8], [9], [12]-[14].The initial-boundary value problem of longitudinal
impact on a piecewise-homogeneous semi-infinite rod, consisting of a semi-infinite elastic
part and a viscoelastic part of finite length, the hereditary properties of which are de-
scribed by linear integral relations with an arbitrary difference kernel was investigated
in the work [1].
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64 A mixed problem for a one-dimensional viscoelasticity equation

In this paper, we study the problem of a longitudinal impact on a piecewise homo-
geneous semi-infinite rod consisting of viscoelastic parts, the hereditary properties of
which are described by linear integral equations with arbitrary difference kernels when
an impulse load is applied to the end of the rod. First of all, the considered problem is
regulated by the problem with a dynamic boundary condition and a dynamic conjugation
condition. Further after that, the regularised problem is reduced to an integro-differential
equation with operator coefficients in some extended functional space. Having studied
the resulting equation, we obtain the necessary a priori estimates that allow to pass to
the limit with respect to a small parameter.

2. Problem Statement and Basic Results

The problem of a longitudinal impact on a piecewise homogeneous semi-infinite rod
consisting of viscoelastic parts is studied, assuming that the rod has a past history. The
mathematical model of the stated problem is expressed in the following way:

1
—2uz(t,x) = O'im(t,l’), t> 0, T e (hi—lyhi)a t > 0, 1= ]., ey m, (1)
a;

2
3

wi(t, hiv1) = wip1(t, hig1), t>0,i=1,...,m—1, (2)
o1(t ho) = f(t), t>0, 3)

oi(tyhiv1) —oip1(t hip1) =0, t>0,i=1,..m—1, (4)
Om(tyhm) =0, t>0, (5)

u; (tx) =~i(t,z) t<0, € (hi—1,hi), i=1,...,m, (6)

where hg < hy < he < ... < hypy, a; > 0,4 = 1,...,m, u;(t,z) deviation of the i—th
component of the rod from the absisaxisat the point « € (h;_1, h;) and at time ¢, 4; = w4,
il = Upe, 4 = 1,...,m, I'(+) is a real function and

I''(s)<ecl(s), seR, ¢>0. (7)

Let o;(t, z) be the stresses of the i—th component of the bar at point z, at time ¢. It
is assumed that [2], [5], [11]
¢
oi(t,x) = ui(t, ) — / I'(t — ui(r,2)dr, i=1,...,m. (8)
Denote by W3 (h;_1,h;) and W3 (h;_1, h;) the following functional spaces:
W;(hi_l,hi) = {’U NS Lg(hi_l,hi), Vy € Lg(hi_l, h7)},

W3 (hi—1,hi) = {v: v € La(hi—1,hi), Vaw € La(hi—1,hi)},

where Lo(hi—1,h;) be the space of measurable functions summable with a square in
(hi—h hl), = ]., v,
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Let’s denote the set of continuous functions with values in some Banach space
Y by C([0,7];Y) and the set of weakly continuous functions with values in Y by
Co (10,7];Y).

We denote the set of continuously differentiable functions with values in Y by
([0, T];Y).

By a weak solution to problem (1)-(6) we mean such a functions (u1 (¢, ), ..., um (¢, )),
that

— ul() S Cu, ([O,T], W2 (hl 1 )), t() ([ T} Lg(hi_l,hi)), Z: 1,2,...,m;
— forall m; (-) € Cy ([0, T); W3 (hi—1, 1)), it () € Chy ([ ]3 Ly (hi—1,hi)),
i:172a”~7m7 ni(tah)_nhLl(th)vt 072_12 _]-7 nm(tahm):()the

following equalities hold:

h;

h;
Z/ wit (T, 2)n; (T, x) da:—i—Z/ / —uit (t, )i (2, t) + o3 (8, ©)nie (E, )] dadt =
—Z/ Oxnledx+Z/f ) (ho, z)

hm <uz( ) 71(0)7771( 7')>W21(hi—17hi) - 0, 1= ]., ey M.

Let X C (—o0, +00). We denote the following space by C}(X) and C?(X), respec-
tively:
CHX) ={u:ue C(X;W;(hi—1,h:)), ug € C(X;La(hi—1,hi))},

CE(X) = {u U € C(X, Wg(hi_l,hi)),ut S C(X, W;(hi_l,hi)),utt S C(X;Lg(hi_l,hi))}.

The main goal of this paper is to prove the following theorem

Theorem 1. Let the conditions (7) and (8) be satisfied, assume that v;(-) €
C}(—00,0], i = 1,....,m and v;(t,h;) = Vit1 (t,hi), i = 1,...,m — 1. Then the problem
(1)-(6) has a unique weak solution (u,(-), ..., um(-)), where u;(-) € C}H0,+00),i=1,....,m

Theorem 1 is proved using dynamic regularization in the boundary conditions. More
precisely, in order to solve this problem, we will first investigate a mixed problem with
a dynamic boundary condition and dynamic transmission conditions(see[1]).Thus, firstly
we investigate the following problem:

a—lzuitt(t,x) =0ix(t,x), t >0, x € (hy,hiy1), i1 =1,...,m, (9)
u; (thy) = uipr (thy), t>0, i=1,...,m—1, (10)
eus(t, ho) — o1 (t, ho) + f(t) =0, t > 0, (11)
ewit(t, hy) + oy (t, hy) — o1 (6, hy) =0, £ >0, i=1,..m — 1, (12)
om(t,hm) =0, t >0, (13)

w; (t,x) = (t,x), t <0, x € (hj,hiy1), i=1,2,...,m, (14)
wig (6, x) = vie(t,x), t <0, x € (hiyhiy1), i =1,2,...,m, (15)
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where £ > 0 is a small parameter. The problem (9)-(15) are reduced to operator-
differential equationin some Hilbert space.

The strong solution to problem (9)-(15) is a functions (uy (¢, ), ..., um(t, x)), defined
in the domain (0,7) x |J!~, (hi—1, h;) such that u;(-) € Loo(0,T; W5 (hi—1,h;)), wit (+) €
Loo (0,73 W3 (hi—1,hs)) ;e (-) € Loo (0,T; La (hi—1,h;)), @ = 1,...,m and for almost
all (t,x) € (0,T) x (h;—1,h;) the functions w;(), i = 1,...,m satisfy the equation (9),
boundary and conjugation conditions (10)-(13) and initial conditions (14), (15).

By a weak solution to problem (9)-(15) we mean such functions (us (¢, ), ..., um (¢, x)),
that
—UZ‘() ([O,T],Wzl( i— 17 )), uit(-)ECw ([O,T],Lg(hzfl,hl))), 1=1,2,....,m;
— for all n;(-) € Cy ([0,T7; hi—1,hi)) s nie(-)€ Coy ([0, T)5 La(hi—1,hy)),
1=1,2,...,m, n(t,h;) = ZJrl(t hi),i=1,2,....m—1, ny(t,hy) = 0 the following
equalities hold

Z/ uit (T, x)n; (T, x dm—|—Z/ / —uit (t, )it (t, @) + o3 (8, ©)0in (8, )] dadt =

m

= euyy (T, ho)m (T, ho) + & Y wir(T, hi)ni (T, hi) —

i=1

T m T
—5/ w1 (t, ho)me(t, ho)dt — Z/ —wir (T, hi)nie (t, hy)dt =
0 — Jo

Z/ Omexdw—FZ/ f@&)n1(hg, x)dx +

+671,(0, ko)1 (0, ho) + € > 7t (0, ha)ni(0, hs)
i=1
lim (u;(t,.) — (0, ), ni (¢, ')>W21(h7z_1,h7z) =0,i=1,....m

t—0

For the problem (9)-(15), the following solvability theorem is true.

Theorem 2. Suppose that conditions (7), (8) are fulfilled, vi(-) € C}(—o0,0], i =
1,..,m, and v; (¢, hi) = vie1 (&, hy), @ = 1,....,m — 1. Then for any € > 0 the problem
(9)-(15) has a unique solution (u,(.), ..., um(-)), where u;(-) € C}0,+o0), i =1,....;m

If additionally v;(-) € C?(—00,0], i = 1,..,m, then u;(:) € C?[0,+00), i =
1,...,m. Moreover, weak solutions are the limit of strong solutions. In other words, if
(u1(7), ooyt (+)) is a weak solution of the problem (9)-(15) with initial data’s ~;(-) €
C}(—00,0], i = 1,....,m, where v; (t,h;) = vix1 (t,h;), i = 1,....m — 1, then there
exist initial data’s i ,(-) € C}(—00,0], i = 1 ,m, where %n(t h) = Yit1,n(t, hi),
i =1,..,m—1, such that v; »,(-) = v(-) in ( 00,0], @ = 1,...,m, and the corre-
sponding strong solution (uyn(-), ..., umn(-)) of the problem (9)—(15) with nitial data’s
win(0,2) = vin(0,2), i = 1,...,m, converges to the (u1(-),...,um(+)) in the space
H:n1cz [0 +OO)
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3. Introduction of Some Notation and Preliminary
Lemmas

Denote by Hy and H; the following functional spaces:
Hy = {v (0 = (V1,02 ey Up), ¥ € W22(h1-,17hi), 1=1,...,m,v;(h;) = viz1(hy),
t=1,...m—1},

Hy = {v= (01,02, 00, 0m) , v € Wy (hi_1,h;), i=1,....m,v; (h;) = vis1 (hi),
i=1,...,m—1,vp (hy,)=0}.

Let C is a complex plane. We denote by
H=Cea[][La(hir,hi)® C]

i=1

the Hilbert space with a scalar product

m hi m—1
i 1
1,2 2 1 2 1.2
w,w =a; v; (z)v; (z)dx + — oo,
ety ] ¢
where w® = (af,vf (z),af,..., vk | (), 0k 0k (@), vF () € La(hiz1hi), i =
L...,mareC,i=0,1,...,m, k=12
We denote by ||| = 4/(-,-) the norm in the space H. We also define spaces Ho as
follows:
1 1
Ho = {w cw = (evi(ho), —v1,evi(h1), —5v2, €va(ha), ...,
ax a3
1 1 B
Kvm,l,svm(hm,l), —QUm), where w = (v1,v2, ..., v0m) € Hp p .

Let H1= [Ho, M]; 5 be an interpolation space between Ho and H of order 1 (see[10]).
Lemma 1. H, is dense in H.

In the space H we define the linear operator A:

D(A) = H,,
Aw = (—’Ul(h()), —’Ul”,vh (hl) — ’Ugm (hl), —’Ugww,vgw (hg) — 1}3w (hg), ceey

“Um—1,,5Um—1, (hm—l) — Um, (hm)’ _Ummm)'
Then, in the space H problem (9)-(15) can be written in the following form:

i v s (LT a (i = F () (16)

w(t) = wo(t), we (0) =wi(t), t <0,

where wo (t) = (v (&, 2), .. sym (&), wi(t) = (v (G2) 5 ooy yme (G2)) 8 < 0, x €
(hi—1,h;), i =1,....m, F(t) = (0, f(),0,...,0).
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Lemma 2. A is symmetric operator in H.
Lemma 3. R(A+ M) =H for some X € R and (Aw,w),, > 0 for all w € D (A).

By virtue of Lemmas 2 and 3, we obtain the following statement.
Proposition. A is a self-adjoint positive operator in H.

Following Dafermos [5],we will add a new variable nto the system which corresponds
to the relative displacement history. Let us define

n=mn'(s) =w(t) —w(t—s), s€R,

1°(s) = wo(0) — wo(—s), s € R.
By differentiation we have
Ne = Wt — 1. (17)
Using variable substitution, we find that
¢ +o0 +00
/700 I'(t—s)Aw(s)ds = /0 I'(s)ds - Aw(t) — /0 I'(s)An(s)ds. (18)

It follows from (16),(17) and (18) that (w,n) is a solution to the following Cauchy
problem:

wy + (14 f0+oo I'(s)ds) - Aw(t) + f0+oo I'(s)An(s)ds = F(t),
N +Ns = Wy, (19)
w(0) = wg, we(0) = wy,
1°(s) = wo(0) — wo(—5), s €R,

where wg = wg (0) , w1 = wo: (0) . We make the substitution v; = w,ve = wy, v3 = i and
introduce the Hilbert space W = H1 x H x L p()(0,00;H1) with a scalar product

+oo
<zl722>w =1+ /0 I'(s)ds] <A1/2v%,A1/2v%>H + <v%,v§>H+

# [ re (A ), a2,

where 2% = (vf, vk, vk), k=1,2. We also define linear operator A:

+oo +oo
Az = (vg, —[1 + / I'(s)ds)]Avy +/ I'(s)Avs(t,s)ds, — v3s + w2 ),
0 0

where
z €DA)={z: z= (v1,v2,v3) , v1 € Ho, v2 € Hy,

v3 € Lo p(s)(0,00;Ho),v's € Lo ps)(0,00; H1), v3(0) =0} .
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In the W space, problem (19) is reduced to the Cauchy problem

{ztu) ZSSZS)ZZ a(t), )

where &(t) = (0, F'(t),0), z0 = (wo, w1,1°(s)).

Lemma 4. Suppose that condition (7) is satisfied, then A is a dissipative operator in
w.

Lemma 5. There is a point A\g > 0 such that R(A — XoI) = H.
Lemmas 4 and 5 imply the following statement (see[7]).

Theorem 3. Suppose that condition (7) is fulfilled. Then for any zy € H, the prob-
lem (20) has a unique solution z(-) € C([0,00),W). If z9g € D(A), then z(:) €
C ([0,00), D(A)) N C* ([0, 00), W).

If zp € W, then the corresponding weak solutions z(-) € C ([0, c0), W) of the problem
(20) are the limits of the strong solutions z,(-) € C ([0,00), D(A)) N C* ([0, 0), W) in
the space C ([0, 00), W), where z,(0) = zo, € D(A) and zg,, = 29 in W [7].

This implies the assertion of Theorem 1.

4. Proof of Theorem 2

Obviously, u; ., (t,z),i =1,...,m, depends on ¢ = % We will prove that w;,, (t,z) has
a limit at n — +o0o0 and the limit function is a solution to the problem (1)-(6).

At first, we assume u; (-) € C} [0, +00), i = 1, ..., m. In view of Theorem 1, all subse-
quent operations are justified.

Let T be a positive number, v; () € C} (—00,0], i = 1,...,m, where v; (¢, h;) =
F)/H-l,n(ta hz), 1= 1, ey M — 17 such that

Yin(:) = () in C} (—00,0], i=1,...m, (21)

and (uy ,,(+), -.;um n(-)) is the corresponding strong solution of the problem

%ui,mt(t,x) =04 na(t, ), >0, z € (hj,hiy1), i=1,..,m—1, (22)
Uin(t, hi) = Uip1n(t, hy), t>0, i=1,....,m—1, (23)
Sttt ho) 1t o)+ £(8) = 0, £0, (24)
%ui,mt(uhi)+ai,n(t,hi)—ai+1,n(t,hi) —0, 150, i=1,.m—1, (25)
Omn(t, hm) =0, >0, (26)

Uim(t,fﬂ) :’)/im(t,.’ﬁ), t S 0, €T € (hiyhi+1)> 7 = 1,2,. coymy, (27)
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uimt(t,x) :'Yi,nt(t7x)a t < 0, T e (hi,hi+1), 7= 1,2, oo, m, (28)

where .

Oin(t, ) = Ujng(t, ) — / I'(t — T)ujpa (T, 2)dr, i=1,...,m.

— 00
We multiply equation (22) by u; n:(¢, ) and integrate with respect to domain [0, 7] x
[hi—1,hi], i = 1,...,m. Summing the obtained equations and integrating by parts, we
obtain the following equality:

m

1 1 [he 2 hi 2
SOl | o)A+ [ i (t2)Pde| =

i=1 ? - hi—
1 & ‘ hi 9
ML / s (0, ) 2des + / i e (0, 2)|2dz | + B(8) + W (8),
_ h

=1 = i—1

where

m t
Z |:/ U; NT 5 h )u1 ns(s h )dS - / Ui,nz(sa hifl)ui,ns(sa hzl)d3:| 9
0

i=1

Z/ / / (s = T)Uinax (T, ©)dTU; ns (s, ¢)dads =
= Z/ / I'(s — T)Uj na (T, i) Ui ns (S, hs)dTds—
i=1/0 JO
m t s
—Z/ / I'(s — T) Ui na (T, hiz1)Wins (S, hi—1)dTds+
—1Jo Jo
+ Z/ / It — 7)o (T, @)U g (8, ) ddT+
+ Z/ / I (0) Wi ng (8, ) Ui ng (8, 2) deds+
i=1 70 Jhio
m t S hL
+ Z/ / / I (5 = T) Wi ng (T, @) Ui na (s, x)dTdads.
i=1 0 0 hi_1

By virtue of (23)-(26), we have

1
ﬁul,ntt(57 ho) — Ul,nx (s,hi) +

—|—/ F(S—T)’U/an(’r,hi)d’r + f(t)=0, s>0;
0

uiym (S, hl) —+ / F (S — 7') uivm (’T, hi) dT = Ui+1’nw(8, hz)-f—
0
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+/ F(S—T)ui+17nx(7,hi)dT, s>0, i=1,...m—1.
0

It follows from (22)-(28) that

G(t) = B(t) + W(t) = — / s s (52 B )t (5, s

S

1=1
m t hi

+> / / D(t — T (T, 2) i e (8, ) ddr +
i=170 Jhiz
m t h;

—1—2/ / I'(0) wi pa (S, %) “Ujng (S, T) deds+

m t S hl
+ Z/ / / I'" (5 = T) Wi ng (T, @) Ui na (s, x)dTdads.
i=1 0 0 hi_1

Taking into account (11) and (25) in (21) we get that

1 m 1 /}L, 9 h; 9 1 m 9
- il [ti e (8, )| d:):—i—/ [tina(t,2) | de | +— Ui ns(t, hi)|"ds =
2 ; |f1$ hi_1 hi_1 2n ;
Ioa|1 M ) hi )
= 52 aﬁ/ [Vint (0, 2)| " dx +/ |Yina (0, 2)|"da | +
=1 i Jhi i—1

m t h;
+> / / I(t — 7)o (T 2 e (8, ) ddr+
=170 Jhi
m t h;
+ Z/ / I'(0) U ng (8, ) Ui ng (8, ) deds+
=170 Jhi

m t S hl t

+> / / / I (s = 7) Uing (T, ) Ui na (5, ¥)drdads + / g s (s, ho) f(s)ds. (29)
= Jo Jo Jhiy 0
Applying Holder’s inequality, we obtain the following inequalities:

m t h;
Z / / I (t — 7') Uiz (7'7 x) Ui, na (t7 x) dzdr
i=1 70 Jhia

<

m t h; m h;
<Y /0 /h " uialr, @) Pdwdr 5y /h g (t, 2) 2 d, (30)
i=1 i—1 i=1 i—1

<

m t h;
Z/ / I (0) i ng (8, ) Ui ng (8, 2) dads
i=17/0 JI

Vi—1
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m t hi
< CZ/ / | (5a$)|2dl‘d8, (31)
i=170 Jhia
m t s h7,
Z/ / / I’ (5 - 7') Ui nx (7_7 SC) ui,nm(-S, l’)de:Z?dS
i=1 70 JO Jhiy
m t hﬂ?
< CZ/ / |ui,nw (5, $)|2d$€d8, (32)
i=1 /0 Jhia

¢ ¢ t
/ U1,ns (S, ho) f(s)ds §/ \ul,ns(s7h0)|2d8+/ |f(s)|2ds (33)
0 0 0

Applying the Gronwall lemma, from (29)-(33), we obtain a’priori estimation

h; h;
/ i (£, 2) 2z + / i (£, 7)| 2

i—1 hi—1

<

m

>

i=1

+

1 1
+E|U1,nt(t, ho)|2 -+ ﬁ ZO ‘Ui,nt(t, hz)|2 S C,
1=
where ¢ > 0 does not depend on n.
By the Lions-Aubin lemma, there exists a subsequence of (u, g cees Uy, ) SEILL de-
noted as (U ,,, ..., Um,n) such that

Ui n(-) = ui(-) weak star in Lo (0, T} Wa(hi_1,hi), i=1,..,m, (34)
Ui nt(+) = uie(-) weak star in Loo(0,T; La(hi—1, hi), 1=1,...,m, (35)
1
—U1 nt(t, ho) — 0 weak star in Lo (0,7), (36)
n
1
—u; nt(t, hi) — 0 weak star in Lo (0,T), i=1,...,m, (37)
n
1
(T, ho) =0, (38)

1
—u; (T, ;) =0, i=1,...,m.
n

—
w
=)

=

Let us write the equation (9) for the (u, ,,...,Um,,), multiply both sides of (9
by i () S Cw ([O,T] 3 W% (hifl, hl)), where MNit () c Cw ([O,T] ;L2 (hifl, hz)), 1
1,2,...,m, ni(t hy) = mip1(t hi), i =1,2,...,m — 1, i (t, b)) = 0 and integrate over
the region (h;—1,,h;) X [0,T], ¢ =1,...,m. Then, after simple transformations, we obtain
the equality

~

m hi
Z/ Uit (T, ) (T, ) dac+
i=17hi—1

+ Z/ / [—wine(t, )i (t, ) + 040 (t, )N (t, )] dedt =
0o Jh

i=1 i1
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1 1 & 1 (T
=—u  (T,ho)m (T, ho)+ — Zui.nt(T7 hi)ni (T, hi)—*/ U1t (t, ho)mie(t, ho)dt—

n 1nt n < n Jo

m Lk m .7

— Z/ Yin(0,2)n;(0, z)dx + Z/ f()m (ho, x)dx—
i=17hi-1 i=1"0
1 1 &
-0, nt(07 ho)m.n (0, ho) + - Z%‘,m((l hi)ni(0, h;) - (40)

’ i=1
Taking into account (34)-(39), we pass to the limit in (40) as n — co. As a result, we
see that (u,,...,un,) is a weak solution to the problem (9)-(15).

5. Proof of Lemmas
Proof of Lemma 1. Assume that
w = (Oéo, V1, ¥1, Vg, A2 -ty Um—1, Om—1, ’Um) eH.

Consider the following functions:

h; —x T — h;_ .
C?(l'): #ai_l_FﬁQ% HASS [hi,hi_;,_l], z=1,...,m—1,
i = Thi—1 i Ti—
C?(h’b) = i0+1(hi) = Qy, 1= 17"'7m_1a
C’?I’L(m) 2047TL71)$ E [hm717hm>7 C’S’L(hm) = U'm,~

1+ (2 — hme1)

Let v=(v1,vq, ..., Um) € Hy. Consider the function
2= (21, Zgy evey Zm) = (Ul—C?, Vy—C, ., vm—Cgl) .

It is obvious thatz € H?;Bl Lo(hi, hit1). On the other hand

m—-1  m-1
H D(hi,hi+1) = H LZ(hi7hi+1)a
=0 1=0

where D(h;,hiy1), i = 1,2,...,m, is space of infinitely differentiable finite func-
tions. Therefore, for an arbitrary z € H;Z_Ol Lo(hi, hit1), there exist the functions
0;€ H:nzl D(hi, hH_l), such that

Z 2 — 9i||L2(hi,hi+1)<E' (41)
i=1

~ 0
By denoting 6;=(; +6; from (41), we get

3 ‘
i=1

v; — 0; <g,

La(hishiyr1)
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where 51 S Coo[hi,hi+1], gl(hl) =q;_1, 1=1,2,..m
Thus
|| (a()?vla a1,V2,Q2,...,Un—1, am—lavma) -

—(01(ho),01,601(h1),02,02(h2), .., 01, 01 (hin—1), B4, < &

Proof of Lemma 2. Let w,z € D (A), where

1 1 1 1
w= <5v1(h0) p —v1,€v1(h1), ) 3V eva(h2), ..., 5—Um—1,Vm(hm—1), anm)’

1 2 Am—1 m
1 1 1 1

z = 521(”"0)7722175'21(}7/1))722:27 522(}12)7...,sz_]_,fzm(hm), sz )
aj a3 Am—1 am

(v1,v2, ., Um) € Ho, vi(hi) = vig1(hi),
(2’1,22, ...,Zm) S Ho, Zl(hz) = Zi+1(hi), 1=1,2,....m

By virtue of the definition of the operator A and the scalar product in H, we obtain
that

(Aw, z),, = —a2 Z/ Viga (T ; (x)dzfévlm(ho) ~e-z1(ho)+

Z

m—1 m
1
+g Z vzw ’L - z+1)z(h Ezz z Z Uz:r Zz z 'Uiz(hi—l)zi(hi—l)}‘i‘
i=1 =1
m m h;
+ Z [vi (hi) Ziz (hi) — vi (Ri—1) 2iz (hi—1)] — Z/ 0; (%) Zize (x)dx—
i=1 i=1 " hi-1

1o (ho)z1 (ho) + ij (i () — v 1ya ()] 2a(a).

Taking into account the equality vy, (hm) = 2m (hm) = 0, we get that

m hil

(Aw, z),, = —a?Z/h —50 (Z) Ziza () dr+

i—=1 -1

Proof of Lemma 3. Let
9= (Cko, 191($),Oél, ~'~77~9m71 (m),am,l,ﬁm(x)) eEH .
Let us consider the equation

Aw+ dw =19, A >0,
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This equation is equivalent to the following boundary value problem

1

—Vigz T )\fQ’Ui = 191(1'), T € [hiflyhi], 7= ]., e, m, (42)
a;

—v1z(ho) + Aevi(ho) = o, (43)

Uim(hi) - ’U(Z-Jrl)x(hi) + )\E’Ui(hi> =q;, t=1,...m—1, (44)

’Uz(hl) Z’UH_l(hi), = 1,...,m— 1. (45)

Using the general theory of boundary value problems for linear differential equations,

we can prove that problem (42)-(45) has a solution (v1, ..., vy,) € Hp.

Let w € D (A), then by the definition of the operator A and the scalar product in H

we obtain that

1
a;

m h
i 1
(Aw, w),, = —a? Z/ Vige (2) —vi(z)dx — gvlm(ho)svl(ho)—i—
i=17hi1

m—1

- [Um«(hz) - U(i-s-l)m(hi)]wi(hi) = Z [Uw(hz)vz(hl) - vim(hi—l)vi(hi—l)]+

i=1 =1

+

™ | =

m h;
+; /h1 Vi () vz () dx—v14 (ho)v1 (ho )+

m—1 m h;
+ 3 i) = vssaBles() = Y- [ oisla) e > 0
=1 =1 i—1

Proof of Lemma 4. Let z = (w,v,n)) € D(A), then

(Az, 2)yy = (1 + /0 o F(s)ds) <A1/2w,A1/2v> +

H
+<— {1 + /0+<><> F(s)ds} Aw + /0+00 I'(s)An(z,s)ds ,U>H +
+/O+OO (s)(= A0 (s,) + AV20(), AV (s, ) ds =
~- 3 ol -

1

+o0 +oo
= 5/O I'(s)[IVn(s, )||§_Lds < C/o I'(s)|IV n(s, )Hg-tds < Cl\wlliv

Proof of Lemma 5. Suppose that X' = (se1, &3, 2e3) € W. Consider the equation

Az — Az =X, w = (u,v,n) € D(A),
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which is equivalent to the system of equations

v—/\u—ael,
—1+ f I'(s)ds)] Au+f (s)An(s)ds — v = aea, (46)
77754»”7)\7]*%37 () 0.

Taking into account the second equation from the third equation of the system (46),
we get that

P 1
n(p) = —/ e MNP gy (s)ds — X(e’\” —1)v.
0

Taking this into account, from the second equation of the system (46) we find that

+oo +oo
[1—&— 2/ I'(s)ds —/ F(s)e_’\sds} Au+ Nu =
0 0

+oo 14 1 +oo i
= —/ F(,o)/ e NP g (s)dsdp — Aaey — aey — X/ I(s)(e™™ —1)dsAse;. (47)
0 0 0

Since

—+o0 +oo —+oo
1+ 2/ I'(s)ds —/ I (s)e ds > 1+ / I (s)ds>0,
0 0 0

the equation (47) can be written in the form
[A+E(N)]w=G(N),

where
)\2

1+ 2f (s)ds — +OOF(5)6*)‘Sds’

K(A) =

_ f0+°° r'p) [y e M=) g (5) dsdp—Nee; — aeg — 1 0+°° I(s)(e™ ™ = 1)ds Ase

G(A) = +oo +oo Y
142 [ I'(s)ds — I'(s)e=*sds

Since A is a self-adjoint positive operator and K(A) > 0 therefore A + K()) is an
invertible operator, and w = [A + K(A\)]'G(\).
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