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Abstract. The problem of a longitudinal impact on a piecewise homogeneous semi-
infinite rod consisting of viscoelastic parts is studied. Introducing non-stationary dynamic
regularization under conjugation conditions, we prove the well-posedness of the problem
under consideration
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1. Introduction

The study of the dynamics of wave propagation arising from a longitudinal impact on a
piecewise-homogeneous semi-infinite rod, is an urgent problem, which is of great practical
interest [2]-[4], [6], [8], [9], [12]-[14].The initial-boundary value problem of longitudinal
impact on a piecewise-homogeneous semi-infinite rod, consisting of a semi-infinite elastic
part and a viscoelastic part of finite length, the hereditary properties of which are de-
scribed by linear integral relations with an arbitrary difference kernel was investigated
in the work [1].
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In this paper, we study the problem of a longitudinal impact on a piecewise homo-
geneous semi-infinite rod consisting of viscoelastic parts, the hereditary properties of
which are described by linear integral equations with arbitrary difference kernels when
an impulse load is applied to the end of the rod. First of all, the considered problem is
regulated by the problem with a dynamic boundary condition and a dynamic conjugation
condition. Further after that, the regularised problem is reduced to an integro-differential
equation with operator coefficients in some extended functional space. Having studied
the resulting equation, we obtain the necessary a priori estimates that allow to pass to
the limit with respect to a small parameter.

2. Problem Statement and Basic Results

The problem of a longitudinal impact on a piecewise homogeneous semi-infinite rod
consisting of viscoelastic parts is studied, assuming that the rod has a past history. The
mathematical model of the stated problem is expressed in the following way:

1

a2i
üi(t, x) = σix(t, x), t > 0, x ∈ (hi−1, hi) , t > 0, i = 1, ...,m, (1)

ui(t, hi+1) = ui+1(t, hi+1), t > 0, i = 1, ...,m− 1, (2)

σ1(t, h0) = f(t), t > 0, (3)

σi(t, hi+1)− σi+1(t, hi+1) = 0, t > 0, i = 1, ...m− 1, (4)

σm(t, hm) = 0, t > 0, (5)

ui (t, x) = γi(t, x) t ≤ 0, x ∈ (hi−1, hi) , i = 1, . . . ,m, (6)

where h0 < h1 < h2 < ... < hm, ai > 0, i = 1, ...,m, ui(t, x) deviation of the i−th
component of the rod from the absisaxisat the point x ∈ (hi−1, hi) and at time t, u̇i = uit,
üi = uitt, i = 1, ...,m, Γ (·) is a real function and

Γ ′(s) ≤ cΓ (s), s ∈ R, c > 0. (7)

Let σi(t, x) be the stresses of the i−th component of the bar at point x, at time t. It
is assumed that [2], [5], [11]

σi(t, x) = uix(t, x)−
∫ t

−∞
Γ (t− τ)uix(τ, x)dτ, i = 1, . . . ,m. (8)

Denote by W 1
2 (hi−1, hi) and W 2

2 (hi−1, hi) the following functional spaces:

W 1
2 (hi−1, hi) = {v : v ∈ L2(hi−1, hi), vx ∈ L2(hi−1, hi)} ,

W 2
2 (hi−1, hi) = {v : v ∈ L2(hi−1, hi), vxx ∈ L2(hi−1, hi)} ,

where L2(hi−1, hi) be the space of measurable functions summable with a square in
(hi−1, hi), i = 1, . . . ,m.
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Let’s denote the set of continuous functions with values in some Banach space
Y by C ([0, T ] ;Y ) and the set of weakly continuous functions with values in Y by
Cw ([0, T ] ;Y ).

We denote the set of continuously differentiable functions with values in Y by
C1([0, T ];Y ).

By a weak solution to problem (1)-(6) we mean such a functions (u1(t, x), ..., um(t, x)),
that
− ui(·) ∈ Cw

(
[0, T ] ; W 1

2 (hi−1, hi)
)
, uit(·) ∈ Cw ([0, T ] ; L2(hi−1, hi)) , i = 1, 2, . . . ,m;

− for all ηi (·) ∈ Cw

(
[0, T ] ;W 1

2 (hi−1, hi)
)
, ηit (·) ∈ Cw ([0, T ] ; L2 (hi−1, hi)) ,

i = 1, 2, . . . ,m, ηi (t, hi) = ηi+1 (t, hi) , t > 0, i = 1, 2, . . . ,m − 1, ηm(t, hm) = 0 the
following equalities hold:

m∑
i=1

∫ hi

hi−1

uit(T, x)ηi(T, x)dx+
m∑
i=1

∫ T

0

∫ hi

hi−1

[−uit(t, x)ηit(x, t) + σi(t, x)ηix(t, x)] dxdt =

=
m∑
i=1

∫ hi

hi−1

γi(0, x)ηi(0, x)dx+
m∑
i=1

∫ T

0

f(t)η1(h0, x)dx;

lim
t→0

⟨ui(t, ·)− γi(0), ηi(t, ·)⟩W 1
2 (hi−1,hi)

= 0, i = 1, ...,m.

Let X ⊂ (−∞, +∞). We denote the following space by C1
i (X) and C2

i (X), respec-
tively:

C1
i (X) = {u : u ∈ C(X;W 1

2 (hi−1, hi)), ut ∈ C(X;L2(hi−1, hi))},

C2
i (X) = {u : u ∈ C(X;W 2

2 (hi−1, hi)), ut ∈ C(X;W 1
2 (hi−1, hi)), utt ∈ C(X;L2(hi−1, hi))}.

The main goal of this paper is to prove the following theorem

Theorem 1. Let the conditions (7) and (8) be satisfied, assume that γi(·) ∈
C1
i (−∞, 0], i = 1, ...,m and γi(t, hi) = γi+1 (t, hi), i = 1, ...,m − 1. Then the problem

(1)-(6) has a unique weak solution (u1(·), ..., um(·)), where ui(·) ∈ C1
i [0,+∞), i = 1, ...,m.

Theorem 1 is proved using dynamic regularization in the boundary conditions. More
precisely, in order to solve this problem, we will first investigate a mixed problem with
a dynamic boundary condition and dynamic transmission conditions(see[1]).Thus, firstly
we investigate the following problem:

1

a2i
uitt(t, x) = σix(t, x), t > 0, x ∈ (hi, hi+1) , i = 1, ...,m, (9)

ui (t, hi) = ui+1 (t, hi), t > 0, i = 1, ...,m− 1, (10)

εu1tt(t, h0)− σ1(t, h0) + f(t) = 0, t > 0, (11)

εuitt(t, hi) + σi(t, hi)− σi+1(t, hi) = 0, t > 0, i = 1, ...m− 1, (12)

σm(t, hm) = 0, t > 0, (13)

ui (t, x) = γi (t, x), t ≤ 0, x ∈ (hi, hi+1) , i = 1, 2, . . . ,m, (14)

uit (t, x) = γit(t, x), t ≤ 0, x ∈ (hi, hi+1) , i = 1, 2, . . . ,m, (15)
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where ε > 0 is a small parameter. The problem (9)-(15) are reduced to operator-
differential equationin some Hilbert space.

The strong solution to problem (9)-(15) is a functions (u1(t, x), ..., um(t, x)), defined
in the domain (0, T )×

∪m
i=1 (hi−1, hi) such that ui(·) ∈ L∞(0, T ;W 2

2 (hi−1, hi)), uit (·) ∈
L∞

(
0, T ;W 1

2 (hi−1, hi)
)
, uitt (·) ∈ L∞ (0, T ;L2 (hi−1, hi)) , i = 1, ...,m and for almost

all (t, x) ∈ (0, T ) × (hi−1, hi) the functions ui(·), i = 1, ...,m satisfy the equation (9),
boundary and conjugation conditions (10)-(13) and initial conditions (14), (15).

By a weak solution to problem (9)-(15) we mean such functions (u1(t, x), ..., um(t, x)),
that
− ui(·) ∈ Cw

(
[0, T ] ;W 1

2 (hi−1, hi)
)
, uit(·) ∈ Cw ([0, T ] ;L2(hi−1, hi))) , i = 1, 2, . . . ,m;

− for all ηi(·) ∈ Cw

(
[0, T ] ; W 1

2 (hi−1, hi)
)
, ηit(·)∈ C1

w ([0, T ] ; L2(hi−1, hi)) ,
i = 1, 2, . . . ,m, ηi(t, hi) = ηi+1(t, hi), i = 1, 2, . . . ,m − 1, ηm(t, hm) = 0 the following
equalities hold:

m∑
i=1

∫ hi

hi−1

uit(T, x)ηi(T, x)dx+
m∑
i=1

∫ T

0

∫ hi

hi−1

[−uit(t, x)ηit(t, x) + σi(t, x)ηix(t, x)] dxdt =

= εu1t(T, h0)η1(T, h0) + ε
m∑
i=1

uit(T, hi)ηi(T, hi) −

−ε

∫ T

0

u1t(t, h0)η1t(t, h0)dt− ε

m∑
i=1

∫ T

0

−uit(t, hi)ηit(t, hi)dt =

=
m∑
i=1

∫ hi

hi−1

γi(0, x)ηi(0, x)dx+
m∑
i=1

∫ T

0

f(t)η1(h0, x)dx +

+εγ1t(0, h0)η1(0, h0) + ε
m∑
i=1

γit(0, hi)ηi(0, hi) ;

lim
t→0

⟨ui(t, .)− γi(0, ·), ηi(t, ·)⟩W 1
2 (hi−1,hi)

= 0, i = 1, ...,m.

For the problem (9)-(15), the following solvability theorem is true.

Theorem 2. Suppose that conditions (7), (8) are fulfilled, γi(·) ∈ C1
i (−∞, 0], i =

1, ...,m, and γi (t, hi) = γi+1 (t, hi), i = 1, ...,m − 1. Then for any ε > 0 the problem
(9)-(15) has a unique solution (u1(.), ..., um(·)), where ui(·) ∈ C1

i [0,+∞), i = 1, ...,m.
If additionally γi(·) ∈ C2

i (−∞, 0] , i = 1, ...,m, then ui(·) ∈ C2
i [0,+∞), i =

1, ...,m. Moreover, weak solutions are the limit of strong solutions. In other words, if
(u1(·), ..., um(·)) is a weak solution of the problem (9)-(15) with initial data’s γi(·) ∈
C1
i (−∞, 0] , i = 1, ...,m, where γi (t, hi) = γi+1 (t, hi), i = 1, ...,m − 1, then there

exist initial data’s γi,n(·) ∈ C1
i (−∞, 0] , i = 1, ...,m, where γi,n(t, hi) = γi+1,n(t, hi),

i = 1, ...,m − 1, such that γi,n(·) → γi(·) in C1
i (−∞, 0] , i = 1, ...,m, and the corre-

sponding strong solution (u1,n(·), ..., um,n(·)) of the problem (9)-(15) with initial data’s
ui,n(0, x) = γi,n(0, x), i = 1, . . . ,m, converges to the (u1(·), ..., um(·)) in the space∏m

i=1 C1
i [0 , +∞).
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3. Introduction of Some Notation and Preliminary
Lemmas

Denote by H0 and H1 the following functional spaces:

H0 =
{
v : v = (v1, v2, ..., vm) , vi ∈ W 2

2 (hi−1, hi), i = 1, ...,m, vi(hi) = vi+1(hi),

i = 1, ...,m− 1} ,

H1 =
{
v = (v1, v2, ..., vm) , vi ∈ W 1

2 (hi−1, hi) , i = 1, . . . ,m, vi (hi) = vi+1 (hi) ,

i = 1, . . . ,m− 1, vm (hm) = 0} .

Let C is a complex plane. We denote by

H = C⊕
m∏
i=1

[L2(hi−1, hi)⊕ C]

the Hilbert space with a scalar product

⟨
w1, w2

⟩
H = a2i

m∑
i=1

∫ hi

hi−1

v1i (x)v
2
i (x)dx+

1

ε

m−1∑
i=0

α1
iα

2
i ,

where wk =
(
αk
0 , v

k
1 (x) , α

k
1 , . . . , v

k
m−1 (x) , α

k
m−1, v

k
m (x)

)
, vki (·) ∈ L2 (hi−1, hi) , i =

1, . . . ,m, αk
i ∈ C, i = 0, 1, ...,m, k = 1, 2.

We denote by ∥·∥ =
√
⟨·, ·⟩ the norm in the space H. We also define spaces H0 as

follows:

H0 =

{
w : w = (εv1(h0),

1

a21
v1, εv1(h1),

1

a22
v2, εv2(h2), ...,

1

a2m−1

vm−1, εvm(hm−1),
1

a2m
vm), where w = (v1, v2, ..., vm) ∈ H0

}
.

Let H1= [H0,H]1/2 be an interpolation space between H0 and H of order 1
2 (see[10]).

Lemma 1. H0 is dense in H.

In the space H we define the linear operator A: D(A) = H0,
Aw = (−v1(h0),−v1xx , v1x(h1)− v2x(h1),−v2xx , v2x(h2)− v3x(h2),

−vm−1xx
, vm−1x(hm−1)− vmx(hm),−vmxx).

...,

Then, in the space H problem (9)-(15) can be written in the following form:{
ẅ +Aw +

∫ t

−∞ Γ (t− τ)Aw (τ) dτ = F (τ) ,

w (t) = w0(t), wt (0) = w1(t), t < 0,
(16)

where w0 (t) = (γ1 (t, x) , . . . , γm (t, x)) , w1(t) = (γ1t (t, x) , . . . , γmt (t, x)) , t < 0, x ∈
(hi−1, hi), i = 1, ...,m, F (t) = (0, f(t), 0, ..., 0).
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Lemma 2. A is symmetric operator in H.

Lemma 3. R(A+ λI) = H for some λ ∈ R and ⟨Aw,w⟩H ≥ 0 for all w ∈ D (A).

By virtue of Lemmas 2 and 3, we obtain the following statement.

Proposition. A is a self-adjoint positive operator in H.

Following Dafermos [5],we will add a new variable ηto the system which corresponds
to the relative displacement history. Let us define

η = ηt(s) = w(t)− w(t− s), s ∈ R,

η0(s) = w0(0)− w0(−s), s ∈ R.

By differentiation we have

ηt = wt − ηs. (17)

Using variable substitution, we find that∫ t

−∞
Γ (t− s)Aw(s)ds =

∫ +∞

0

Γ (s)ds ·Aw(t)−
∫ +∞

0

Γ (s)Aη(s)ds. (18)

It follows from (16),(17) and (18) that (w, η) is a solution to the following Cauchy
problem: 

wtt + (1 +
∫ +∞
0

Γ (s)ds) ·Aw(t) +
∫ +∞
0

Γ (s)Aη(s)ds = F (t),
ηt + ηs = wt,

w(0) = w0, wt(0) = w1,
η0(s) = w0(0)− w0(−s), s ∈ R,

(19)

where w0 = w0 (0) , w1 = w0t (0) . We make the substitution v1 = w, v2 = wt, v3 = η and
introduce the Hilbert space W = H1 ×H× L2,Γ (s)(0,∞;H1) with a scalar product

⟨
z1, z2

⟩
W

= [1 +

∫ +∞

0

Γ (s)ds]
⟨
A1/2v11 , A

1/2v21

⟩
H
+
⟨
v12 , v

2
2

⟩
H+

+

∫ +∞

0

Γ (s)
⟨
A1/2η1(s), A1/2η2(s)

⟩
H
ds,

where zk = (vk1 , vk2 , vk3 ), k = 1, 2. We also define linear operator A:

Az = (v2,−[1 +

∫ +∞

0

Γ (s)ds)]Av1 +

∫ +∞

0

Γ (s)Av3(t, s)ds, − v3s + v2 ),

where

z ∈ D(A) = {z : z = (v1, v2, v3) , v1 ∈ H0, v2 ∈ H1,

v3 ∈ L2,Γ (s)(0,∞;H0), v
′
3 ∈ L2,Γ (s)(0,∞;H1), v3(0) = 0

}
.
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In the W space, problem (19) is reduced to the Cauchy problem{
zt(t) = Az(t) + Φ(t),

z (0) = z0,
(20)

where Φ(t) = (0, F (t), 0), z0 = (w0, w1, η
0(s)).

Lemma 4. Suppose that condition (7) is satisfied, then A is a dissipative operator in
W .

Lemma 5. There is a point λ0 > 0 such that R(A− λ0I) = H.

Lemmas 4 and 5 imply the following statement (see[7]).

Theorem 3. Suppose that condition (7) is fulfilled. Then for any z0 ∈ H, the prob-
lem (20) has a unique solution z(·) ∈ C ([0,∞),W ). If z0 ∈ D(A), then z(·) ∈
C ([0,∞), D(A)) ∩ C1 ([0,∞),W ).

If z0 ∈ W, then the corresponding weak solutions z(·) ∈ C ([0,∞),W ) of the problem
(20) are the limits of the strong solutions zn(·) ∈ C ([0,∞), D(A)) ∩ C1 ([0,∞),W ) in
the space C ([0,∞),W ), where zn(0) = z0n ∈ D(A) and z0n → z0 in W [7].

This implies the assertion of Theorem 1.

4. Proof of Theorem 2

Obviously, ui,n (t, x) , i = 1, . . . ,m, depends on ε = 1
n . We will prove that ui,n (t, x) has

a limit at n → +∞ and the limit function is a solution to the problem (1)-(6).
At first, we assume ui (·) ∈ C1

i [0,+∞), i = 1, ...,m. In view of Theorem 1, all subse-
quent operations are justified.

Let T be a positive number, γi,n(·) ∈ C1
i (−∞, 0] , i = 1, ...,m, where γi,n(t, hi) =

γi+1,n(t, hi), i = 1, ...,m− 1, such that

γi,n(·) → γi(·) in C1
i (−∞, 0] , i= 1, ...,m, (21)

and (u1,n(·), ...,um,n(·)) is the corresponding strong solution of the problem

1

a2i
ui,ntt(t, x) =σi,nx(t, x), t>0, x ∈ (hi, hi+1) , i = 1, ...,m− 1, (22)

ui,n(t, hi) = ui+1,n(t, hi), t>0, i = 1, ...,m− 1, (23)

1

n
u1,ntt(t, h0)−σ1,n(t, h0)+f(t) = 0, t>0, (24)

1

n
ui,ntt(t, hi)+σi,n(t, hi)−σi+1,n(t, hi) = 0, t>0, i = 1, ...m− 1, (25)

σm,n(t, hm) = 0, t > 0, (26)

ui,n(t, x) =γi,n(t, x), t ≤ 0, x ∈ (hi, hi+1) , i = 1, 2, . . . ,m, (27)
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ui,nt(t, x) =γi,nt(t, x), t ≤ 0, x ∈ (hi, hi+1) , i = 1, 2, . . . ,m, (28)

where

σi,n(t, x) = ui,nx(t, x)−
∫ t

−∞
Γ (t− τ)ui,nx(τ, x)dτ, i = 1, . . . ,m.

We multiply equation (22) by ui,nt(t, x) and integrate with respect to domain [0, T ]×
[hi−1, hi] , i = 1, ...,m. Summing the obtained equations and integrating by parts, we
obtain the following equality:

1

2

m∑
i=1

[
1

a2i

∫ hi

hi−1

|ui,nt(t, x)|2dx+

∫ hi

hi−1

|ui,nx(t, x)|2dx

]
=

=
1

2

m∑
i=1

[
1

a2i

∫ hi

hi−1

|γi,nt(0, x)|2dx+

∫ hi

hi−1

|γi,nx(0, x)|2dx

]
+ Φ(t) + Ψ(t),

where

Φ(t) = −
m∑
i=1

[∫ t

0

ui,nx(s, hi)ui,ns(s, hi)ds−
∫ t

0

ui,nx(s, hi−1)ui,ns(s, hi−1)ds

]
,

Ψ(t) =
m∑
i=1

∫ t

0

∫ s

0

∫ hi

hi−1

Γ (s− τ)ui,nxx(τ, x)dτ ·ui,ns(s, x)dxds =

=
m∑
i=1

∫ t

0

∫ s

0

Γ (s− τ)ui,nx(τ, hi)ui,ns(s, hi)dτds−

−
m∑
i=1

∫ t

0

∫ s

0

Γ (s− τ)ui,nx(τ, hi−1)ui,ns(s, hi−1)dτds+

+

m∑
i=1

∫ t

0

∫ hi

hi−1

Γ (t− τ)ui,nx(τ, x)ui,nx(t, x)dxdτ+

+
m∑
i=1

∫ t

0

∫ hi

hi−1

Γ (0)ui,nx (s, x) ·ui,nx (s, x) dxds+

+
m∑
i=1

∫ t

0

∫ s

0

∫ hi

hi−1

Γ ′ (s− τ)ui,nx (τ, x)ui,nx(s, x)dτdxds.

By virtue of (23)-(26), we have

1

n
u1,ntt(s, h0)− u1,nx (s, hi)+

+

∫ s

0

Γ (s− τ)u1,nx (τ, hi) dτ + f(t) = 0, s > 0;

ui,nx (s, hi) +

∫ s

0

Γ (s− τ)ui,nx (τ, hi) dτ = ui+1,nx(s, hi)+
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+

∫ s

0

Γ (s− τ)ui+1,nx (τ, hi) dτ, s > 0, i = 1, ...,m− 1.

It follows from (22)-(28) that

G(t) = Φ(t) + Ψ(t) = − 1

n

m∑
1=1

∫ t

0

ui,nss(s, hi)ui,ns(s, hi)ds+

+
m∑
i=1

∫ t

0

∫ hi

hi−1

Γ (t− τ)ui,nx(τ, x)ui,nx(t, x)dxdτ+

+
m∑
i=1

∫ t

0

∫ hi

hi−1

Γ (0)ui,nx (s, x) ·ui,nx (s, x) dxds+

+

m∑
i=1

∫ t

0

∫ s

0

∫ hi

hi−1

Γ ′ (s− τ)ui,nx (τ, x)ui,nx(s, x)dτdxds.

Taking into account (11) and (25) in (21) we get that

1

2

m∑
i=1

[
1

a2i

∫ hi

hi−1

|ui,nt(t, x)|2dx+

∫ hi

hi−1

|ui,nx(t, x)|2dx

]
+

1

2n

m∑
i=1

|ui,ns(t, hi)|2ds =

=
1

2

m∑
i=1

[
1

a2i

∫ hi

hi−1

|γi,nt(0, x)|2dx +

∫ hi

hi−1

|γi,nx(0, x)|2dx

]
+

+

m∑
i=1

∫ t

0

∫ hi

hi−1

Γ (t− τ)ui,nx(τ, x)ui,nx(t, x)dxdτ+

+
m∑
i=1

∫ t

0

∫ hi

hi−1

Γ (0)ui,nx (s, x) ·ui,nx (s, x) dxds+

+
m∑
i=1

∫ t

0

∫ s

0

∫ hi

hi−1

Γ ′ (s− τ)ui,nx (τ, x)ui,nx(s, x)dτdxds+

∫ t

0

u1,ns(s, h0)f(s)ds. (29)

Applying Hölder’s inequality, we obtain the following inequalities:∣∣∣∣∣
m∑
i=1

∫ t

0

∫ hi

hi−1

Γ (t− τ)ui,nx (τ, x)ui,nx (t, x) dxdτ

∣∣∣∣∣ ≤
≤ cδ

m∑
i=1

∫ t

0

∫ hi

hi−1

|uix(τ, x)|2dxdτ+δ
m∑
i=1

∫ hi

hi−1

|uix(t, x)|2dx, (30)

∣∣∣∣∣
m∑
i=1

∫ t

0

∫ hi

hi−1

Γ (0)ui,nx (s, x) ·ui,nx (s, x) dxds

∣∣∣∣∣ ≤
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≤ c
m∑
i=1

∫ t

0

∫ hi

hi−1

|ui,nx (s, x)|2dxds, (31)

∣∣∣∣∣
m∑
i=1

∫ t

0

∫ s

0

∫ hi

hi−1

Γ ′ (s− τ)ui,nx (τ, x)ui,nx(s, x)dτdxds

∣∣∣∣∣ ≤
≤ c

m∑
i=1

∫ t

0

∫ hi

hi−1

|ui,nx (s, x)|2dxds, (32)

∣∣∣∣∫ t

0

u1,ns(s, h0)f(s)ds

∣∣∣∣ ≤ ∫ t

0

|u1,ns(s, h0)|2ds+
∫ t

0

|f(s)|2ds. (33)

Applying the Gronwall lemma, from (29)-(33), we obtain a’priori estimation

m∑
i=1

[∫ hi

hi−1

|ui,nt(t, x)|2dx +

∫ hi

hi−1

|ui,nx(t, x)|2dx

]
+

+
1

n
|u1,nt(t, h0)|2 +

1

n

m∑
i=0

|ui,nt(t, hi)|2 ≤ c,

where c > 0 does not depend on n.
By the Lions-Aubin lemma, there exists a subsequence of (u1,nk

, ..., um,nk
) still de-

noted as (u1,n, ..., um,n) such that

ui,n(·) → ui(·) weak star in L∞(0, T ;W 1
2 (hi−1, hi), i = 1, ...,m, (34)

ui,nt(·) → uit(·) weak star in L∞(0, T ;L2(hi−1, hi), i = 1, ...,m, (35)

1

n
u1,nt(t, h0) → 0 weak star in L∞(0, T ), (36)

1

n
ui,nt(t, hi) → 0 weak star in L∞(0, T ), i = 1, ...,m, (37)

1

n
u1,nt(T, h0) → 0, (38)

1

n
ui,nt(T, hi) → 0, i = 1, ...,m. (39)

Let us write the equation (9) for the (u1,n, . . . , um,n), multiply both sides of (9)

by ηi (·) ∈ Cw

(
[0, T ] ; W 1

2 (hi−1, hi)
)
, where ηit (·) ∈ Cw ([0, T ] ;L2 (hi−1, hi)), i =

1, 2, . . . ,m, ηi(t, hi) = ηi+1(t, hi), i = 1, 2, . . . ,m − 1, ηm(t, hm) = 0 and integrate over
the region (hi−1, , hi)× [0, T ] , i = 1, ...,m. Then, after simple transformations, we obtain
the equality

m∑
i=1

∫ hi

hi−1

ui,nt(T, x)ηi(T, x)dx+

+
m∑
i=1

∫ T

0

∫ hi

hi−1

[−ui,nt(t, x)ηit(t, x) + σi,n(t, x)ηix(t, x)] dxdt =
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=
1

n
u
1,nt

(T, h0)η1(T, h0) +
1

n

m∑
i=1

ui.nt(T, hi)ηi(T, hi)−
1

n

∫ T

0

u1.nt(t, h0)η1t(t, h0)dt−

−
m∑
i=1

∫ hi

hi−1

γi,n(0, x)ηi(0, x)dx+
m∑
i=1

∫ T

0

f(t)η1(h0, x)dx−

− 1

n
γ
1,nt

(0, h0)η1,n(0, h0) +
1

n

m∑
i=1

γi,nt(0, hi)ηi(0, hi) . (40)

Taking into account (34)-(39), we pass to the limit in (40) as n → ∞. As a result, we
see that (u1, ..., um) is a weak solution to the problem (9)-(15).

5. Proof of Lemmas

Proof of Lemma 1. Assume that

w =
(
α0, v1, α1,v2, α2, ..., vm−1, αm−1, vm

)
∈ H.

Consider the following functions:

ζ0i (x) =
hi − x

hi − hi−1
αi−1 +

x− hi−1

hi − hi−1
αi, x ∈ [hi, hi+1] , i = 1, ...,m− 1,

ζ0i (hi) = ζ0i+1(hi) = αi, i = 1, ...,m− 1,

ζ0m(x) =
1

1 + (x− hm−1)
2αm−1, x ∈ [hm−1, hm), ζ0m(hm) = vm.

Let v=(v1, v2, ..., vm) ∈ H0. Consider the function

z=(z1, z2, ..., zm)=
(
v1−ζ01 , v2−ζ02 , ..., vm−ζ0m

)
.

It is obvious thatz ∈
∏m−1

i=0 L2(hi, hi+1). On the other hand

m−1∏
i=0

D(hi, hi+1) =
m−1∏
i=0

L2(hi, hi+1),

where D(hi, hi+1), i = 1, 2, . . . ,m, is space of infinitely differentiable finite func-

tions. Therefore, for an arbitrary z ∈
∏m−1

i=0 L2(hi, hi+1), there exist the functions
θi∈

∏m
i=1 D(hi, hi+1), such that

m∑
i=1

∥zi − θi∥L2(hi,hi+1)
<ε. (41)

By denoting θ̃i=ζ
0

i+θi from (41), we get

m∑
i=1

∥∥∥vi − θ̃i

∥∥∥
L2(hi,hi+1)

<ε,
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where θ̃i ∈ C∞[hi, hi+1], θ̃i(hi) =αi−1, i= 1, 2, ...,m.
Thus

∥ (α0, v1, α1, v2, α2, . . . , vm−1, αm−1, vm, ) −

−(θ̃1(h0), θ̃1, θ̃1(h1), θ̃2, θ̃2(h2), . . . , θ̃m−1, θ̃m−1(hm−1), θ̃m)∥H < ε.

Proof of Lemma 2. Let w, z ∈ D (A), where

w =

(
εv1(h0),

1

a21
v1, εv1(h1),

1

a22
v2, εv2(h2), ...,

1

a2m−1

vm−1, εvm(hm−1),
1

a2m
vm

)
,

z =

(
εz1(h0),

1

a21
z1, εz1(h1),

1

a22
z2, εz2(h2), . . . ,

1

a2m−1

zm−1, εzm(hm),
1

a2m
zm

)
,

(v1, v2, ..., vm) ∈ H0, vi(hi) = vi+1(hi),

(z1, z2, ..., zm) ∈ H0, zi(hi) = zi+1(hi), i = 1, 2, ...,m.

By virtue of the definition of the operator A and the scalar product in H, we obtain
that

⟨Aw, z⟩H = −a2i

m∑
i=1

∫ hi

hi−1

vixx(x)
1

a2i
zi(x)dx−

1

ε
v1x(h0) · ε · z1(h0)+

+
1

ε

m−1∑
i=1

[vix(hi)− v(i+1)x(hi)]εzi(hi) = −
m∑
i=1

[vix(hi)zi(hi)− vix(hi−1)zi(hi−1)]+

+

m∑
i=1

[vi (hi) zix (hi)− vi (hi−1) zix (hi−1)]−
m∑
i=1

∫ hi

hi−1

vi(x)zixx(x)dx−

−v1x(h0)z1(h0) +
m−1∑
i=1

[vix(hi)− v(i+1)x(hi)]zi(hi).

Taking into account the equality vm (hm) = zm (hm) = 0, we get that

⟨Aw, z⟩H = −a2i

m∑
i=1

∫ hi

hi−1

1

a2i
v
i

(x)zixx(x)dx+

−1

ε
εv

1x
(h0)z1(h0) +

1

ε

m−1∑
i=1

[zix(hi)− z(i+1)x(hi)]εvi(hi) = ⟨w,Az⟩H.

Proof of Lemma 3. Let

ϑ = (α0, ϑ1(x), α1, ..., ϑm−1 (x), αm−1, ϑm(x)) ∈ H .

Let us consider the equation

Aw + λw = ϑ, λ > 0,
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This equation is equivalent to the following boundary value problem

−vixx + λ
1

a2i
vi = ϑi(x), x ∈ [hi−1,hi], i = 1, ...,m, (42)

−v1x(h0) + λεv1(h0) = α0, (43)

vix(hi)− v(i+1)x(hi) + λεvi(hi) = αi, i = 1, ...,m− 1, (44)

vi(hi) = vi+1(hi), i = 1, ...,m− 1. (45)

Using the general theory of boundary value problems for linear differential equations,
we can prove that problem (42)-(45) has a solution (v1, ..., vm) ∈ H0.

Let w ∈ D (A), then by the definition of the operator A and the scalar product in H
we obtain that

⟨Aw,w⟩H = −a2i

m∑
i=1

∫ hi

hi−1

vixx(x)
1

a2i
vi(x)dx− 1

ε
v1x(h0)εv1(h0)+

+
1

ε

m−1∑
i=1

[vix(hi)− v(i+1)x(hi)]εvi(hi) =

m∑
i=1

[vix(hi)vi(hi)− vix(hi−1)vi(hi−1)]+

+
m∑
i=1

∫ hi

hi−1

vix(x)vix(x)dx−v1x(h0)v1(h0)+

+
m−1∑
i=1

[vix(hi)− v(i+1)x(hi)]vi(hi) =
m∑
i=1

∫ hi

hi−1

|vix(x)|2dx ≥ 0.

Proof of Lemma 4. Let z = (w, v, η)) ∈ D(A), then

⟨Az, z⟩W =

(
1 +

∫ +∞

0

Γ (s)ds

)⟨
A1/2w,A1/2v

⟩
H
+

+

⟨
−
[
1 +

∫ +∞

0

Γ (s)ds

]
Aw +

∫ +∞

0

Γ (s)Aη(x, s)ds , v

⟩
H

+

+

∫ +∞

0

Γ (s)
⟨
− A1/2η′s(s, ·) + A1/2v(·), A1/2η(s, ·)

⟩
H
ds =

= − 1

2

∫ +∞

0

Γ (s)
d

ds

∥∥∥A1/2 η(s, ·)
∥∥∥2
H
ds =

=
1

2

∫ +∞

0

Γ ′(s)∥∇η(s, ·)∥2Hds ≤ c

∫ +∞

0

Γ (s)∥∇ η(s, ·)∥2Hds ≤ c∥w∥2W .

Proof of Lemma 5. Suppose that X = (æ1,æ2,æ3) ∈ W . Consider the equation

Az − λz = X , w = (u, v, η) ∈ D(A),
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which is equivalent to the system of equations
v − λu = æ1,

−[1 +
∫ +∞
0

Γ (s)ds)] Au+
∫ +∞
0

Γ (s)Aη(s)ds− λv = æ2,
−ηs + v − λη = æ3, η(0) = 0.

(46)

Taking into account the second equation from the third equation of the system (46),
we get that

η(ρ) = −
∫ ρ

0

e−λ(ρ−s)æ3(s)ds−
1

λ
(eλρ − 1)v.

Taking this into account, from the second equation of the system (46) we find that[
1 + 2

∫ +∞

0

Γ (s)ds −
∫ +∞

0

Γ (s)e−λsds

]
Au+ λ2u =

= −
∫ +∞

0

Γ (ρ)

∫ ρ

0

e−λ(ρ−s)æ3(s)dsdρ−λæ1−æ2−
1

λ

∫ +∞

0

Γ (s)(e
−λs−1)dsAæ1. (47)

Since

1 + 2

∫ +∞

0

Γ (s)ds −
∫ +∞

0

Γ (s)e−λsds ≥ 1+

∫ +∞

0

Γ (s)ds>0,

the equation (47) can be written in the form

[A+K(λ)]w=G(λ),

where

K(λ) =
λ2

1 + 2
∫ +∞
0

Γ (s)ds −
∫ +∞
0

Γ (s)e−λsds
,

G(λ) =
−
∫ +∞
0

Γ (ρ)
∫ ρ

0
e−λ(ρ−s)æ3 (s) dsdρ−λæ1 − æ2 − 1

λ

∫ +∞
0

Γ (s)(e
−λs − 1)ds Aæ1

1 + 2
∫ +∞
0

Γ (s)ds−
∫ +∞
0

Γ (s)e−λsds
.

Since A is a self-adjoint positive operator and K(λ) > 0 therefore A + K(λ) is an

invertible operator, and w = [A+K(λ)]
−1

G(λ).
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