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CORRECT PROOF OF FINDING THE EXACT LOWER
BOUND OF THE RAYLEIGH MAGNETIC VALUE
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Abstract. In the two-dimensional space R?, we consider the magnetic relation of
Rayleigh:
Jpa |GV + ) ¢ ()| da
Jie 10 (@) da

where w (z) = %(—xQ,xl), which appears in the mathematical theory of surface super-
conductivity when studying the first eigenvalue of the Landau operator. In a simple way,
it is proved that the exact lower bound in the first-order Sobolev space, H* (RQ), of the

Rayleigh magnetic ratio is equal to one.
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1. Introduction

When studying surface superconductivity in a type Il superconducting material with dif-
ferent cross sections, it becomes necessary (see [1]-[11]), under the growth of the intensity
of an external magnetic field, to study the asymptotic behavior of the first eigenvalue
and the corresponding eigenfunction of the system of Ginsburg-Landau equations (see
[3, p. 143])

(Y +hAP ¢ (0) = 5 (1= o @) ) ¥ (@),

N in 2,
curl (curlA — B) = —+ Re {1/} () GV +hA)Y (9:)}
(V+hA)Y(x) - v=0,
curlA = ﬁ} on 942,
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54 Correct proof of finding the exact lower bound of the Rayleigh magnetic value

where © = (z1,22) € R?, V = (8%1, 6%2)7 3 is the external magnetic field, h is the mag-

netic field strength, A = (a1 (x1,22), a2 (x1,22)) is the induced real magnetic potential,
i =+/—1, 0 > 0 is the Ginsburg-Landau parameter, {2 is the material cross section, 042
is the boundary of the domain {2, ¢ (z) is the wave function, v is the external normal
vector, and

8a2(x1,x2)A7 8a1(x1,x2)
8$1 axg

curlA =

curl?A = (8(curlA) a(curlA)) .

8x2 . 8$1
From the second variation (see [10]) of the Ginsburg-Landau functional
. h? 2
6w = [ {167 nayp@f+ 2 (1 @ff - 1) faot
9] g
+h2/ lcurl A — B|? da
R2

in the vicinity of the normal state 1 (z) = 0 it can be seen that this problem is closely
related to finding the exact lower bound of the Rayleigh magnetic quantity

Jor |GV + hA) Y (2)] dar
oo |9 (2)]? da

(1)

0
in the first-order Sobolev space, W3 (R?) = W3 (R?) = :
Due to the gauge invariance of expression (1) (see [3], [8], [10]) and equality (see [8,
Lemma 2.1])

a(h) =

Sy 16V + ho <x>|g p@ldr o @)

in
Y(z)EH (R?) fR2 [ (z)]” dx

where w (z) = 5 (—x2,21), it suffices to find an explicit value of a (1).

The following theorem holds.
Theorem 1. [see [8, Theorem 2.2/, [10, Proposition 2.7]] Let A = w (x). Then o (1) = 1.

Before proceeding to the proof of the theorem, we note some remarks.

1°. As noted in [10], this result is well known from the physical literatures and in
some form goes back to Landau.

2°. In [8], in contrast to [10], where the infimum is taken over the set H' (R?), in
formula (2) the infimum is taken over the set W (R?) = W,>? (R?) N L? (R?). But it does
not change « (h) (including « (1)).

3°. In both works, calculating the Rayleigh value

o2 |GV + w (2)) ¥ (2)]? da
Joo [ ()] d
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2
for the function v (z) = e~ T, where r = \/a? + 22, it is established that « (1) < 1. But
when proving the inequality « (1) > 1, various arguments are applied.
4°.In [10], it is noted that unfortunately in [8], in the proof of the inequality « (1) > 1,
numerous mistakes were made and a new proof of this inequality is given. But we note
that unfortunately, in [10] also, mistakes are made in the proof of the inequality o (1) > 1.
So, in [10], they introduce the sets

Ap={u(r)eCi([0,+00) ; R): u(0)=0,if ke Z\{0}},
where Z is the set of integers, and it is claimed that

7 (1w P + (5= 5)* lu () rdr

fOJrOO |u (1")|2 rdr

Ji (ur) 2 inf , ke Z\{0}, 3)

where
e} r 2
f0+ <|u;C (7")|2 + (% — §) g (7")|2) rdr
Ji (ug) = Too 3 , kez,
fo lug, (r)|” rdr

w) == [ e, kez, W
~ +oo
Y (r,0) = (rcosf,rsing) = Z uy, (1) e 5)
k=—o0

w (.’1?1,.’132) c Cgo (Rz) .
Then using the equality

“+ o0

+oo
/RZ|(1'V—|—A)w(x)|2dm:27r S g (uk)/o g ()2 rdr (6)

k=—o0

and the inequalities

I (P £ (= 5 @) rdr

Ak f0+oo |u (7‘)|2 rdr

>1

for k € Z\ {0}, it is claimed that

67+ ()P do> [ o) do

R? R?

There are two flaws in this reasoning. First, in the equality (6) there is Jy (ug). It should
have been estimated from below. Secondly, the set A, (k € Z\ {0}) includes real-valued
functions, and the functions uy (r) (k € Z) are complex-valued functions. Therefore,
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generally speaking, uy (r) ¢ Ay . If there would be a real-valued function A () from the
set Ay, such that

i (0P + (£ = )° I 0F) rar

[ ) rdr

Ji (ur) = Ji (h) = ; (7)

then statement (3) would be true. It is easy to verify that the complex-valued func-
tion wg (r), which satisfies equality (7), should have the following form: wy (r) =
(c1 4 ica) pi (1), where @y, (r) € Ag, 1 and ¢y are real numbers. But, generally speaking,
the function uy (1) does not have to be in the form of ug (1) = (¢1 + ica) i (7).

5°. In both papers, they use the unobvious equality

/|N+A (2)|? d =

= o io /;OO <|u§€ () + (’: — ;)2 |k (r)|2> rdr, (8)

where ¢ (z) € C5° (R?) and uy (r) are determined by the formula (4).

2. Correct Proof of Theorem 1

In view of the non-obviousness of equality (8), we present its proof.

Lemma 1. Let ¢ (z) € C§° (R?). Then equality (8) is true.

Proof. Let ¢ (z) € C§° (RQ). Given the apparent form of the magnetic potential, w (x) =
1 (—x2,21), we have:

/|N+A (z)[? dxf R2<

= [ (nGranl + |g<x1,x2>|2) a, o)

81‘1

where o 5
h(z1,22) = l% - $2¢7 (z1,72) = 187:2 + %ﬁ’-
Moving to the polar coordinate system, we obtain:
h(r,0) = h(rcosf,rsinf) = gw cosf — %g sinf| _ rsind,),

- (10)
G(r,0) = g(rcosf,rsing) =i |22 sing 4 o eosh| | reosoy

T

where 1 = 1 (r,0) = ¢ (r cos 0,7 sin ).
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Given the expansion

—+oo —+oo
Z hy (1) €*? and § (r,0) = Z gr (r) e,
k=—o00 k=—o0
where
hy, () = S /W h(r,0)e=*do, gi(r)= L /W G(r,0) e ™*do, ke
27_‘_ o ) Y 27T o ) ) )

and Parseval’s equality, we rewrite (9) in the following form:

[ 165+ @) do = 2 2_: / (1w P + low (1)) var. (11)

Using equation (10) and the expansion (5), we calculate hy(r) and gx(r) (k € Z).
We have:

1 g 87@ 81#81119 _rsin9~ k0 g
hk(r)_Qw/_ﬁ{ larcos a0 r ] 2 w}e 40 =

aw e—z(k 1)0+e—z(k+1)9d i1 61& e—z(k 16 _ —i(k+1)0
~on 87’ 2 o r 89 2

1r /Tr _e—i(k=1)0 _ ,—i(k+1)0 i

do—

df = 5 (Uhom1 + Upyr) —

21 2 24
L1 ("3 ienye itk r.
5o | 89 ( e ) do + 1 (up—1 + Upt1) - (12)

Now we calculate the integral

gvg ( Ci(k-1)0 _ 7i<k+1>0) do.

Integrating by parts and taking into account the equality

e~ IEDO (1 ) T

—T

= 2itp (—r,0)sin (k£ 1) 7 = 0,

we obtain

?g ( - e_i(kﬂ)@) do=i(k—1)ug_1 —i(k+1Dupps.  (13)

Given (13) in (12), we obtain

hi (r) = % {(U;f—1 + u;c—&-l) -
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k-1 r k+1 r
( , 2>uk_1+<rz)uk+1}, kEZ (14)
By doing the same for g (r) (k € Z), we obtain the following formula:
1 / !/
gr (r) = 5 {(Uk—1 - Uk+1) -
k-1 r k+1 r
(1 Y (1 Yuidken o

Considering formulas (14) and (15) in equality (11), we obtain

. 2 +Ool = / l
R2|(zv+w)1/)(a:)| dx:27r/0 1 Z [|(uk_1—|—uk+1) _

k=—o0

(kL (kL _r
, B Uk —1 , 9 Uk+1

k-1 r k+1 r 2
(Uh—q — Upy1) — < - 2) Ug—1 — ( —— 2) Upt1 ] }rdr. (16)

Let o (z1,22) = Rey (x1,22) and 7 (z1,22) = Ima) (z1,22). Then for any integer k

we have:

2
+

_|_

S [ 5 0) +iF (0] e~ ap, (17

ug (1) = o (r) +ite (r) = ug (r) = 5

where & (r,0) = o (rcosf,rsinf) and 7 (r,0) = 7 (rcosd, rsin9).
Given the representation (17) in the formula (16), we obtain:

/ 1V + w) ¢ (2)] d =
+°°1 r k+1 r 2
-9 E _ r .
Tr/() {k:— oo{ Uk ' +Jk+1) ( 2> k-1t ( 2> 0k+1:| *

/ / k-1 r k+1 r 2
+ | (01 = Thg1) — o T p) okt T T g ) Ok
k—1 r k+1 r 2
+ [(7121 + TI/chl) - ( P 2) Tk—1 + (r - 2) Tk+1:| +
k—1 r k+1 r 2
+ [(7121 - 7'12+1) - ( P 2) Tk—1— ( P 2) Tk+1:| }}rdr =

toop [ I E+1 r\?
:27TA 4{ Z [2 (0'2:_1)24—2(0'2._’_1)24—2(7&—2) (O’k+1)2 +

k=—o0
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k-1 r\° E+1 r
+2( —) (5-1)" +2 (01 + 0hs) (T 2)

r 2
k-1 r k
—2(0%_1 4 0hyq) (T - 2) -1~ 2 (01 — Ohs1) <T 3

E+1 r
— 2(0)1 — Ohy1) (r - 2) C’k+1} }TdTJF

tooq [ IR Erl )2
+2WA { Z [2 (7";_1)24—2(7"::_"_1)24—2(7“_2) (Tk+1)2 _|_

4
k=—oc0
k+1 r>

k—1 r 2 2
+2 <r — 2) (Tk_l) + 2 (7_]::_1 +7‘,’c+1) (’r 2
k-1 r)
— — =) Tp_1—

E—1
—2 (T//c—l +T/Q+1) (r_r> Tk— 1_2(Tk 1 Tllc-l-l)( , 2

k+ 1 T
— ( Tk+1)< )T}C+1:|}7‘d7“:
2
=2 { l + ﬁ T) 02] } rdr+
0 r 2
k=—c0
+o00 2
+27 { [ + & r) T,?] }rdr =
r 2
0 k=—oc0

— o Z / ( <’;;> |uk|2> rdr.

k=—o0

<

The lemma is proved.
5° (R?) and ug (r) (k € Z) is deter-

Proof of the Theorem 1. Let ¢ (z1,22) € C§° (
mined by the formula (4). Let us show that for any integer k the following inequality is

true:
B (g )P + (5 = 5) fun (0] rar
Ji (ug) = > 1. 18
(o) Sl ()P rdr > (e

Step I. k € Z\ {0}. Let’s introduce the notation:

w(0) =0, Iry, >0, suppu(r) C[0,7,]},

E={u(r) e C™([0,4+00); C) :
where supp u (r) is the carrier of the function u (r). Obviously, if ¥ (z1,22) € C5° (R?),
then for any k € Z\ {0} wuy (r) € E. Let o (r) + 47 (r) (r) € E. Using the fact that if
u(r) € E, then the functions o (r) = Reu (r) and 7 (r) = I'mu (1) also belong to the set

E, we obtain:
kK r

k 7’>2 |u(r)|2> rdr = /Om [(o’ (r)* + <T - 2>2°‘2 (r)

/0+°°<| o+ (-3

rdr+
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+/O+OO l(f/ (r)* + <’: - 2)2 72 (r)] rdr > /0+°° 2 (r) o’ (r) (’: - ;) rdr+
+/0+Oo or (1) ' (r) (’: - ;) rdr = /;Oo (02 (r)] <k - 7”;) dr+

+/0+OO [7‘2(7")]/ (k—T;) dr = o?(r) <k—r;> :Oo+
+/0+0002(r)rd7“+7'2(r)< —i) +oo+/0+0072(r)rdr:

0

+00 +oo
= O'ZT 7—27' rar = u7‘27“T.
—/0 [0% (r) + 72 (r)] rd /0 u(r)[”rd

Consequently, for any function from the set E, the following inequality is true

/Om (Iu’ () + (f - ;)2 |u(r)|2> rdr > /;m ()2 rdr. (19)

From inequality (19), in particular, we obtain

+oo , 2 k r\2 2
lug, ()" + (5 — 5) " uk ()7 ) rdr
Jk(uk)=f0 (1 f+oo|(k()|2) dk ) >1, keZ\{0}. (20)
0 u T rar

Step II. k = 0. Let’s introduce the set
L={u(r) € C®([0,+00); C): Fry, >0, suppu(r) C[0,r,]}.
Obviously, the functions
1 T
uo (r) = — Y (r,0)dl, oo (r) = Reug (r) and 19 (r) = Imug (1)

—T

are elements of the set L. Using these facts, to estimate Jy (ug) from below, we perform
the following calculations:

/0+°° <|u6 (" + (—3)2 lug (r)|2) rdr = /0+oo {(06 (r)” + (_g)zgg (T)} rdrt-
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() (_7“22) :oo+/0+°°ag (r) rdr + 2 () (—i) .

“+oo “+o0 +oo
+/0 75 (r) rdr = /0 [00 (r) + 74 (7“)] rdr = /0 luo ()| rdr.

Therefore,

“+oo
+

Thus, we have come to the inequality

oo — 3 Uug rar
oy = (1 )+ (=) o (1)) v o

fo [ug (T)| rdr -

From inequalities (20) and (21), we have that for any integer k, inequality (18) holds.
From equality (8) and inequality (18), we obtain that for any function from the space
Cg° (R?), the following inequality holds:

(Y +w) ¥ () > da =
RZ

oo oo ul, E_) |u rdr 00
:27r§: Jo (l OF+ G )lk()|) ! ./OJr jug (r)[* rdr

il fo g (7“)| rdr
+oo
=2 Z [Jk Uk) / |ug (r)|2rdr} >
k=—o00
+oo
> 2 lug, ()| rdr = |1/) )P da. (22)

Since the space of basic functions C§° (Rz) is everywhere dense in the space H' (RQ),
it follows from inequality (22) that for any function from the space H* (R2), the following
inequality is true

Jp2 |GV +w) ¢ (x )|? d:c

Joo 10 (@) dee

From here we have

1n fRZ (iV +w) ()| dfc
H(R2) Jeo [V ()| da

The theorem is proved. <

a(l) =
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