Baku Mathematical Journal
2022, Vol. 1, No 1, PP. 37-46
https://doi.org/10.32010/j.bmj.2022.04

HARDY-LITTLEWOOD-STEIN-WEISS THEOREMS
FOR RIESZ POTENTIALS IN MODIFIED MORREY
SPACES

J.J. HASANOV*, Z.V. SAFAROV
Received: 28.11.2021 / Revised: 09.02.2022 / Accepted: 16.02.2022

Abstract. The aim of this paper is to prove the Hardy-Littlewood-Stein- Weiss theorems
for Riesz potentials in modified Morrey spaces L, x 1.~ (R™).
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1. Introduction

Morrey spaces were introduced by C. B. Morrey in 1938 in connection with certain
problems in elliptic partial differential equations and calculus of variations (see [14]),
they are defined by the norm

_2
1fllgon = sup 2| fllz, (B
x, r>0

where 0 < A < n, 1 < p < co. In the theory of partial differential equations, together
with weighted Lebesgue spaces, Morrey spaces £P*(£2) play an important role. Later,
Morrey spaces found important applications to Navier-Stokes and Schrodinger equations,
elliptic problems with discontinuous coefficients and potential theory ([1]). An exposition
of the Morrey spaces can be found in the book [11].

Generalized Morrey spaces of such a kind in the case of constant p were studied in [3],
[12], [16]. In [8] the boundedness of the maximal operator, singular integral operator and

* Corresponding author.

Javanshir J. Hasanov
Azerbaijan State Oil and Industry University, Baku, Azerbaijan
E-mail: hasanovjavanshir@yahoo.com.tr

Zaman V. Safarov

Azerbaijan State Oil and Industry University, Baku, Azerbaijan;

Institute of Mathematics and Mechanics of NAS of Azerbaijan, Baku, Azerbaijan
E-mail: szaman@gmail.com



38 Hardy-Littlewood-Stein-Weiss theorems for Riesz potentials

the potential operators in generalized variable exponent Morrey spaces were proved. In
modified Morrey spaces the boundedness of the maximal operator, its commutator and
Riesz potential operator were investigated by many authors (see, for example, [2], [9]).

Let f € Lj,.(R™). As usual we define the Hardy-Littlewood maximal function of f,
M f, setting

t>0

Mf(z) = sup|B(z,t)| " /B L

where B(z,t) denotes the open ball centered at z of radius ¢ for x € R™ and ¢ > 0.
|B(z,t)| is the Lebesgue measure of the ball B(z,t), such that |B(z,t)| = w,t" and w,
denotes the volume of the unit ball in R"™.

Maximal operators play an important role in the differentiability properties of func-
tions, singular integrals and partial differential equations. They often provide a deeper
and more simplified approach to understanding problems in these areas than other meth-
ods.

For 0 < a < n, we define the fractional maximal function

M2 (@) = sup|Bla, ) [ )y,
t>0 B(z,t)
In the case a = 0, we get M°f = M f. The fractional maximal function is closely
related to the Riesz potential operator

Io‘f(x):/n|f(y)dy 0<a<n.

x =yl

There are considerable number of results for Riesz potentials beyond the basic frame-
work of the L,-spaces, for example, the consideration of potentials with variable exponent
[13], potentials mapping on L,-spaces with variable exponent [6], potentials acting on
Morrey spaces of variable exponent [5]. This list is by no means exhaustive, though gives
an idea of some of the possible variations one can consider and obtain results analogous
to those we have recorded here.

The results on the boundedness of potential operators and classical Calderén-
Zygmund singular operators go back to [1] and [17], respectively, while the boundedness
of the maximal operator in the Euclidean setting was proved in [4].

Hardy-Littlewood-Stein-Weiss inequality in the Lebesgue spaces was proved in H.G.
Hardy and J.E. Littlewood [10] in the one-dimensional case and to E.M. Stein in the case
n > 1.

Throughout the paper we use the letter C' for positive constants, independent of
appropriate parameters and not necessarily the same at each occurrence. If A < CB and
B < CA, we write A ~ B and say that A and B are equivalent.

We use the following notation. For 1 < p < oo, L,(R"™) is the space of all classes of
measurable functions on R” for which

=

91, = | [Ir@prar ) <.
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up to the equivalence of the norms

Ifllz, ~  sup
<1

f (y)g(y)dy‘

gl p Rn

and also WL,(R"), the weak L, space defined as the set of all measurable functions f
on R” such that

1fllws, =supri{z €R™ : [f@)] > r}]" < oo
For p = co the space Lo (R™) is defined by means of the usual modification
[fllz. = esssup|f(z)].
TER®

Let L, ., (R™) be the space of measurable functions on R™ such that
1/p

1l = 1P @) = / f@)Po@dr| <o, 1<p<oo,

and for p = oo the space Ly (R") = Lo (R™).

Definition 1. The weight function w belongs to the class A,(R™) for 1 <p < oo, if the
following statement
p—1
1 1 _ 1
T | | ey [ e

B(z,r) B(z,r)

is finite and w belongs to A1(R™), if there exists a positive constant C' such that for any
z€eR” andr >0 )
|B(x, )|~ / w(y)dy < C esssup —.

yEB(z,r) w(y)
B(z,r)

The following two theorems was proved in [18].
Theorem 1. Let0<a<n,1<p<g,% %z%, ap—n<7<n(p—l),u:%.
Then the operators M* and I* are bounded from L, |.1v(R"™) to Lg |.x (R™).

Theorem 2. Let 1 <p < oo and —n < v < n(p — 1), then the operator M is bounded
on Lp7‘|’y(Rn)

Definition 2. Let 1 <p < o0, 0 < X < n and [t]; = min{l,t}. We denote by L, »(R™)
Morrey space, and by Ly, x(R™) the modified Morrey space, the set of locally integrable
functions f(x), x € R™, with the finite norms

1/p
Ifllz,, = sup (t”/ If(y)pdy> :
z€R™,t>0 B(z,t)
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1/p
flz = sw o (0 / )Py
P zER™, >0 B(z,t)

respectively.

Note that
ZP,O(Rn) = Lp,O(Rn) = LP(Rn)v

LpA(R™) = Ly A(R™) N Ly (R™)

and if A <0 or A > n, then L, y(R™) = L, »(R™) = O, where O is the set of all functions
equivalent to 0 on R™.

These spaces appeared to be quite useful in the study of the local behaviour of the
solutions to elliptic partial differential equations, apriori estimates and other topics in
the theory of partial differential equations.

Definition 3. Let1 < p < 00, 0 < X < n. We denote by WL, »(R™) the weak Morrey

space and by sz’)\(]R”) the modified weak Morrey space, as the space of all functions
f € WLee(R™) with finite norms

_ 1/
Ifllwy, , =supr sup (7 [{y € Blz,t): |f(y)l >rH) ",
! r>0 z€R",t>0

— 1/p
1fllwz, , =suwpr sup ([t Hy € Bla,t): [f(y)] > r})
: r>0 z€R",t>0

respectively.
Note that
WL,(R™) = WL, o(R") = WL, o(R"),
Ly a(R™) C WLy x(R") and || fllyp, < Ifll.,
Lya(R") C WLy a(R") and [|fllyz, , < Ifllz, .-

Now we define weighted modified Morrey spaces as follows.

Definition 4. Let 1 <p < o0, 0 < A < n, w be a nonnegative measurable function on
R™ and [r]; = min{l,r}. We define weighted modified Morrey spaces L, x »(R™) as the
set of all locally integrable functions f such that

_A
191z = 50 [ 1y e <



J.J. Hasanov, Z.V. Safarov 41

2. Maximal Operator in the Spaces zp7A7<p(R”)

In this section we study the Zp’ ,o-boundedness of the maximal operator M.

Theorem 3. [15] Let 1 < p < co. Then the mazimal operator M is bounded on L, ,(R™)
if and only if p € Ap(R™).

Theorem 4. Let 1 < p < 00, 0 < XA < n and ¢ € A,(R™). Then M is bounded on

Lp,AWURn)-

Proof. From the boundedness of maximal operator M on L, ,(R™), we have

[ oty ewdy<c [ 1rwrewa

Rn

By the properties of A, weights (see [7], Theorem 2.16, p. 407), we can easily see that
for any 0 < 6 < 1, ¢ = o(Mxp(zr))" € Ap(R™), then we get

/ (M f(y))" (y)dy = / (M fW))" (1) (MXp(am)’ (y)dy <
B(z,t) n

<G [ UWIPe@) Mb)@

As is known (see, [3], Lemma 2, p. 160), for all ¢ > 0 and z,y € R"

t " 4t "
) < MxpaoW) < ([ ——— ) .
<|zy+t) < My *“(y)—<|xy|+t>

Therefore we obtain the following inequalities

/B( ) (M f(y))" e(y)dy <

oo no
1 f(y)|Pe(y)dy
<c| [ wrewi+ [ <
B(at) JZ::() B(a,2i+1\B(z,2it) ([T —yl+1)"0
[0
< MIFIIR P Ty
<C|[th ||f\|prW + ”f”Lp,w; @iy | <
[logy %] . o0 A 1/p
(2A A 20y 2*"%) 0<t<l
<CIfIE, ., [t + =0 _ j:[li% e+l <
(x2m) "™, t>4
j=0

1/p
(Clt)‘ + CQtne) ,0<t < %,

< C|f|2 {3
—= HfHLp‘A,V, []1 + 021/]) t>%

< CER 7%

which proves that M is bounded on Ep,A#,(R”). <
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In the following theorem we give the necessary and sufficient condition for the bound-
edness of the maximal operator M on the spaces L, » |.|~(R").

Theorem 5. Let 1 < p < oo and 0 < A < n. Then the mazimal operator M is bounded
on Ly x| (R™) if and only if —n + X <y <n(p—1).

Proof. If part follows from Theorem 4, if p(z) = |z|?. For only if part, let 0 < A < n.
The function f(z) = X{jz|<1}(z) belongs to Ly 5.+ (R") when —n + X < «, but the
maximal operator M of this function exists only when v < n(p — 1). |

3. Riesz Potential Operator in the Spaces zpv,\,‘.p(R”)

In this section we give the necessary and sufficient conditions for the boundedness
of the Riesz potential operator from weighted modified Morrey spaces Ly 5 |.]»(R™) to
weighted modified Morrey spaces Eq7,\,|.|u(R”).

First we give a lemma which we will use while proving our following theorem.

Lemma. Let 0 < A <n, 1 <p<oo, n+A<~vy<nlp-—-1), f € Zp)\“w (R™) and
define fi(x) =: f(tx), t > 0. Then the inequality

n+y

A
1fillz, , . <t 0T 11

(1)

X[

holds.

Proof. Let 1 <p < oo, f € Ep)\»l-\” (R™) and define fi(z) =: f(tx), t > 0. Then

1/p 1/p
rr_>‘ — _"T‘i"Y T_A et
([ I /B (z’r)|ft<y>|fﬂy|my> ’ ([ I /B (Ltr)u(y)ﬂyw)

A "
_nty r P — P - % =
— (H> ([trh* /B W)|f<y>| yﬂdy) <t iz, .

Therefore we get

nty

Mfillz, , . <t

A
P ~
CHTTA.
<«

Now we give the necessary and sufficinet conditions for the boundedness of Riesz
potential operator I in the spaces Ly  |.]+(R").

Theorem 6. Let0<a<n,0<A<n-—aq, 1<p<%, —n+A<y<n(p-1) and
p = Lt. Then the operator I* is bounded from Ly |.|»(R") to Lgx .« (R") if and only

(63

S
IA
Sl

1
q
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Proof. Sufficiency: Let f € EMW (R™) and

O

lfW)lle —y[*"dy = Ji(x,t) + Ja(x, 1)
B(z,t) R"\B(z,t)

First we estimate Jp(z,t). By using Holder’s inequality we have

Ji(z,t) = [f)lle —y*"dy <

B(z,t)

<> @0 [ < o)

J=m B(z,20+1¢)\ B(,27t)

Now we estimate Jo(x,t). By using Holder’s inequality we get

T 1) < / F@)lz — o "dy <

R\ B(z,t)

0T [ s

7=0 B(z,20+1£)\ B(x,27t)

j .
ggo (20)" |XB(I 2| P/ (),]-17/ (1=P) HfXB(“”az’“t)HLp,\ 17 =
A
- j )P =377 F]+
<ot eI, L, Zz 2717 < Ct°F |z 1Az, ., %
10g2[21t] . n— x ; n\\ /P
(QAtA Z 2]< pA)-i- Z 2](a_g)) ,0<t <1,
% 7=0 j=logs[37]+1 <
o L, 1/p o
( 3 oi(a 5)) , t>1
Jj=0

WA
<O e F IS, o
Thus .
Ja(a,t) < Ct7 [l |27 fllg, | .
So, from (2) and (3) we have
19f(2)] < Ct*Mf(a) + Ct* 3 [ty e 7 | fllz, ., <

< C'min {t“Mf(x) + O 2 f g, L e tOMF@) O TR } .
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Minimizing with respect to t = {(Mf(gc))_l £z MW}"_A lz| "7 or
PyA
p

t=[Lf @) ISz, | el we obtain

P po

1— 1— ko

o . Mf(z) TR M f(x) T e

I C min — 7 x| — L 5
I f($>| : (”fz ) ‘xl ’ (”f”Zp,)\,"‘f) |x|

P
Hence, from Theorem 5, we get
AWy < CUAIEY [ Ol dy <
B(z,t) ' B(z,t)
< A a-p b = A £ )
SCHRIALT AL =CRifL
Therefore I*f € Zq,,\7|.‘u(R") and
12z, L <Ol e

Necessity: Let 1 < p < “=2 and I be bounded from ZP’MM(R") to ZQ’A"_‘M(R"). Define
fi(x) =: f(tx), t > 0. Using inequality (1), since

I9fi(z) =t~ 1% f(tx),

we obtain

1/q 1/q
(W /B O |y|“dy> _— (m;* /B s |y“dy> —

A 1/q
-t tr a — o —a—mtE 3y
_ e ([ h) (wﬁ/B( i f(y)lqyl"dy> <O
x,tr

[r]1

FENE

Therefore we get
ntp
q

A
M llz, |, < 7 10

Since the operator I* is bounded from Zp,&\-\”(Rn) to ZqM.W (R™), we have

aN | H

« _ a4t
Il , . <t

2
0y IR, <

n

ntp _nty

=g a+ 3
EL A L, < ORI )]

A
q

< Ot ||f||zpyk,|.w, (4)

where C' depends on p, ¢, A, v, 1 and n. _

If £ < L4 2o from the inequality (4), [|19f[lp = 0forall f€ Ly, (R") as
t— 0. _

If % > %4’ % from the inequality (4), Hjaf”Zq‘A,rw =0 for all f € Ly .~(R") as

t — oc. Therefore & < % - a

1
75 i <
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Corollary. Let 0 < a<n,0<A<n—a,1<p< ”f;)‘, —n+A<y<nlp-1), u= %.
Then the fractional mazimal operator M® is bounded from Zp,)\7‘."v(R ) to Lq Al e (R™)

ifandonlyif%ﬁ%fégm.

Proof. The sufficiency part follows from the inequality M f(z) < <wp ' *|f|(x). For

necessity part, let 1 < p < 2=2 and M® be bounded from Lp AL (R™) t0 Ly p. 0 (R™).
Define fi(x) =: f(tx), t>0."
Since

M® fix) =t~ M f(tz),
and by (1), then

1/q 1/q
A [ menP ) = e (02 st )
B(z,r) B(z,r)

2 1/q
P L4 E 0 R Y & £l [yl
=t <[r]1> ([t i /B(LmlM F@I* lyl dy) <

A
< TS M, L

Therefore we get

ntpu

Py
Iz, |, <6 M

@
Since the operator M® is bounded from zp,%l-\” (R™) to Zq,AJ.‘u(Rn), we have

ntp ”+7 —

A
q

A
WMol < O T (5)

where C' depends on p,q,\,7y,u and n.

If 1 < = + <, from the inequality (5), ||M"‘f||zq N 0 for all f € EW\MW(R")
ast — 0 , _
If l > l + &, from the inequality (5), [[M*f|z | u =0 for all f € Ly 5 .+(R") as
t—>oo Therefore <1 qgn)\ <
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